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Abstract

We consider the propagation of TE-polarized electromagnetic waves in cylindrical
dielectric waveguides of circular cross section filled with lossless, nonmagnetic, and
isotropic medium exhibiting a local Kerr-type dielectric nonlinearity. We look for
axially-symmetric solutions and reduce the problem to the analysis of the associated
cubic-nonlinear equation. We show that the solution in the form of a TE-polarized
electromagnetic wave exists and can be obtained by iterating a cubic-nonlinear integral
equation. We derive the associated dispersion equation and prove that it has a root
that determines this solution.

1 Introduction

The propagation of electromagnetic waves in a cylindrical dielectric waveguide of circular
cross section filled with a linear medium is a relevant topic of classical electromagnetics
[1], [2]. Nonlinear cylindrical dielectric waveguides were investigated by several authors
[3]-[8]. However, from the mathematical viewpoint, the study is not complete because the
analysis of the dispersion equation is still missing (to the best of our knowledge). In this
paper, we study electromagnetic waves propagating in a cross-sectionally bounded dielec-
tric, nonmagnetic waveguide filled with a medium exhibiting a local Kerr-type dielectric
nonlinearity. The problem is reduced to a cubic-nonlinear ordinary differential equation
of the second order and then to a nonlinear integral equation with the kernel in the form
of Green’s function for the Bessel equation. The existence of the propagating TE-waves
is proved using the method of contraction mapping.
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In Section 2 we specify the problem. In Section 3 we derive a nonlinear integral equation
and present an iterative solution including a sufficient condition for its existence. Section
4 is devoted to the analysis of dispersion equations. We give the sufficient conditions for
the existence of solutions for the exact and iterate dispersion equations and prove the
convergence of the iterate eigenvalues to the exact eigenvalues.

2 Statement of the problem

We consider the wave propagation in a cylindrical dielectric waveguide with the circular
cross section W = {(z,y) : p = V22 +y? < R}. The waveguide is homogenous in the
z-direction. The permittivity e of the waveguide medium has a nonlinear dependence on
the electric field according to the Kerr law, so that

2 <p<
:{62+a]E], 0<p<R, (2.1)

€1, P>R7

where E denotes the electric field in the waveguide and a, €; > 0, e > 0 are real con-
stants. The medium is nonmagnetic with u = pg being the free-space permeability. The
electromagnetic fields E and H satisfy Maxwell’s equations

rotH = —iweE, (2.2)

rotE = iwuogH, (2.3)

the continuity of the tangential components on the interface, and the radiation condition,
according to which the amplitudes of the field components decay exponentially at infinity.
In the cylindrical coordinates (p, ¢, z) Maxwell’s equations have the form

% — 88]% = iwpoH,, (2.5)
%gp(pEw) _ %%—% — iwpoH., (2.6)
%8815; N aa}? — —iweE,, (2.7)
oL 35‘;2 — —iweE,, (2.8)
%%(phﬂp) _ %%—}3 _ _iweE,. (2.9)

We consider the case of TE-polarization and assume [9] that E={0; E,; 0}, H={H,;0; H. }.
As a result, equations (2.4)—(2.9) are reduced to
OE,
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%gp(pEw) = twpoH,, (2.11)
%aailoz o (2.12)
oty O, 21
_%aa_]ip —0 (2.14)

It follows from (2.12) and (2.14) that H, = H.(p, z) and H, = H,(p, z) do not depend on
¢. Equations (2.10) and (2.11) yield
1 0E, 119

Hy——— 2% g - °
P iwpg Oz’ “ 7 dwpg pOp

(PEy). (2.15)

Insertion of H, and H into (2.13) leads to

o (19 0’E,
— (===(pE 2 +wlepupE, = 0. 2.16
o (L)) + G + e, (2.16)
We look for solutions to this equation in the form of axially-symmetric waves E,(p, z,7) =
u(p,v)e?’, where v is a real spectral parameter. Thus, (2.16) can be written as

1
(;(/m)/)’ + (wepo —y*)u =0, (2.17)
where the prime denotes the differentiation with respect to p. Taking into account that

€ = €1 outside the waveguide, we obtain the Bessel equation

1 1
u' 4 - — Su— Eu=0, p>R, (2.18)
pp
where k:% =72 - w2€1,u0.

Inside the waveguide, where € = €3 + a|E|2, we obtain a cubic-nonlinear second-order
differential equation

1 1
u” + ;u’ - ?u—k k3u4ou® =0, 0<p<R, (2.19)

where a = w?apg, k3 = wleapg — 7%, and u(p,7) is a real function. The continuity
conditions on the interface are [E,],—r = 0 and [H.],—r = 0, which lead to the conditions

[ulp=r =0, [u],=r =0, (2.20)

where [u],—r = u(R — 0) — u(R 4 0). The spectral parameter is 7.

Let us formulate problem P: to find nontrivial bounded functions u(p,~y) continuously
differentiable on a semi-infinite interval p > 0 and the corresponding values of ~ such
that u(p,y) satisfies equations (2.18), (2.19) and the continuity (transmission) conditions
(2.20).
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Taking into account the radiation conditions, we choose the solution of the Bessel
equation (2.18) in the form
u:C’lKl(klp), ,0>R,

where K7 is the Macdonald function and C7 denotes an arbitrary real nonzero constant.
The radiation conditions hold because Ki(kip) — 0 exponentially as p — oo for positive
k1.

We introduce the dimensionless variables and parameters p = kop, Z = koz, R = koR,

E=cleo, by = /& — (9)% k1 = V/(3)? — & (&2 > @), 7 = v/ko, & = aC}/eo, & = u/Ch,
and k% = w?egpig. Below, we omit the tildes and consider the problem in the normalized
form. In particular,

UZKl(klp), p>R (221)

in the normalized form.

3 Nonlinear integral equation and its solutions

Equation (2.19) can be written in the form (with k& = k2)
1
(o) + (k?p — =)u + apu® = 0; (3.1)
p
the (linear) Bessel equation is written as
" / 2 1
pu’ +u + (k p—;)u:O. (3.2)

Represent the latter in the operator form

d? d 1
Lu=0, L=p—+—+(k*p—2). 3.3

Using standard methods [10] one can construct Green’s function G for the boundary value
problem

LG = _5(p - 8)7
Gloo = @lon =0 (05 R

in the form

Glp.s) = 5 | MERIEIN k) — koMo 0<ps <R G

where
pc=minfp, s}, po =max{p, s}. (3.5)
In the operator form equation (2.19) reads

Lu+aB(u) =0, B(u)=pu’. (3.6)
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Using the second Green’s formula

R R

t/aum——uLwdp=:/lv@uwﬂ—ugwwvdp:zwu%meR>—v%RﬁwR» (3.7)

0 0

and setting v = G, we have
R
/ (GLu—uLG)dp = R(u'(R—0)G(R,s)—G'(R, s)u(R—0)) = Ru'(R—0)G(R, s). (3.8)
0

Expressing the left-hand side by using (3.6)

R

R
/(GLU —uLQG)dp = —« / GB(u)dp + u(s), (3.9)
0 0

we obtain an integral representation of the solution u(s) to (2.19) in the interval [0, R]
u(s) = a/G(p, s)pu®(p)dp + Ru'(R — 0)G(R,s), 0<s<R. (3.10)

Taking into account the transmission condition u'(R —0) = «/(R+ 0) and formula (2.21),
we transform equation (3.10) to obtain

u(s)=a [ Glpo)pid(p)dp+ 1(s), 0<s <R (3.11)
where

£(s) = Rk K. (ki R)G(R, 5) (3.12)
and

G(R, s) = k:%R il((:;;)). (3.13)

Note that f(s) does not depend on u. The dispersion relation
u(R+0) =« / G(p, R)pu?(p)dp + Rk K| (ki R)G(R, R) (3.14)

follows from the transmission conditions u(R — 0) = u(R + 0) applied to (3.11).
We abbreviate N(p,s) = aG(p, s)p and consider an integral equation in C|0, R]

R
/ Nip, s)u(p) dp + £(s) (3.15)
0
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assuming that f € C[0, R] (J{(kR) # 0). The kernel N(p, s) is continuous in the square
0<p, s<R.
The linear integral operator acting in C[0, R]

R

Nw = /N(p, s)w(p)dp (3.16)
0

is bounded with respect to the norm

INl = mae / IN(p, )| dp. (3.17)

The nonlinear operator By(u) = u?(p) is bounded and continuous in C[0, R]. Hence, the
nonlinear operator

R
/N p)dp+ f(s) (3.18)
0

is completely continuous on each bounded subset in C[0, R].
Below we need the solution of the equation

r— N[ = £l (3.19)
with

171 = mase |£(s)]. (320)

The function
y(r) =r—|IN|r® (3.21)

has onl itive point of maxi L (Fmac) 2
as only one positive point of maximum 7,4z = ————, where Ymaz = Y(Tmaz) = ———-.
3Nl 3v3IIN

Subject to the condition

[FAIIS (3.22)

3 \/3HN
equation (3.19) has two nonnegative solutions r_ and r*, r_ < rT, which satisfy the
inequalities

1

Il <r- < ,
3NVl

(3.23)

! < rt 1 .
3Nl IVl

IN

(3.24)



262 Y Smirnov, H W Schiirmann and Y Shestopalov

Equation (3.19) has the roots

1 33| £/

o [ (e CEIAVIND 2r) .

3NV 3 3

3v3 /TN

rt = -2 L cos arccos(T‘[HfH 11D + 2m . (3.26)

3|Vl 3 3

If |f|| =0, then 7 =0 and 7+ = \|1N||' If condition (3.22) holds then
1
o< —— (3.27)
3NV
L1

IEfflF =3 =rt = :
3 \/3||N 3[|V]]

We have proved the following statement.

Lemma 1. If the condition (3.22) holds then equation (3.19) has two nonnegative solutions
r— and r* such that r_ <r™T.

Usmg Schauder’s principle [12], one can prove that for each f € S;(0) C C[0, R], where

p= 3‘1‘ T there exists a solution u(p, ) for (3.15) inside the ball ST = S,.+(0).

winy

Lemma 2. If[|f|| < 2 , then equation (3.15) has at least one solution and ||u| < rT.

1
3[vl

Proof. Since F'(u) is completely continuous, it is necessary to verify that F' maps the ball
ST into itself. Assume that u € ST. Using (3.18), (3.16), and (3.17) we obtain

IFE @) < [IN[[[ulf® + 1] < N2+ £l =T
It means that FST c ST. [ |

Next we prove that if (3.22) holds then (3.15) has a unique solution inside the ball
S_ =5, . We introduce the kernel Ny(p, s) = pG(p, s) such that N(p, s) = aNy(p, s) and
IN|| = |a|||No||. Note that Ny(p,s) does not depend on a.

Theorem 1. If |a| < A2, where

(3.28)

2 1
311/1v/3I Noll

and

Nol|| = G d
1Mol = s [ 1pGip.) dp

(A > 0 does not depend on «), then (3.6) has a unique solution u and this solution is a
continuous function: v € C[0, R], |Jul] < r_.
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Proof. If u € S_, then
IF )| <INl + £ < INTr2 4+ [1F] = -

According to Schauder’s theorem, (3.15) has at least one solution if f € S5(0). If uy,us €
S_, then

R
[ (ur) = Fug)|| = || /N(% $)(ui(p) — u3(p))dpll < 3|IN |72 [lur — ual.
0

It follows from (3.28) that condition |a| < A? is equivalent to (3.22). If f(s) satisfies (3.22)
then (3.27) holds and we have 3||N|r2 < 1.

Therefore, under the condition (3.22), F' maps S_ into itself. Also F' is a contraction
on S_. Thus (3.15) has the unique solution in S_. |

Below we need a statement about the dependence of solutions of equation (3.15) on
parameters.

Theorem 2. Let N and f in (3.15) be continuous functions of parameter X € Ay,
N(X\ p,s) C C(Ag x [0,R] x [0,R]), and f(\,s) C C(Ao x [0,R]) on a real segment Ag.
Assume also that the inequality

2 1

A a9 T
5O < § s

Ao, (3.29)

is valid. Then equation (3.15) has one and only one solution u(p, \) for each A € Ay which
is a continuous function of parameter X, u(p,\) C C(Ag x [0, R]).

Proof. Consider the equation

R
u(s, \) = / N py 8)u(p, \)dp + f(5, ). (3.30)
0

Existence and uniqueness of solutions u(A) follow from Theorem 1. We will prove the
continuous dependence of the solutions on parameter \.
From (3.25), it follows that r_()) is a continuous function of A on segment Ag. Set
ro = maxyep, "—(A); this function has a maximum at the point A9 with r_(\g) = 9.
Next, set Q = f\réz}L\x(3r3()\)||N()\)||); this function has a maximum at the point A € Ag
0

with Q = 37”3(X)HN(X)||, and @ < 1 under the condition (3.29). Assume first that
luN)|| = ||lu(A+ AN)||. Then we have

R
W@A+AM—USAH=L/NM+A%m@ﬁ@A+AMW
0

R
-i/NmeMWmMWH%ﬂ&A+AM—f@AD
0
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R

R
< [INOEAA )N o) fulp, VAN P [ IN O puo)] (0,2 AN) = V] dp
0 0

R
HI A+ AN = (5 V] < a3+ AV [ IVO+ B p.5) = N pr5)ldp
0

Hu + AN = wWV)[[(lu(r + AN + [[u(h+ AN [[[la(V)[] + [[u(A)][*)x
R
< [ INOwpes)ido + 150+ A%) = V)]
0
<IN+ AN = NV

a4+ AX) = uV)[IBr2 ()N + [1FA+ AN = F)]-

Hence,
lu(A + AX) = u(A)|| < 7N (A +AX) = N(A) [+

O+ AX) = aV) B2 (VIN )|+ [[FA+ AX = FI,

and we obtain
1

3r2 (AN

lu(r+AX) —u(N)] < — (PO IN+AN) = N[+ I+ AX = F)])

and

[u(A + AN —u(N)| < (PO IN A +AX) = NOY [+ [F (A + AN = FNID, (3.31)

1
1-Q
where Q and g do not depend on .

Let ||lu(N)]| < |lu(A+ AN)||. Then all estimates are valid if we replace A by A+ A\ and
A+ AX by A respectively. Thus estimate (3.31) is also valid. [ |

Approximate solutions u,, to the integral equation (3.15) represented in the form u =
F(u) can be determined using the iteration procedure

R
Upy1 = Flup) = a/G(p, sS\puddp+f, n=0,1,.... (3.32)
0

Remark: It is useful to choose ug = f, i.e. equal to the solution of the linear problem
(with @ = 0 in Eq. (2.19)), where the eigenvalue 72 has to be determined by the nonlinear
dispersion relation (cf. Section 4).

The sequence u, converges uniformly to the solution u of (3.15) because F(u) is a
contraction [11]. The rate of convergence of the algorithm can also be estimated.

Proposition 1. The sequence of approzimations uy, of equation (3.15) defined by (3.32)
exists and converges uniformly with respect to the C|0, R]-norm to the (unique) exact
solution u of this equation. The estimate

qn
1

[un —ul| < . 11, n— oo, (3.33)
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holds, where q = 3||N||72 < 1 is the coefficient of contraction of F.

It follows from (3.32) that w, = u,(\) is a continuous function with respect to .
4 Existence of solution to the dispersion equation
It follows from (3.13) and the properties of cylindrical functions that

1 Ji(kR)
G R) = R T R)

Substituting this formula into (3.14), and taking into account (2.21) we can write the
dispersion relation (3.14) in the form

O\, Ryu) = g(\, R) — aF1 (A Ryu) =0, (4.1)
where
g\, R) = kaRK; (k1 R)Jo(k2R) + k1 RKo(k1R)J1 (k2 R), (4.2)
R
FiBs0) = [ ke (). (4.3)
0

Zeros of the function ®(\, R; u) are the eigenvalues 72 = \ associated to nontrivial solutions
of the problem P. The following statement gives sufficient conditions for the existence of
these eigenvalues.

Let jom, jim and ji,, (m =1,2,...) be (positive) zeros of Bessel functions Jy, J1, and
J1i, respectively. List the values of the zeros

jii = 1.841..., jou = 2405..., ji1 = 3.832...,
jla = 5.331..., joo = 5520..., jiz = 7.016...,

jls = 8.536..., jo3 = 8.654..., jiz = 10.173...,

Denote
)\1m = e - j%m/R2a )\2m = €2 — ]gm/R2>
A = [/\11'7)\21’]7 A:UAZ" m=1,2,...,
=1

and prove the following
Theorem 3. Let €1, €2 and « satisfy the conditions ea > €1 > 0 and 0 < |a| < ag, where

ap = min{A?, Ay},
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1 5% 90
A; = min A(X Ay = — == 4.4
L= AR, A = e e P (44)
AEA
and the inequality
Alm > €1 (4.5)
for a certain m > 1. Then there exist at least m values \;, i1 = 1,...,m, Ai; < A; < Ag;

such that problem P has a nontrivial solution.

Proof. Let ¢ > 1 be a fixed index. It is well known that jo; < ji; < jo,i+1 and ji; < ji; <
J1ir1- Hence, we have jo; < ji; < ji,,;- There exists only one zero ji; € (j1,i~1,71i),
where jio = 0. Futhermore, from the alternation of zeros of functions Jy(x) and Ja(x) we
obtain signJy(j2;) = (—1)* and signJa(jo;) = (—1)**1, where jo; are positive zeros of Bessel
function Jo(x). It follows from 2Ji(x) = Jo(x) — Jo(x) that j1; € (j2,i-1,J0i) (2o = 0).
Since ji; < joi < J1i < ji,i+1 (i > 1), Green’s function (3.4) exists for A € A. It follows
from (3.28) and properties of Green’s function that A = A()) is a continuous function
with respect to A € A. Set A; = 1;16111\1 A()) and take |a| < A2. According to Theorem 1,

there exists the unique solution u = u(\) of equation (3.6) for each A € A. This solution
is a continuous function and ||u|| < r_ =r_(\). Set 1o = max r_(A). Using the inequality
€

|J1(z)| < 0.6, which is valid for nonnegative x, and estimating the integral in (4.3) we
obtain |Fy (A, R;u)| < 0.3R?rq3.

The Macdonald functions Ko(z) and K;(z) are positive for positive z, g(\) is contin-
uous, and g(A1;)g(A2;) <0, ¢ =1,...,m. Therefore, the equation g(A) = 0 has a root Ag;
on interval A;, Ay < Agi < Ao;.

Denote M1 = min |g(A1;)], M2 = min [g(Ag;)|, and M = min{M;, Ma}; M > 0 and

1<i<m 1<i<m

does not depend on a.
If |Oé| < % then (9()\12) - aFl()\li))(g()\Zi) - aFl()\gi)) < 0. Since g()\) -
aFy (A, R;u) is also a continuous function, the equation g(\) — aF1(\, R;u) = 0 has a

root \; on interval A;, A\;; < A\; < Ag;. We can choose ag = min{A?, %}. |

Remarks: ||f|| and A; implicitly depend on « via the nonlinear dispersion relation. In
this sense Ay depends on « both explicitly and implicitly. Note that lim,_o7r— = || f|| > 0.

The condition (4.5) implies R? > j% /(e2—¢1). Thus, the radius R cannot be arbitrarily
small (this is similar to the existence of a 'cut-off’ radius in the linear case). In view of this
fact, the sufficient conditions for the existence of a nontrivial solution of problem P require
the smallness of the nonlinearity parameter o, radius R, and the material parameter €5 of
the waveguide.

Theorem 4. Assume that €1, €2, and « satisfy the conditions €3 > €1 > 0 and 0 < |a| <
ap, where oy is given by (4.4), and the condition (4.5) for a certain m > 1. Then for each

n > 0 there exist at least m values )\En), 1=1,...,m, satisfying A1; < )\En) < Xo; that are
roots of the equation

R
kS RE (" R)Jo (k5" R) + k("™ RIS (k" R).J1 (k" R) = o / J1(kS" ) pu (p)dp, (4.6)
0
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where kgn) = VA — ¢, kén) = ve2 — A" and u, is determined according to (3.32).

Proof. For each n > 0, functions u, are continuous according to (3.32). Therefore it is
sufficient to repeat the proof of Theorem 3, in which u should be replaced by u, and to
check the condition ||u,| < r— = r_(\). This inequality is valid because all iterations
belong to the ball S,. [ |

Theorem 5. Let \; and )\En) be, respectively, an exact and an approrimate eigenvalue of

problem P on the interval [\1;, Ao;| (A\i and )\Z(»n) are roots of the dispersion equations (4.1)
and (4.6), respectively, i > 1). Then ])\Z(n) —Ail = 0 asn — oo.

Proof. Consider the functions
O\, R;u) = g(\,R) — aFi(\, R;u), @, (N, Ryup) = g(\, R) — aF1(\, Ryuy).  (4.7)
Then
(PN, Riu) — Pn(A, Ryun)| = |of[Fi(A, Ryu) — Fi(A, R up)|

R
_ |oz]/0 Jl(kQR)p(uS—ug)dp'

IN

R
el = wnll(llull® + el lunl + !!un||2)/0 |1 (k2 R)| pdp

IN

qn
ol I3 T, (48)

where T' = fOR |J1(k2R)| pdp and all other quantities were defined above.
If Ag is an intervall that does not contain point ji,;, then we have

n

)%%ﬁ\@(/\,R,u) D, (N, Ryup)| < ]a!l — QTO, (4.9)

where Tp = maxyep, {[|f(N)]|3r2(A)T(N)} and Q < 1.

Subject to the conditions of Theorems 3 and 4, there exist solutions A; and )\gn) of the
exact and approximate dispersion equations ® (A, R;u) = 0 and @, (A, R;u,) =0 (n > 0).
Also, in the proof of Theorems 3 and 4, it was established that continuous functions
O (A, R;u) and ®@,(A, R;u,) change signs at the endpoints of the interval [Ai;, Ag;]. The
proof follows now from estimate (4.9). [

5 Concluding remarks

(i) The above analysis can be applied straightforwardly to the polarization case E =
{0;0;E.}, H= {Hp; Hy; 0}.

(ii) It would be worthwhile to perform a stability analysis of the various modes result-
ing from the discussion of the dispersion relation. It is well known [13] that the power

0 J— J—
flow integral P = [ dppS.(p,~), where S, denotes the time-averaged z-component of the
0

Poynting vector, can serve for a stability analysis in special cases. S. can be calculated
by means of the iterate solutions u,(p,").
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(iii) Since the approach is rather general, nonlinearities that model physics more realisti-
cally than equation (2.1) (e.g. saturating and higher order nonlinearities) can be investi-
gated.
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