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Abstract. In this paper, we denote two direction MRA and two direction scaling function in
L*(R) with dilation factor 2, discuss the proposition of two direction scaling function, give a
necessary and sufficient condition for afunction to be atwo direction scaling function.

I ntroduction

Over the past two decades, Wavelet analysis, as a new development of mathematical analysis
method, has been widely studied in both theoretics and applications. Now, wavelet analysis has been
applied to thefields of signal analysis, image processing, medical imaging and diagnosis, differential
equation and control theory.

American mathematician Daubechies [1] prove, in addition to Haar wavelet, other Unit-wavelet
cannot all have compact support, symmetry and orthogonality. Recently, there have been done alot of
work in multi-scaling function and multiwavelet. Scale vector function with nonnegative mask has
very important application in the engineering technology. Shouzhi Yang [2], introduces the concept
of two-direction wavelet. As is known to al, refinement equation piays a very important role in
wavelet theory and application [3-8], Two-directiona refinement equation more general than fine
equation also has a very important role in wavelet analysis.

Based on [8] this paper give two theorems inL*(R) . From two-directional refinement equation,
gave the concept of two-directional multi-resolution analysis and two-directional scaling function,
discussed the some properties of two-directiona scaling function, and finally gave a sufficient and
necessary condition for afunction to be atwo-directional scaling function.

Preliminary
First, review the concept of two-directional refinement function and Parseval frame.
Definition 1. A function ¢(x) is said to be two-directional refinement function, if the following
two-directional refinement equation is satisfied:
P(x) =D Po(2x—K) + 2 prp(k—2%) @)
k k

Where the sequence of {p;},., and { p, },.,are respectively called forward two scale sequence
and negative two scale sequence.

Definition 2. Let H be a Hilbert space, {X;}
c,,C, > 0, such that

c | fIP< Z|< f.x >P<c, || f |, VfeH;

jez

c H , if there exist constants ¢, and c,,

jez

Then, {x;}
H space, if ¢, =c, =1, {x;}

issaidto betheframeof H space, if ¢, =c,, {X;},., issaidto bethetight frame of

jez jez

issaid to be a Parseval frame of H space.

jez
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Now, we introduce two notions of operator and the basic notions and definitions used in the later
paper.

Define trang ation operator as: T, : L*(R) = L*(R), f() |~ f(—k), Vf e L’(R), ke Z;
o

Define expansive operator as: D, : L*(R) - L*(R), f()|»>22f(2"), Vfe L’(R), je Z;

L°[0,27] denote the space of all 27 -periodic functions.

For al f,ge L?(R), wedenoteby [ f,g]the 27 -periodic function

[f,91(3) =D, _, f(x+2kz)g(x+ k).

Itiseasily seenthat [,] isasesquilinear form, [ f,g]e L'[0,27] forall f,ge L?(R), and

<fg>=<f.g>=] [.8d. @
For o, =[f, f], welet Q, bethe 2z -trandation invariant subset of R defined, modulo anull set,

by
Q, =suppo,; ={fe R: f(£+k)=0,ke Z}.

For afunction pe L?(R) we denote by < ¢ > the principal shift invariant space generated by ¢ ;
< ¢ > istheclosed linear space generated by T(¢) ={T,¢:ke Z}.

Two direction scaling function

Before discussing two direction scaling function, we will introduce two theorem. The two
theorems play an important role in the latter paper.

Theorem 1. Let f e L*(R)\{C}.

(i) Foranarbitrary ge L*(R), ke Z, <T,f,g >isthekth Fourier coefficient of the function
[f,§]e L'[0,27].

(i) <f(),f(=)>L<g(),g(=)> if andonlyif [f(),0)1=0, [f(),6(-)]=0,
[f(=),801=0, [f(=),6(-)]=0.

(i) <f(),f(=)>" ={mOfO)+mE)f(=),m,me L'[027]}.

(iv) T(f(), f(=)={T . f().Tf(=).kleZ} isaParseval framefor < f (), f () >if and only if
[f,11) = 2a, &), [f.f1(-8)=1q, (-8), [F (=), F(&]=[(©&). f(-&)]=0.

[f,1(5)dE, [mf,§l=mf,§], mis 27 -periodic

function, wehave <T,f,g>=<ef,§>=<[f,d],e >

Prove. (i) since < f,g>=< fA,Q>:J'[02”]
L?([0,2x])

(ii) follows immediately from (i).

(iii) Exactly asin the proof of Proposition 2.10(iii) in [8].

(iv) follows from (iii) we have g = (m/(&) f(f) +m, (&) fA(—é))v e< f(), f(—)> By (i), wehave
Y ko TFC)>F+2 Kk g T () > =8, F NP2y, + NEE), T (NI, SiNCE

ke z lez

Im(&) f (&) +my(&) f (=) IF = YkgT fX)>F+>KkaT (=% >|*. We obtain (iv) istrue.

kez lez

Theorem2. Let ¢(x) e L*(R), p(-x) e L*(R), f.(X)e<@(X),p(-Xx) > , m,(&) e L*([0,27])
m,(&)e L*([0.27]), i =12, suchthat f,(2£) = m,(&)@(£) + M, (E)P(-S), ae. Then, 1, 1,](2¢)
=my ()M, (£)o, (8) + M, (5)M,(S)o, (=8) + My (S + )My, (& + 7)o, (& + 7)

+ M, (& + )My, (S + 7[)0-¢(_§_7[)' (©)
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Pr oof.
[f, £,1(28) = > 1,(2& + 2kn) £,(2& + 2k) = > My (€ + k) P(E + k) + My (€ + k) p(—& — k)

kez kez

(M, (& + km)p(E + kr) + my, (& + kr)p(—& — krr)) , We have (3) istrue. We omit the details.
Now, we introduce the notion of two direction MRA.
Definition 3. Let {V,} be a sequence of closed subspace of L*(R) , where

V, =close, . <22¢(2' x-Kk),22¢(l - 2'x),k,l € Z >, satisfying:

L%(R)
(i) V,cV,,, VjeZ;
(i) DV, =V,,, Vje Z;
(i) N,..V, ={0};

(iv) UV, =(R);
(V) Thereexistsafunction ¢e V,such that {¢(- — k),o(n—-),k,ne Z} isaParseval framefor V,,
We say {V,} is a two direction MRA for L*(R) and ¢ is a two direction scaling function for

{Vi}.

In order to get a necessary and sufficient condition for a function to be a two direction scaling

function , we firstly discuss some propositions of twodirection scaling function .

Let pe L*(R) isatwo direction scaling function for an MRAYV,} . Consider the closed subspace
D! <o(),p(—) >, je Z , and take an arbitrary f € D' < ¢(-),(—) >, Then, by definition
f (2 e<o(),p(=) >, by 1((iii)-(iv)), we have

D' <0(),p(=)>={fe L’(R), f(2'5) =  m(H)P() + m($)P(=E),me L*([0,27]), j € Z}.
(4)

:
m
Definition 4. For f eV,, wecall thefunction M :{mfl} aminimal filter for f , where
f2

M =128, ¢, M, =[f(2).6(-E), Since peVy cV,, we have §(28) = M¢(§)[ ;(_*’2)}
(5). Thefunction M, will sometimes be called the minimal low-passfilter.

Proposition 5. Let {V;} bean MRA with atwo direction scaling function ¢ whose minimal filter
is M, . Then

Xo,(28) =AM, (&) P +1m,,(6) P +my (& +7) [ +m, (& +7) [ ae.
(6)

Proof. [@,§1(28) = > ¢(2& + 2kr) f,(2£ + 2kx))

ke z

=AM, (&) F 0,(E)+ M, () [ 0,8+ M (& +7) F 0,5+ )+ M, (E+7)f o,(-5 7). So (6)
istrue.
Proposition 6. Let {V;} bean MRA with atwo direction scaling function ¢. Then

lim__ (192" F +|9(-2"5)F) =1 ae (7)
Proof. we can show that (7) exactly asin the proof of Proposition 3.5in [8], the only differenceis
that the system D'T(¢(),¢(—)) isaParseval framefor D)V, for each je Z.

The following theorem is a necessary and sufficient condition for afunction to be atwo direction
scaling function.
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Theorem 7. A function g L*(R) is a scaling function for a MRA if and only if the following
three conditions are satisfied:

() 9(25) =m($)p(&) + m(E)p(=¢) for m, m,e L7[0,27].
(i) lim__ (102" F +1o(-2"8)[) =1 ae.
(iii) 219 +2kn) =z, (S, ae.

kez
Proof. We aready know that the above conditions are necessary ( cf.) (5), Propositions 6 and
theorem 1(iv). Let us prove the converse.

Let us define V, =<¢(x),p(-x) > and V, = DV, , jeZ. Let M, =[m(S),m,(S)], by the
proposition 5, we have

Xo,(20) =AM P+ M) P +ImE+2) P +Im(E+7) [ ae.

For an arbitrary f e V,, by (4) and (5), we have

F(28) =1,2E)P(2£) +1,(2E)P(-2£), (.1, € T[0,27])

=[4,(25)mM (&) +1,(2E) M, (-E)]P(€) +[1,(2E)my(&) +1,(2E)M (-E)]p(—£). ©)

Then, t,(25)m () +1,(25)m, (=€), 1,(25)m, (&) +1,(25)m (=€) € L[0,27].

Now (9) shows, using (4), that f € ;. This proves V, cV,,and then V, cV,
an immediate consequence.

Let usprove (1., V, ={0}.

Wecanshow that (1., V; ={0} exactly asin the proof of Theorem 5in[2]. Theonly differenceis

jez

VieZVjeZ,is

j+1

that in our situation the system { ¢y, (X), ¢, (X),ke Z} is a Parseval frame for V,, but the reader can
easily convince herself that the aforementioned argument from [2] survives.
Letusprove UV, =L3(R).Let f(x)e (N, as demonstrated in [2, Theorem 6], Here we

jez¥ j jez J)

can use the same argument, we have f =0, thisshowsthat U._V . = L3(R).

jez" j

Conclution

In this paper, we follow the notion of MRAand scaling function in L*(R), give the notions of

two-directional MRA and two-directional scaling function, two properties in the subspace of L*(R)

are generalized, we obtain two theorems, discuss some properties of two-directional scaling function,
gave a sufficient and necessary condition for a function to be a two-directional scaling function.
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