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Abstract—In this paper, Let Abe a dXd real expansive
matrix, it mainly discusses the existences of frame wavelet set,

we discuss the characterization of frame wavelet sets in R° ,
and several examples are presented, in order to deepen the
understanding of frame wavelet set, which gives the two
related theorems; we try to use an equivalent condition to
describe frame scale sets, and give an equivalent description
about a normalized frame scale set.
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l. INTRODUCTION

Wavelet analysis is a new mathematical analysis method
in the nineteen eighties, has repeatedly caused many
academic research climax. Now, wavelet analysis has been
widely used in various fields, especially in image processing
and signal processing with a spurt of achievement. Although
many people feel magical on the application of wavelet;
people do not know much about construction of the wavelet
set, based on this, this article begins with the frame wavel et
set. The expansion and shift system of an orthogonal wavelet
composes a standard orthogonal basis, the expansion and
translation system of a frame wavelet composes of a frame,
the frame and the standard orthogonal basis compared with
more of mobility, This makes wavelet and frame lessons
from each other, promote each other in two areas of
mathemeatics, and the research of framework for wavelet
research has opened up away.

In [1] we characterize the definition of the framework
and Fourier transform of function, by [5] we know affine
system and a characterization of MRA, in [8]-[9] we
studied the characterization of wavelet set in the different
space , we can know relevant knowledge about wavelet in
[10] - [13]. In [2]-[4] we give characterization of the frame
wavelet set , and gives two examples about the judgment of
frame wavelet set; We obtain  some necessary conditions
and sufficient conditions of scaling function in [7], and in
this paper we present a equivalent characterization of
scaling function.

Il.  PREMILINARY
A collection of element {X;} ., in aHilbert space H

iscaled aframeif there exist constant A and B,
0< A< B < oo, suchthat
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Al f P Z|< f,x >|2 <B| f|P,VfeH (1
jez
When A= B, we say that the frame is tight.

When A= B =1, we say the frame is normalized tight.
Any orthonormal basisin aHilbert space is anormalized
tight frame but not versa.

Let A bea d xd real invertible matrix. It induces a
unitary operator D acting on L?(R?) defined by

(D, f)(t) =|det A f(AL), Vf e L2(R%),te R¢ (2)
The matrix Ais called expansive if all its eigenvalues have
modulus greater than one. The operator D, corresponding
to a real expansive matrix A is called an A-dilation
operator. In an analogous fashion, a vectorsin R? induce a
unitary T defined by

(T.F)(t) = f(t—9), f e L’(R%),t,s€ R

®
if f e LY(RY) N L2(RY),
then (F)(8) =—— [, e f (i) @
(2rr)? %

Where < S, > denotes the real inner product. Now et
E be a L ebesgue measurable set with finite measure and let

we L2(RY) bedefined by = (27) 2 y. . For any
fe L*(RY) , let HEf be the following formal
summation:
Hef= D < f,DT'y>DoT'y (5)
nez,lez4
Let E, denote the set of all expanding matrices A, Now
we fix an arbitrary matrix Ae E,, for afunction

we L2(RY) , we will consider the affine system ¥
defined by

¥ ={y,, (1w, () = 22p(AIx—K), j € Z ke )

(6)
Let G be aLebesgue measurable set of finite measure.
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Foranyl € Z9, let |, denote the d-cube [0,1)* +1 .

For any subset G of R?, define:
7(G) = |J(Gn2ad, —24). @

lez¢
If the above is adisjoint union, we say that G istranglation

equivalent to 7(G) , which is a subset of 27 ,, where |,
is the unit d-cube [0,1)* +1 . If G and F are translation
equivalent to the same subset in 27 ), thenwe say G and

F are trandation equivalent. This defines an equivalent
relation and is denoted by =. Let 1(-) be the Lebesgue

measure. It is clear that 1£(G) = u(7(G)) . The equivalent
holds if and only if G=7(G) . If G=F , then
U1(G)=u(F) . Two point X,ye G are sad to be
trandation equivalent if X— Yy = 271 for some

| € Z¢ The trandation redundancy index of a point X in

G is the number of elements in its equivalent class. We
write G(7,K) for the set of al points in G with

translation redundancy index K . In general, G(7,k) could

be an empty set, proper subset of G, or the set of G itself.
For k # m,G(7,k) nG(z,m) =6,

0 G =G(z,%0) U (| JG(7,n)). (8)

Let E be a point set in R®. Throughout this article, we
will use ¥ to denote the characteristic function of E, let

6 be an empty set.
Definition 2.1 Let {V;},., be a sequence of closed
subspacesof L?(R") satisfying:
(a)Vj CV]+1;
b,V = L(R);
©Ni..V, ={0};
dfeV, & f(2)eV,,,jeZ;
(e)There exists afunction € V,, such that
{T,@:Ke Z} is an orthonormal basis of V, . Then

{V,} .z is called an MRA and the function ¢ from (e) is
called a scaling function.

j+1

I1l. FRAME WAVELAE SET

In order to study frame wavelet set, we need the
following theorems and lemmas:
Lemma3.1Let M, N be Lebesgue measurable sets of

finite measurablein R® such that

7(M)=7(N) c[0.27)".
ItM =M (z,1),N = N(z,1), then for any 27 periodical
function, we have
< () xm ,(27[)%644 & =< (90 (Zﬂ)%e—kl,» S

For the sake of convenience, we denote
=2 L id (A ks
< (s),(27)7 |det[? €M™y > by &y,

to avoid confusion, we have keep in mind that @, depends
on E and f under discussion.

Lemma3.2 Let E beaLebesgue measurable setin R
with finite positive measure. The following statements are
equivalent:

(i) There exists aconstant @ > 0 such that for any

ke Z, Y|, [ <allf- g . IPforal

lezd
f e 2(RY)
(ii) ThereexistsM >0 suchthat #(E(z,m)) =0 for

alm=M .

Lemma 3.3 Let E be aLebesgue measurable set with finite
measure. Then the following statements are equivalent:

(i) H ¢ defines abounded linear operator in L2(R?),
that is, HEf convergesin L*(R?) for any
feL2(R?) and ||H_f |i<b]| f || for some constant
b>0.
(ii) There exists aconstant € > O such that
>k .01 (27) % e > Pl TP,
nezlez®
vf e L2(RY).
(iii) There existsaconstant M > O such that
U(E(S,m)) =0 and x(E(z,m=0)) for any m>M .
We outline the main results obtained in this paper below.

Theorem 3.4 Let E be aLebesgue measurable set with
finite measure. Then E isaframe wavelet set if

OUMAR)E(z)=R";
neZ

(i) Thereexists M > 0 suchthat ¢(E(d,m)) =0
and ¢(E(z,m)) =0 forany m>M .

Proof of Theorem 3.4 By the proof of Lemma 3.3, we
havek Hof, f >k M? || f ||.
On the other hand,
zrin:l fy  Zisoeem = Doz 3 DAT (V27) ™ Ze(em

(with &, dependingon E(z,m) not E), hence
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m K _ 2
< Zj:l fmJ' 'Z(A')kE(r,m)’ f>= Z|ezd lak' | 20,
It follows that

M m
< HEf, f>= Zzz<fnlqj '){(A')KE(T,m)’ f>

keZ m=l j=1

ZZ< F Xxpeen >

keZ
2
= [T Zeyen)ds 2 T I,
keZ
since ZkeZZ(A')kE(T " >1, by thegiven condition.
Theorem 351f E = E(7,1), | J(A)"E(z) = R? and
nezZ

there exists 1< k; <k, suchthat ¢£(E(J5,m)) =0 for
m<k, and m>Kk,, u(E(J,k))u(E(J,k,)) #0, then

E isan frame wavelet set whose corresponding frame has
alower bound K; and an upper bound K, .

Proof of Theorem3.5. If E=E(z,1) and
J(A)"E(z,1) = R?, then
neZ

Hef =X HEf =D F X
neZ neZ
Assume that U;((A,)nE =k,
nez

then< H f, f >:<Zf‘Z(A')"E’f >
neZ

=[Ifr 2, Zyeds =l T I
foral fe L*(RY),sincethefact u(E(S5,m))=0,
m<k,m>k,, thatis k || f [P<k]| f IF<k, || f 7.
we can gain the desired result k; <k <k,. Then E isan
frame wavelet set whose corresponding frame has alower
bound K; and an upper bound K, .
Theorem 3.61f E=E(7,1) and p(E(7,k)) #0 for
somek > 1, then Eisnot aframe wavelet set.
Proof of Theorem 3.6 By lemma3? | if E = E(z,]),

then H. f = f . Assumethat E isaframe wavelet set,
g= ZE(l)(T,k) h= ZE(2>(T,|() , fi=g+h,f,=g-h.
Since k>1,

#(E(z,k)) =0, u(E? (7,k)) = u(E® (z,k)),
then || f, |IP=l £, |I°, thatis

<H:f, fi>=<H.f,, f,>.

Because< H f, f, >=<H.g+H.h,g+h>
=<0,0>+<H:g9,h>+<H:h,g>+<hh>,
<H:f,, f,>=<H_g-H:h,g-h>
=<g,0>-<H.g,h>-<H:h,g>+<hh>,
<Hgg,h> and <H_h,g> areboth positive, we can
gainthat <H_f, f,>#<H_f,, f,>, thiscontradicts
| £ 1P=ll f, |I*. then Eisnot an frame wavelet set.

In the following, we give several examples.
Example3.7 Let E=[-32 -Z) U (%, 7],

Then| J2"E(z,]) = R, #(E(6,m)) =0,

U(E(z,m)) =0, Ym>1, by the Theorem 3.4,

so E isan frame wavelet set.
Example 3.8 Let

E=[r2r)x[xn,2r)U[r,27)x|[3r,47),
then E = E(7,2), by the Theorem 3.6, E isan frame
wavelet set.

IV. FRAME SCALE SET

Theorem 4.1 Let G be abounded closed setin R® . Then

there exists a frame scaling function ¢ with Supp(; =G
if and only if

@Gc2G;

o[ J2"G=R";

j€eZ

©7(G) T

d (G\3G) N (3G +21K) =6,(ke R) .
Theorem 4.2 Let G be abounded closed set and
{T.¢:Kke Z} bethenormalized tight frame of V,

with Supp¢? = G . If the following statements
()VB <G| [ d(@)dof=u(B);
(i) Supp@(- ~ 1) N Suppg(- —k) = 6,
(I, ke Z°1 £K);
(ii) | _. supp@(- —n) = R hold; We have
@G c 2G;

| J2"G=R";
meZ
©G=0G(r));

@ (G\1G) N (G +27K) = 0, (ke Z°).

Lemma 4.3 Let g L*(R) and a closed set G satisfy
the following:
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(@suppg =G ;
(b) #(20) = H (w)d(w)aewe R (H e L™ (T);
© D l¢(w+2m)  =laewe T*\N;

nezd
@ (J2"G=R‘;
meZ

then ¢ isascaling function.
Lenma 44 Let G be a bounded closed set and
{T.p:ke Z} be the normalized tight frame of V,

with Supp¢? = G . Thefollowing statements are equivalent:
(i) suppg(-—1) N suppg(- —k) =6,
(I,ke Z°,1 £K).
(i< P(—1),0( k) >=4,,. (I,ke Z%) .

Proof of Lemma4.3,
(i) = (ii) suppg(:- ~1) N suppg(- ~k) = 6
(I,ke Z°,1 £k),
So< §(-—1),9(- —k) >= (27) 5.
By Paiseval equation, < @#(-—1), (- —K) >=4, , .
(i)=()
Since< @(-—1),8(-—K) >=9, . (l,ke Z%);
by Paiseval equation,
<g(-=1),9(-—k) >
=(3) " <90 =1).0(-K) >= () %5,
sok #1,(k,l € 29),
SUPPG(- —1) N supp(- k) = 6.
Corollary 45 Let G be a bounded closed set and
{T.#:ke Z°} be the normalized tight frame of V, with
supp(/;: G,If
() ¥B < G| [ gl@)do = u(B);

(i< P(=1),0(—k) >= 3, (I,ke Z7) ;
(i) | J_. suppd(-—n)=R? hoid,
then (8) G c 2G;

| J2"G=R";

©G=6(z1).

D (G\L1G)N(EG+271K) =8, (ke Z%).
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