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Abstract—It has been known that edge-symmetric graphs can
be used as models of some scalefree networks, such as
hierarchial networks and self-similar networks, such as graph
colorings can be used for distinguishing objects of
communication and infor ma-tion networks. We study the edge-
magic property of edge-symmetric graphs, and construct
graphs having edge-magic total labellings from smaller graphs.
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I. INTRODUCTION

Graph coloring theory is one of the most actively branch
in graph theory. It involves in many fields, such as such as
physics, chemistry, computer science, network theory,
socia science, etc. And graph labelings provide useful
mathematical models for a wide range of applications, such
as data security, cryptography (secret sharing schemes),
astronomy, various coding theory problems, communication
networks, mobile telecommunication systems, bioinforma-
ticsand X-ray crystallography. More detailed discussions on
applications of graph labelings can be found in Bloom and
Golomb's papers [11] and [12]. Many studies in graph
labeling refer to Rosa' s research [13].

The mathematical model of scale-free networks in study
of complex networks is closed to real networks. It has been
known that edge-symmetric graphs can be used as models of
some scale-free networks, such as hierarchial networks and
self-similar networks, etc. Li et al. [18] criticaly overviews
the current understanding on scale-freeness and proposes its
mathematically rigorous definition of scale-free graphs. Yao
et a. [19] present: The notation N(t) = (p(u, k, t),G(t))
denotes a dynamic network, where p(u, k, t) is the
probability such that the probability of a new node being
adjacent to k other nodes submits to p(u, k, t), G(t) is the
connected topological structure (also, graph) of N(t), t €[a,
b]; G(a) istheinitially connected graph of N(t) att = a. We
say a node of N(t) an alltime-hub node if it is not a leaf of
any spanning tree T(t) having maximal leaves in G(t) for
each time te[a, b]. By the method of analyzing spanning
trees in scale-free networks, some problems are researched
in [20]. As a result, finding a spanning tree with as many
leaves as possible (MLATP is one of the classica NP-
complete problems) is equal to finding a minimal connected
dominating set in a connected network. It is very important
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to make network models for simulating real networks.

Sedlacek [14] published a paper about another kind of
graph labeling, called the labeling magic. His definition was
motivated by the magic square notion in number theory. A
magic labeling is a function from the set of edges of a graph
G into the non-negative real numbers, so that the sums of
the edge labels around any vertex in G are all the same.
Stewart [15] called magic labeling supermagic if the set of
edge labels consisted of consecutive integers. Motivated by
Sedlacek and Stewart's research, many new related
definitions have been proposed and new results have been
found.

Conjecture 1. [16] Every tree admits an edge-magic
total labelling.

Conjecture 2. [17] Every tree admits a super edge-
magic total labelling.

An edge-symmetric graph H is a connected graph having
a non-empty proper subset ScE(H) such that H—S contains
m (=2) components Hy, Hy,*+, Hy with Hi= H;. It has been
known that edge-symmetric graphs can be used as models of
researching scale-free networks, hierarchical networks and
self-similar networks [2]. We use standard notation and
terminology of graph theory here. The graphs mentioned are
finite graphs without loops, multiple or directed edges. The
shorthand notation [mn] stands for an integer set
{mm+1,--,n}, where n>m> 0. A (p,q)-graph G is one with
p vertices and g edges.

Definition 1. [3] If a (p,q)-graph G admits a mapping
f:V(T)[0,q] such that f(u)=f(v) for distinct u,ve V(G), and the
edge label set {f(uv) = [f(u)-f(v)| : uve E(G)}=[1,q], then f is
called agraceful labelling, also, G is graceful.

We write f(V(G))={f(u): ue V(G)} and f(E(G))={f(uv):
uve E(G)} hereafter.

Definition 2. ([7],[9]) A bipartite graph G admits a
graceful labelling f. If max{ f(x) : xe X}<min{ f(y):ye Y},
where (X,Y) is the bipartition of V(G), then f is called a set-
ordered graceful labelling, and this case is denoted as
fOX)<f(Y).

Definition 3. ([3],[5]) Let G be a (p,g)-graph. If there
exists a constant 4 and a bijection f :V(G) U E(G)—[1, p+q]
such that f(u)+f(v)+f(uv)=A1 for every edge uve E, then we
say f an edge-magic total labelling of G, and 4 a magic
constant. Furthermore, if G is a bipartite graph with
bipartition (X,Y), and f holds f(V(G))=[1, p] and max{f(x):
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xe X}<min{f(y): ye Y} (denoted as f (X)<f (Y)), we call f a
super set-ordered edge-magic total labelling.

Definition 4. Let T be atree having vertex set V(T)=XU
Y, where X={wy,Wy, **, Wi}, Y={Wis1, Wis2,***, W}, and let
Hy be a tree with the bipartition (XYy) for ke[1, p]. A
uniformly edge-symmetric tree G=(T; Hy, Hy,-+, Hp) is a
tree obtained by identifying wie V(T) with a vertex vie V(H;)
forie [1, p], whenever [X|=[Xj| and |Yi|=Y;| for j=i.

II.MAIN RESULTS

Theorem 1. Let T be a set-ordered graceful tree on p
vertices, and its bipartition (X,Y) hold [X|-|Y||<1. Suppose
that every Hy admits super set-ordered edge-magic total
labellings for ke[1,p]. Then the uniformly edge-symmetric
tree (T, Hy, Ha,++, Hp) admits super set-ordered edge-magic
total labellings.

Theorem 2. Let T be a tree on p vertices, and its
bipartition (X, Y). Suppose that every Hy admits super set-
ordered edge-magic total labellings for ke[l, p], the
VOO)+HV(X3)=m, V(Y)+V(Yp)=m, and V(X)=V(Y) for
& p/l2] and meN’, ie[1,d. Then the uniformly edge-
symmetric tree (T; Hy, Hy, -+, Hp) admits super set-ordered
edge-magic total labellings.

Corollary 3. Let T be a set-ordered graceful tree on p
vertices, and its bipartition (X,Y) hold [X|-|Y||<1. Suppose
that every Hy admits set-ordered graceful labellings for ke
[1,p]. Then the uniformly edge-symmetric tree (T; Hy, Ha,**,
H,) admits super set-ordered edge-magic total labellings.

Corollary 4. Let T be a set-ordered graceful tree on p
vertices, and its bipartition (X,Y) hold |X|-|Y|<1. Suppose
that every Hy admits set-ordered graceful labellings for
ke[1,p]. Then the uniformly edge-symmetric tree (T; H;,
Ha, -, Hp) admits set-ordered graceful labellings.

Corollary 5. Let T be a set-ordered graceful tree on p
vertices, and its bipartition (X, Y) hold ||X-|Y|<1. Suppose
that every Hy admits super set-ordered edge-magic total
labellings for ke [1, p]. Then the uniformly edge-symmetric
tree (T; Hy, Hy,*++, Hp) admits set-ordered graceful labellings.

Corollary 6. Let T be a super set-ordered edge-magic
total tree on p vertices, and its bipartition (X, Y) hold
[IXIHIY|I<1. Suppose that every Hy admits super set-ordered
edge-magic total labellings for ke [1, p]. Then the uniformly
edge-symmetric tree (T; Hy, Hp, -, Hp) admits super set-
ordered edge-magic total labellings.

Corollary 7. Let T be a super set-ordered edge-magic
total tree on p vertices, and its bipartition (X, Y) hold
[IXI-Y]€1. Suppose that every Hy admits super set-ordered
edge-magic total labellings for ke [1, p]. Then the uniformly
edge-symmetric tree (T; Hy, Hy,*+, Hp) admits set-ordered
graceful labellings.

Corollary 8. Let T be a super set-ordered edge-magic
total tree on p vertices, and its bipartition (X, Y) hold
IXHIY|I<1. Suppose that every Hy admits set-ordered
graceful labellings for ke [1, p]. Then the uniformly edge-

symmetric tree (T;H;, Hy,--+, Hp) admits super set-ordered
edge-magic total labellings.

Corollary 9. Let T be a super set-ordered edge-magic
total tree on p vertices, and its bipartition (X,Y) hold
[IXI-IYII€1. Suppose that every Hy admits set-ordered
graceful labellings for ke [1, p]. Then the uniformly edge-
symmetric tree (T;Hy, Hy,++, H,) admits set-ordered graceful
labellings.

o]

30

Figure-4. An example G=(T;H4, Hy,**, He) for Theorem 2
based on Figure-1, Figure-2 and Figure-3.

[1l. PROOFS

Proof of Theorem 1. Use the notations of Definition 4
for G=(T; Hy, Hy,**+, Hp). Let (X, Y) be the bipartition of a
set-ordered graceful tree T, where ||X|-|Y]I<1, X={wy, Wy, -,
wi} and Y={W,1,Wis2,°**, Wp}. By this theorem's hypothesis,
T has a set-ordered graceful labelling f such that f(w;)=i-1,
ie[1, p], since f(X)<f(Y).

Notice that G is a uniformly edge-symmetric tree. By
Definition 4 we can prove the following properties of G.

P1. Every tree Hy has the same number [Hy=n from
s=Xd=1%| and t=|Y|=[¥;| for juzk.
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P2. Every tree Hy admits a super set-ordered edge-magic
total labelling g such that gi(Uk1)<g(Uk2)< ** <GUks)<
OV ) <O(Vit-1)<***<Gk(V 1), for s+t=n, ugie X={w; : ie [1,
9}, wie Yie{w s je [1, 1]} for ke[, p].

P3. Every edge uyv; of each tree Hy holds g(ug;)+
Ok(UkiVi) +Ok(Vij)=a (because gy is every H, admits super set-
ordered edge-magic total labellings for ke [1, p]), for i€[1,
g, je[1, 1] and ke [1, p].

PA. Two trees H; and H; both have the same label sets
gdV(HY)=[L.n], g(E(HY)=[n+1,2n-1] for ke[1, p].

We can take a tree Hy as a representative of Hy, Ho,**+,
Hp, where V(Ho)=Xo U Yo with Xo={u;: ie[1, s} and Yo={v;:
je[1, t]}. Furthermore, Hy admits a super set-ordered edge-
magic total labelling gy such that go(u)<go(ui+1) for
ie[1,5-1], Go(Us)<go(v1), and go(Vj)<Qo(Vj+1) for je[1, t-1].
According to the above deduction, we have gi(Ux;)=go(U;)=i
for Ui Xk and ue X, gk(Vk,j):go(VH17j):n+1—j for Vi€ Yk,
Vi€ Yo, Ok(UkiVkj)=0o(UkVe+ 1-j)=2n-t+j—i and k €[1, p]. From
d(V(H))=[1, n] and g E(HW)=[n+1, 2n-1], we obtain
O(Uii)+ UiV ) +O(Vi ) =Go(Us) +o(Va) +2n-1, for ie[1, g,
je[1,t] and ke[1, p].

We use the labelling f of T to define another labelling f*
of Tas: f’ (w)=f(w)+1, ie[1,p], f* (wiw;)=n] f(wi)—F(w;)|+pn.

By the parity of p, we define a labelling g of the
uniformly edge-symmetric tree G in the following.

Case 1. If p=24+1, thus |[X[-|Y|I<1.

Let A=(54+2)n+gy(v1). The labelling g of G can be
defined as: (i) When ke[1, p+1], set g(uy)=n(k=1)+1+
Go(U)—Go(Un), i€[1, s]; g(vij)=n(SF+k—1)+go(V), j€[1, t]; and
for each edge U ;eE(G), let  g(UkiVij)=GolUk,Vi;)+
2n(24+1-k), ke [1, p+1].

(i) When le[3+2,2/3+1], set g(vi))=n(2B+2-1)-go(vi)+
Go(ve), je[Lt];  g(u)=n(35+2-1)+go(V1)—1-Go(U)+To(Uh),
iE[l, S]; and for every edge U ivij€ E(G), set g(u|,iv|,j):2|n
—go(uv,). For ke[1, p+l] and le[p+2, 24+1] as well as
k+1=2(p+1), we have g(uy)+g(uj)=n(k-1)+n(34+2-1)+
Go(V1)=A-n(21-1), g(Vici)+9(Vi )=n(Brk-1)+n(2/5+2-1)+go(V1)
=2-n(21-1),9(uy vk ) +a(u v )=2n(24+1-K)+2In=2n(21-1).

The above show that for k+1=2(4#+1), Hy and H, form a
matchable pair. Next, our aim is to prove that g is a super
set-ordered edge-magic total labelling of G. For ke [1, f+1],
ie[1, g and je[1, t], each edge ug;vkje E(Hy) holds g(uy,)+
I(UkiVie)) +I(Vi)=n(54+2)+go(v1)=A.  For le[p+2, 2[+1],
ie[1, g and je[1, t], every edge u;vije E(H)) holds g(u,)+
g(u,vi ) +g(vi)=n(54+2)+go(v1)=4. So, g is alabelling of Hy
such that g(u)+9(Uk;Vk;) +9(vi;)=4 for ke [1, 25+1].

For ke[1,2/+1] and i€[1, 9|, if we identify the vertex
Ugie Xk =V(Hy) with the vertex wie V(T) into one vertex, and
then substitute f* (wi) by g(u;). Finally, set g(ww)=f " (wwj)
for edges wiwie E(T). For ke[1,2f+1] and je[11], if we
identify the vertex vije YicV(H,) with the vertex wie V(T)
into one, we replace f’(w) by g(w;), and then define
g(wiw;)=f" (ww;) for edges wiw,e E(T). Here, the labelling g

of Gisdefined well.

We verify that 7 (w)+f" (wiw)+f " (W) is equal to a
constant for every edge wiw,e E(T).

(1.1) For a fixed ige[1, S|, we identify the vertex
U, e X,cV(Hy) with the vertex we V(T) into one vertex.

For ie[1, p+1], je[p+2, 26+1] and le[1, 9], every edge
wwe E(CE(G) satisfies 7 (w)+” (wwp)+” (w)=g(ur,)+
QAW +g(U )=n(i—1)+ L+ o(u)—~Go(Un) +nlf(we)—f(wy) +n(23+
1)+n(34+2—)+Go(V1)—1-go(U)+go(ur)=n(i+54+2-j)+n(j—i)+
Go(V1)=n(55+2)+go(V1)=4.

(1.2) For a fixed joe[1, t], we identify the vertex
Vil e YicV(Hy) with the vertex wee V(T) into one vertex.

For ie[1, p+1], je[f+2,24+1] and le[1, t], each edge
wiwie E(T)E(G) satisfies £ (wi)+" (wiwg)+* (w)=g(vi )+
Q(Wiwg)+0(v;)=g(viy)+NIf(WE) (W) 28+ 1)+g(v; ) =n(B+i-1
)+Go(Vi) +NIf(W)—F(wy) [+n(2/5+ 1) +n(2/5+2-])~Go(Vi) +Go(v2)=N(
5/+2)+go(v1)=A.

The above deduction shows that the bipartition (X*, Y*)
of G holds g(X*)<g(Y*), where g(X*)={o(uy;): ke[1,/+1],
ie[18]} U{g(viy): ke[+2, 2p+1], je[1, 1]}, o(Y*)={ o(uk):
ke [f+2, 25+1], ie[Ls]} U{g(w )): ke[, f+1], je[1, ]}

The edge label set g(E(G)=[n(24+1)+1, 2n(24+1)-1].

(1) For every edge uivkje E(G) with ke[1,24+1], i[1,
s] and je[1, t], then g(uk)+a(ukVkj)+a(kj)=4; (2) For every
edge ww,e E(T) with ie[1, p+1] and je[B+2, 24+1], then
£ (w)+ (W) +* (wp)=2.

Hence, g is a super set-ordered edge-magic total
labelling of G. when pisodd.

Case 2. If p=2, then ||X|-|Y]|=0.

Let =54 n+1. We define alabelling h of G as:

(i) For ke[1, A, set h(ug;)=n(k—1)+1+go(U)-go(un), i [1,
sl; h(vi))=n(B+k—1)+go(V)—Go(V1)+1, je[1, t]; and for every
edge Ui je E(G), set h(uy;vij)=go(Uivi)+2n(25- K).

(if) For le[£+1, 2/, set h(u;)=n(3/+1-)—go(t)+do(Un),
ie[1, l; h(vi))=n(24+1-1)-go(V))+do(va), je[1, t]; and for
each edge uvije E(G), set h(uivij)=2In-go(uiv;).

We show that h is a super set-ordered edge-magic total
labelling of G. When ke[1,4], i€[1, § and je[1, ], every
edge Uk Vkj€ E(Hk) holds h(Uk'i)+h(uk'in,j)+h(Vk,j):n(k—1)+
1+Go(t)—Go(Uz) +Go(UVi) +2n(25-K) +n(F+k—1)+Go(V})—Go(Va) +
1=n(5-2)~Go(Un)—~Go(Va) +Go(Un)+Go(ve)+2n-1=5n3+ 1=
For le[4+1, 24, i€[1, 5] and je[1, ], each edge u;vi ;€ E(H))
holds  h(u;)+h(u,vi)+h(vi)=n(3+1-1)-go(U)+go(ur)+2n-
Qo(Uiv;)+Nn(28+1-1)~go(V;) +Go(V1) =N(54+2) +Go(U1) +Go(V1)—Gol
Up)—Qo(V1)—2n+1=5np+1=¢r.

Notice that h(uk,i)+h(uk,ivk,j)+h(vk,j):a for ke [1, Zﬂ ],
ie[1, 5] and je[1, t]. Therefore, for Hy (ke[1, 24]) every
edge vy, the labelling g is a labelling such that Hy holds
h(Ukvi)"'h(Uk'inyj)+h(kaj):0{fOr ke [1, Zﬂ] .

Similarly with the case of odd p, for ke[1,24] and i[1,
g, we identify the vertex uge X,cV(Hi) with the vertex
wie V(T) into one vertex, and then substitute f’(wy) by
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g(uky), finally, set g(wiw;)=f” (wiw;) for edges wiw;e E(T). On
the other hand, for ke[1,24] and je[1,], if we identify the
vertex vi;e YicV(H,) with the vertex wie V(T) into one, we
replace f” (W) by g(vi,), and then define g(wiw)=f" (wiw)
for edges wiw;e E(T).

Here, the labelling h of G is defined well. We verify that
£ (w)+” (wwp)+f” (w)=crfor every edge wwie E(T/CE(G).

(2.1) For afixed ipe[1, s] and ke [1,2/4], we identify the
vertex u, e X,cV(H) with the vertex we V(T) into one

vertex. Then, for ie[1, B], je[#+1,24] and le [1, 9], every
edge wwe E(TICE(G) holds 7 (w)+f” (wiwj)+f” (w)=h(u;,)
“+h(wiwg) +h(u; ) =h(u ) +nif(w)—f(w) +2n3+h(u; )=n(i—1)+1+
Go(U)~Go(un)+IfF(wi)—F(wy) +2n B+n(3/3+ 1) ~Go(U)+go(ur)=n
(i-1+2+3+1-))+nlf(wi)—f(w)) [+ 1=n(i+55-}) +n(j—1)+1=5ns
+1=q.

(2.2) For afixed joe[1t] and ke[1,24], we identify the
vertex v ;. € YicV(Hy) with the vertex weeV(T) into one

vertex. Then, for ie[1, A, je[#+1,24] and le[Lt], each
edge wwie E(T)c E(G) holds ” (w)+f " (wiwg)+f " (wy)=h(v;)
+h(wiwg) +h(, ) =h(vi,)+nIf(we)—F(wp) +2nB+h(v, ) =n( B+i-1)+

Go(V1)—Go(va) +1+nIf(wi)—f(w;) [+2nS+n(2+ 1))~ Go(Vi) +Qo(Vi)=
N(B+i-1)+1+nlf(w)—f(w) F2nBn(2B+ 1) =n(B+ i-1+2/3+2

S1-)+n(j—i)+1=n(54+i—j)+n(j—i)+1=5nF+1 =c.

The above facts enable us to conclude that the bipartition
(X*,Y*) of G halds h(X*)<h(Y*), where h(X*)={ h(u;): ke [1,
Al ie[L8]} U{h(w): ke[4+1.2), je[Lt]}, h(Y*)={h(u):
ke[f+1, 261, ie[1, s} U{h(v): ke [1,4], je[1.4}.

Furthermore, h(E(G))=[2nf+1, 4nB-1]. Hence, g is a
super set-ordered edge-magic total labelling of G for even p,
as desired. The theorem follows the proof of Case 1 and
Case 2.
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