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Abstract—-A proper k-edge coloring of a graph G is an
assignment of & colors, 1,2, --- k, to edges of G. For a
proper edge coloring f of G and any vertex z of G, we
use S(z) denote the set of the colors assigned to the edges
incident to z. If for any two adjacent vertices v and v of G,
we have S(u) # S(v), then f is called the adjacent vertex
distinguishing proper edge coloring of G (or AVDPEC of
G in brief). The minimum number of colors required in an
AVDPEC of G is called the adjacent vertex distinguishing
proper edge chromatic number of G, denoted by x;(G).
In this paper, adjacent vertex distinguishing proper edge
chromatic numbers of several classes of complete 4-partite
and 5-partite graphs are obtained. (Abstract)

Keywords-complete 4-partite graphs; complete 5-partite
graphs; proper edge coloring; adjacent vertex-distinguishing
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I. INTRODUCTION

The graph coloring has a wide range of applications in
real life. In [1]-[6], the vertex distinguishing proper edge
coloring of graphs is introduced and investigated; In [7],
the adjacent vertex distinguishing proper edge coloring of
graphs is introduced and investigated and the adjacent vertex
distinguishing proper edge chromatic number of a graph G
has been obtained for certain graphs, such as cycles, complete
graphs. We use the usual notation as can be found in any book
on graph theory, see e.g.[9].

Let G be a simple finite graph with maximum degree
A(G), k be a positive integer and f be an edge coloring
(i.e., f be an assignment of k colors, 1,2,--- ,k, to the
edges of G). For each element z € E(G), we use f(z)
denote the color of z. For every vertex = € V(G) the
set of colors of edges incident with x is denoted by
S(x) and is called the color set of x. If f is proper and
S(u) # S(v) for each edge uv € E(G), then f is called a k—
adjacent vertex distinguishing proper edge coloring of
G (or a k—AVDPEC). The minimum number of
colors required in an AVDPEC of G is called the
adjacent vertex distinguishing proper edge chromatic
number of G, denoted by x,(G).

Let G(V, E) be a simple graph and the vertex set V' (G) can
be partitioned into n stable sets Vi, Vo, --- | V,,, where V; =
{’Uij | j = 1,2,"' ,mi}, m; :| V; |,i = 1,2,-“ , . If
each vertex in Vj is adjacent to any one vertex in Vj, where
1# 7, 1,5 =1,2,--- ,n, then G is called a complete n-partite
graph and denoted by Ky, ms.-.. m., -

Lemma 1.1 and Lemma 1.2 are obvious.

Lemma 1.1 For any graph G that has no isolated edge and
at most 1 isolated vertex , we have x,(G) < x.(G).

Lemma 1.2 If m > n > p > g > 1, then A(Ky, ppq) =
m+n+p.

Lemma 1.3[7) Let G be a simple connected graph with
order at least 3, if G has 2 adjacent vertices of maximum
degree, then x,(G) > A(G) + 1.

Lemma 1.41'% Let G[{v | d(v) = A(G)}] be an induced
subgraph by all vertices of maximum degree in G. If G[{v |
d(v) = A(G)}] is a forest, then x (G) = A(G).

In [8] Zhao Xinmei et al have obtained the adjacent ver-
tex distinguishing proper edge chromatic numbers of some
complete 4-partite graphs. The results in [8] are listed in the
following table:

TABLEI: The adjacent vertex distinguishing proper edge
chromatic numbers of some complete 4-partite graphs given

in [8]

graph G condition Ya(G)

Kpnp.a m>n>p>q>1 | m+n+p

Kni11 n>=2 n-+3

Km,n,l,l m>nz=?2 m+n+2

Kn,n,n,p nz=p+2 and p=2 3n

Ko n,pp n>2p+landp>1 | 2n+p+1

Knppp nzp+2andp=>2 | n+2p+1

n,n,n,n—1 n>=2 3n
Kn,n—l,n—l,n—l n =3 3n—1

Based on the above work we will obtain the adjacent vertex
distinguishing proper edge chromatic numbers of other several
classes of complete 4-partite and S-partite graphs in this paper.
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II. MAIN RESULTS

Suppose k,l are integers, | > 1, we use symbol (k); to
denote the number in {1,2,--- I} which is congruent to k.
For example, (—3)s = 5, (9)s = 1, (20)s = 4.

Theorem 2.1 If m > n > p > 1 and m + p < 2n,
then X, (Ko nnp) =m + 2n.

Proof Obviously we have x,(Kmnnp) = A(Kmnnp) =
m + 2n. In order to prove X;(Km,mn,p) = m + 2n, we need
only to give the (m+2n)-AVDPEC of K, ,, » . Suppose the
colors that we will use are 1,2,--- ,m + 2n.

Let edge v4;v3; receive color (i + j — 1)m42, and edge
V4402 Teceive color (n+i+j—1)mion, i =1,2,--- ,p; j =
1,2,--- n.

Let edge v4;v1; receive color (2n + ¢+ j — 1)40p, @ =
]-325"' » D5 ]:1723 ) M.

Let edge v3;v9; receive color (m +p+ i+ j — 1)mion,
i,j=1,2,-- ,n.

Let edge wv3;v1; receive color (p + ¢ + j — 1).,49, and
edge vo;v1; receive color (m+n—+p+i+j—1)myon, ¢ =
1,2, nj=1,2,-- ,m.

We construct a cycle C such that vertex set of C'is m+2n
colors {1,2,--- ,m+2n} and edge set of C'is {(¢)m42n (i +
Dmton] 1 =1,2,-+- ,m+2n}.

The color set S(uv4;) contains all m + 2n colors, ¢
]-a 2; D

The color set S(vs;) contains just m + n + p colors from
(D)my2n to (M +n+p—+1i— 1)y,12, along cycle C, i =
1,2,--- ,n.

The color set S(vy;) contains just m -+ n -+ p colors which
are divided into two parts, the first part is from (1 + @),,42n
to (n+p—+1i—1),,42, along cycle C, the second part is from
(m4+p+i)mian to (2m+n+p+i—1)y,42, along cycle
C,i=1,2,---,n.

Note that S(ve;) contains colors from (n44),,42, to (3n+
p+i—1)myon whenm=mn,i=1,2--- ,n.

The color set S(vq;) contains just 2n + p colors which are
divided into three parts, the first part is from (p + 7)m42n tO
(n+p+i— 1)1, along cycle C, the second part is from
(2n+ @) my2n to 2n+p+1i—1)y42, along cycle C and the
third part is from (m+n+p+1)myon to (M+2n+p+i—
1)m+2on along cycle C, i =1,2,--- ,m.

From the above discussions we can see that:

1. The number of the colors in each color set C(z) is equal
to the degree of vertex x;

2. The color sets of any two adjacent vertices with the same
degree are different.

Thus the resulting coloring is a (m + 2n)-AVDPEC of
Ko n,n,p- The proof is completed.

Theorem 2.2 If m > n > p > 1, then X;(Km,m,n,p) =
2m +n.

Proof Obviously we have X, (K mnp) = AKmmnp) =
2m + n. In order to prove X, (Km.m.np) = 2m + n, we need
only to give the (2m + n)-AVDPEC of K,, .5 p. Suppose
the colors that we will use are 1,2,---,2m + n.

We assign color (i + j — 1)omirn to edge vavzj, & =
]-721"' , D5 J:1727 , 1.

We assign color (n + 4+ j — 1)omrn to edge va;v2;5, § =
1,2, ,p; j=1,2,--+,m.

We assign color (n +m + ¢+ j — 1)am4n to edge va,;v15,
1=1,2,---)p; g=1,2,--- ,m.

We assign color (m+p+1i+j — 1)amin to edge V34V2;,
1=1,2,---,n; 5=1,2,--- ,m.

We assign color (p+ i+ j — 1)amin to edge V34V, T =
1,2, n;5=1,2,--- ,m.

We assign color (m+n+p+i+j—1)am,4n to edge va;v1;,
ij=1,2,,m.

We construct a cycle C such that vertex set of C'is 2m+n
colors {1,2,---,2m+n} and edge set of C'is {(4)2m4n (i +
]-)2m+n| i=1,2,---,2m+ n}

The color set S(vy;) contains all 2m + n colors, i
]-7 23 D

The color set S(vs;) contains just 2m + p colors from
(D)o2mtn to (2m + p + @ — 1)oymyyn along cycle C, ¢ =
1,2,--- .n.

The color set S(vy;) contains just m -+ n + p colors which
are divided into two parts, the first part is from (n + @)2m4n
to (n+p—+14—1)amin along cycle C, the second part is from
(m~+p+i)amtn to (2m+n+p+1i— 1)y, along cycle
C,i=1,2-,m.

Note that S(ve;) contains colors from (n+ )21 to (3n+
p+i—1)omin Wwhen m=mn,i=1,2--- ,m.

The color set S(vy;) contains just m -+ n + p colors which
are divided into two parts, the first part is from (p + @)2m4n
to (n+p+14— 1)2m1n along cycle C, the second part (m +
N+ )omin t0 (2m +n + p+ i — 1)omi, along cycle C,
i=1,2,-- ,m.

From the above discussions we can see that:

1. The number of the colors in each color set C(z) is equal
to the degree of vertex x;

2. The color sets of any two adjacent vertices with the same
degree are different.

Thus the resulting coloring is a (2m + n)-AVDPEC of
K. m n,p- The proof is completed.

Theorem 2.3 If n > 1, then x, (K,1.11.1) =n + 4.

Proof Obviously we have A(K, 11,1,1) = n+3. By Lemma
1.3, X;(Kn,l,l,l,l) 2 A(Kn,l,l,l,l) + 1 =n+4. In order to
prove X;(Kn,l,l,l,l) = n+4, we need only to give the (n+4)-
AVDPEC of K, 1,1,1,1- Suppose the colors that we will use
are 1,2,--- ,n+4.

We assign color 1,2, 3 respectively to edges vs1v41, V5131
and V51021

We assign color (i43),,44 to edge vs1v1; (1 =1,2,--- ,n).

We assign color 3,4 respectively to edges v41v3; and
V41021

We assign color (i +4),4+4 to edge vgqv1;, 1 =1,2,--- ,n.

We assign color 5 to edge v31va1.

We assign color (i +5),4+4 to edge vsiv1;, 1= 1,2, -+ ,n.

We assign color (i + 6),4+4 to edge voyv1;, 4= 1,2, ,n.
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We construct a cycle C' such that vertex set of C' is n + 4
colors {1,2,---,n + 4} and edge set of C is {(i)n44(? +
Dptal i =1,2,--- ,n+4}.

The color set S(vs1) contains just n+3 colors from (1),,44
to (n + 3),+4 along cycle C.

The color set S(v41) contains just n + 3 colors which are
divided into two parts, the first part is {1}, the second part is
from (3),4+4 to (n + 4),14 along cycle C.

The color set S(v31) contains just n + 3 colors which are
divided into two parts, the first part is from 2 to 3 along cycle
C, the second part is from (5),,14 to (n + 5),4 along cycle
C.

The color set S(v21) contains just n + 3 colors which are
divided into two parts, the first part is from 3 to 5 along cycle
C, the second part is from (7),44 to (n + 6),+4 along cycle
C.

The color set S(vq;) contains just 4 colors from (i +3),,14
to (i + 6),44 along cycle C, i =1,2,--- n.

From the above discussions we can see that:

1. The number of the colors in each color set C'(z) is equal
to the degree of vertex z;

2. The color sets of any two adjacent vertices with the same
degree are different.

Thus the resulting coloring is a (n + 4)-AVDPEC of
K, 1,1,1,1- The proof is completed.

Theorem 2.4 If m > n > 1, then X, (K n1,11) = m +
n+ 3.

Proof Obviously we have A(K,, 5,1,1,1) = m+n+ 2. By
Lemma 1.3, X;(Km,n,l,l,l) > AKmpi11)+l=m+n+
3. In order to prove X;(Km,n,l,l,l) = m + n + 3, we need
only to give the (m+n+3)-AVDPEC of K, ,,.1,1,1. Suppose
the colors that we will use are 1,2,--- ,m +n + 3.

We assign color 1,2 respectively to edges v51v41, U51031.

We assign color (i + 2),4nts to edge vsivo;, i
1,2,---,n.

We assign color (n + i + 2),,4n43 to edge vsiv14, @ =
1,2, ,m.

We assign color 3 to edge v41v31.

We assign color (i + 3)mynis to edge vgive;, @ =
1,2,--- n.

We assign color (n + i + 3)mtnts to edge vqiv14, @ =
1,2,---,m.

We assign color (i + 4)m,4nts to edge vsjvg;, i
1,2, ,n.

We assign color (n + i + 4);,4n43 to edge vsivyg, @ =
1,2, ,m.

We assign color (n + i + j + 4)mint3 to edge vavyj,
i1=1,2---,n; 7=12,--- ,m.

We construct a cycle C' such that vertex set of C' is m +
n + 3 colors {1,2,--- ,m + n + 3} and edge set of C is
{@mtnts(i + Dmgnys| i =1,2,--- ,m +n+ 3}

The color set S(vs1) contains just m + n + 2 colors from
(1)m+n+3 to (m +n+ 2)m+n+3 along Cyde C.

The color set S(v41) contains just m + n + 2 colors which
are divided into two parts, the first part is {1}, the second part
is from (3)m4n+3 to (M + 1+ 3)mints along cycle C.

The color set S(v3;) contains just m + n + 2 colors which
are divided into two parts, one part is from 2 to 3 along cycle
C, other part is from (5),,4n+3 to (m +n + 4),, 1,13 along
cycle C.

The color set S(ve;) contains just m + 3 colors which are
divided into two parts, one part is from (i + 2),,4nt3 to (¢ +
4)m+n+3 along cycle C, other part is from (n+i+5),4n+3
to (m+mn+i+4)mints along cycle C, i =1,2,-+- n.

The color set S(vy;) contains just n+3 colors from (n+i+
2)mtn+s to (2n+i+4),4ny3 along cycle C, i = 1,2, -+ m.

From the above discussions we can see that:

1. The number of the colors in each color set C(z) is equal
to the degree of vertex z;

2. The color sets of any two adjacent vertices with the same
degree are different.

Thus the resulting coloring is a (m + n + 3)-AVDPEC of
Ky n.1,1,1.- The proof is completed.

Theorem 2.5 If m > n > p > 1, then x,(Kpnpi1) =
m+n-+p+ 2.

Proof Obviously we have A(K, np1,1) =m+n+p+1.
By Lemma 1.3, X;(Km,n,p,},l) > AKmppi1)+1l=m+
n+p+2. In order to prove X, (Km np1,1) = m+n+p+2, we
need only to give the (m +n+p+2)-AVDPEC of K, np1.1-
Suppose the colors that we will use are 1,2, --- ,m+n+p+2.

We assign color 1 to edge v51v41.

We assign color (i + 1)pmint+pro to edge vsivs, ¢ =
1,2, ,p.

We assign color (p + ¢ + 1)ptnipre2 to edge vs1ve;, @ =
1,2,--- /n.

We assign color (p 4+ n + 4 + 1)mintpta to edge vs1v14,
i=1,2,-- ,m.

We assign color (i + 2)pmint+pre to edge vaivs, © =
1,2, ,p.

We assign color (p + ¢ + 2)mtntpt2 to edge va1v9;, @ =
1,2,---  n.

We assign color (p 4+ n + i + 2)pmsntpt2 to edge vaivis,
i=1,2,--- ,m.

We assign color (p + ¢ + j + 2)mtntpt2 to edge vs;va;,
1=12---,p; j=1,2,--- . n.

We assign color (p+n+i+j—+2)mtnipto to edge vsv15,
1=1,2---,p; j=1,2,--- ,m.

We assign color (2p+n+i+35+2)mintpt2 to edge vo;v1 5,
1=1,2,---,n; j=1,2,--- ,m.

We construct a cycle C such that vertex set of C'is m+n-+
p+ 2 colors {1,2,--- ;m+n+ p+ 2} and edge set of C is
{(Dmantpt2(i+ Dminpr2| i =1,2,--- ;m+n+p+2}

The color set S(vs1) contains just m + n + p + 1 colors
from (1)mintpt2 0 (M +n+p~+ 1)mintpt2 along cycle

The color set S(v4; ) contains just m—+mn+p+1 colors which
are divided into two parts, the first part is {1}, the second part
is from (3)m4n+p+2 t0 (M +14+p =+ 2)pm1nipro along cycle
C.

The color set S(v3;) contains just m~+mn+2 colors which are
divided into two parts, the first part is from (i + 1)ptrn4p+2
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to (i + 2)m4ntp+2 along cycle C, the second part is from
(P+i+3)mintpt2 0 (p+m+n+i+2)minypso along
cycle C,i=1,2,--- | p.

The color set S(v2;) contains just m+p-+2 colors which are
divided into two parts, the first part is from (p+i+1)mtntp+o
t0 (2p+i+42)m4n+p+2 along cycle C, the second part is from
(2p +n+i+ 3)’m+n+p+2 to (2p +m+n+i+ 2)7n+n+p+2
along cycle C, i =1,2,--- . n.

The color set S(vy;) contains just n + p + 2 colors from
(p+n—+i+1)mintpte 0 (2p+2n+ i+ 2) 4 ntpto along
cycle C,1=1,2,--- ,m.

From the above discussions we can see that:

1. The number of the colors in each color set C'(z) is equal
to the degree of vertex x;

2. The color sets of any two adjacent vertices with the same
degree are different.

Thus the resulting coloring is a (m 4+ n + p + 2)-AVDPEC
of Ky, np,1,1- The proof is completed.

Theorem 2.6 If m >n >p > q > 1, then x,(Kynnpq1)
=m-+n+p-+gq.

Proof Obviously we have x.,(Km.np.a1) = AKmnpal)
= m+n+p+q In order to prove Xo(Kmnpa1) =
m+n + p+ g, we need only to give the (m +n + p + q)-
AVDPEC of K, . p,q,1- Suppose the colors that we will use
are 1,2,--- . m+n+p+q.

We assign color (%)min+ptq to edge vs1v4i, @
1,2, ,q.

We assign color (¢ + )mtntptq to edge vsivg, @ =
1,2, ,p.

We assign color (¢ + p + @) m+ntptq t0 edge vs1ve;, @ =
1,2,--- n.

We assign color (¢ + p + 1 + ) mantptq to edge vs1v14,
i=1,2,---,m.

We assign color (¢ + @ + j)m+ntp+q to edge V4iV35, T =
1,2, ,q; j=1,2,-,p.

We assign color (¢ + p + i + J)mintptq to edge va;vaj,
1=1,2,---,q; j=1,2,--- | n.

We assign color (¢+p+n+i+7)miniptq to edge vavyj,
1=1,2,---,q; j=1,2,--- ,m.

We assign color (2¢ + p + @ + J)m+4niptq t0 €dge vs;v2;,
1=1,2,--- )p; g=1,2,--- ,n.

We assign color (2¢+p+n+i+7)mintptq to €dge vs;v15,
i=1,2,,p; j=1,2,- ,m.

We assign color (2¢ + 2p +n + ¢ + j)mtntptq to edge
vy, 1 =1,2,---,m; j=1,2,--- ,m.

We construct a cycle C' such that vertex set of C' is m +
n+p+gqcolors {1,2,--- ,m+n+p+q} and edge set of C
is {(D)mtntprq(i+)mentprql i =1,2,-- ,m+n+tp+q}.

The color set S(vs1) contains just m + n + p + ¢ colors
from (1)m+ntptq 0 (M + 1+ P+ @)mtntptq along cycle
C.

The color set S(v4;) contains just m+n+p-+1 colors which
are divided into two parts, the first part is {4}, the second part
is from (¢ + i+ L)m+ntptq 10 (M+ 1 +p+ ¢+ )mintptq
along cycle C, i =1,2,--- ,q.

The color set S(vs;) contains just m—+n-+g+1 colors which
are divided into two parts, the first part is from (¢+%)m+n-4p+q
t0 (2¢ + %) mn+ptq along cycle C, the second part is from
(P+2¢+ 1+ Dimgntprg 0 (P+ 20+ m+ 1+ O)miniprq
along cycle C, i =1,2,--- ,p.

The color set S(vy;) contains just m + p + ¢ + 1 colors
which are divided into two parts, the first part is from (g +
P+ Dmtntptq 10 (20 + 2¢ + ) mtniprq along cycle C, the
second part is from (2p +2¢ +n 4+ i+ 1)ptntptq t0 (20 +
2¢ +m~+n+ ) mintprq along cycle C, i =1,2,--- n.

The color set S(vy;) contains just n+p+ g+ 1 colors from
(@+p+n+i)mintptq 0 (2¢+2p+2n+ i) miniptq along
cycle C,i=1,2,--- ,m.

From the above discussions we can see that:

1. The number of the colors in each color set C(z) is equal
to the degree of vertex x;

2. The color sets of any two adjacent vertices with the same
degree are different.

Thus the resulting coloring is a (m +n + p + ¢)-AVDPEC
of Ky, .np,q,1. The proof is completed.

Since Ky, 5 p,q,» has no two adjacent vertices of maximum
degree when m > n > p > g > r > 1, by Lemma 1.4, we
may obtain the following Theorem 2.7.

Theorem 2.7 If m >n >p>qg>r > 1, then

Xa(Kmnpgr) =m+n+p+q.
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