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Abstract

A new approach to the finite-gap property for the Heun equation is constructed. The
relationship between the finite-dimensional invariant space and the spectral curve is
clarified. The monodromies are calculated and are expressed as hyperelliptic integrals.
Applications to the spectral problem for the BC; Inozemtsev model are obtained.

1 Introduction

The BC Inozemtsev model is a one-particle quantum mechanics model whose Hamiltonian
is given as

&P
H = —@—F;li(li—i—l)p(m’—#—wi), (1.1)

where p(z) is the Weierstrass p-function with periods (1,7), wo = 0, w; = 1/2, wy =
—(74+1)/2 and wg = 7/2 are half-periods, and I; (i = 0,1,2,3) are coupling constants.
This model is a one-particle version of the BCx Inozemtsev system [7], which is known
to be the universal quantum integrable system with By symmetry [7, 12]. The BCy
Calogero-Moser-Sutherland systems are special cases of BC'y Inozemtsev systems.

It is known that there is a correspondence between the BCi Inozemtsev model and
the Heun equation. Here the Heun equation is a standard canonical form of the Fuchsian
equation with four singularities defined in (5.4) (see section 5).

The potential Z?:o li(l; + 1)p(x + w;) has also arisen from a different source, the
theory of elliptic solitons. Around 1987-92 Treibich and Verdier [19] found and showed
that Z?:O li(l; + 1)p(x + w;) is an algebro-geometric finite-gap potential iff [; € Z for all
i € {0,1,2,3}. For this reason the function Y27 ;(I; + 1)p(x + w;) is called the Treibich-
Verdier potential. Subsequently several others have produced results on this subject,
e.g., Gesztesy and Weikard [4, 21], Smirnov [14] and so forth. (For more details see the
references in [4, 21, 14].)
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In this paper a new approach to the Treibich-Verdier potential is presented, along with
applications to the spectral problem for the BC) Inozemtsev model. In particular the
relationship between some finite-dimensional space of elliptic functions and the spectral
curve is clarified and a new determinantal formula for a commuting operator of odd degree
is obtained. Here the existence of a commuting operator of odd degree is equivalent to
the algebro-geometric finite-gap property.

The reader may find the author’s background in this subject to be helpful in elucidating
the motivations for this research. In [16] I proposed and developed the Bethe ansatz
method for the Heun equation and applied it to the analysis of the eigenstates and the
eigenvalues for the BC} Inozemtsev model. A few months after the work [16] I noticed
that the function Z?:o li(l;+1)p(x+w;) is an algebro-geometric finite-gap potential while
still being unaware of the results of Treibich and Verdier. An argument based on the
Bethe ansatz led me to conjecture that the global monodromies are expressible in terms of
hyperelliptic integrals and that they would be applicable for investigating the singularities
of the eigenvalues in 7. Eventually the results of Treibich and Verdier [19], Hochstadt [6],
McKean and van Moerbeke [10] and Smirnov [14] came to my attention. In particular
some formulas for the monodromy are given in [6, 10] and it seemed natural that they
would be applicable for the Treibich-Verdier potential.

We next present a brief sketch of the contents and results of this paper.

Firstly a method of determining whether the function E?:o Li(li+1D) p(x4w;) (Lo, 11, 12,13 €
Z) is an algebro-geometric finite-gap potential is presented in sections 2 and 3. The strat-
egy is as follows: First the product of some two solutions to H f(z) = Ef(x) (with H
the Hamiltonian, F the eigenvalue) is shown to be doubly periodic for all E, a result
which was already obtained in [16] in order to show the completeness of the Bethe ansatz.
From the solution to the equation for that product a differential operator A of odd de-
gree that commutes with the Hamiltonian H is constructed in section 3.1, whence follows
the algebro-geometric finite-gap property. The proof is elementary and does not require
the advanced techniques of Treibich and Verdier that are based on the theory of Jacobi
varieties and the notion of a tangential cover.

In section 2.2 finite-dimensional spaces of elliptic functions are introduced. Note that
these finite-dimensional spaces have already appeared in [16] and they are related to the
concept of quasi-exact solvability [20, 5]. These spaces play an important role in the
presentation and investigation of the spectral curve, i.e. the curve determined by the
equality between the Hamiltonian H and the commuting operator A. As an application
we obtain a determinantal formula for the commuting operator in section 3.2. In section
3.3 formulas for the monodromy of the solutions to the Inozemtsev model are obtained.
These formulas are expressed in the form of hyperelliptic integrals. In section 3.4 examples
are used to illustrate the results and the formulas obtained in sections 2 and 3.

From the viewpoint of physics it is often desirable to obtain the square-integrable
eigenfunctions of the Hamiltonian and the corresponding eigenvalues. In sections 2 and 3
the eigenfunctions of H without this physical boundary condition are constructed, whereas
in section 4 the physical boundary condition is included.

It is shown in [17] that an eigenvalue satisfying the physical boundary condition is
holomorphic in 7 if —1 < p = exp(my/—17) < 1. In this paper a sufficient condition is
provided for the holomorphy of the physical eigenvalues in 7 € C. This condition involves
the convergenec radius of the eigenvalue as a power series in p, which can be calculated
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by the method of perturbation [17].

In section 4.1 the strategy is outlined. Section 4.2 provides the appropriate setting for
consideration of the spectral problem in the case lp,l; € Z>1. In particular the Hilbert
space H and its dense subspace D are introduced. In section 4.3 we obtain a sufficient
condition for the holomorphy of the physical eigenvalue in 7 € C for this case. Here the
formulas for the monodromy from section 3.3 are used. An example is also presented to
illustrate the results. In section 4.4 the case ly € Z>1 and l; = 0 is discussed and in section
4.5 the case [y = [ = 0 is treated.

In section 5 the relationship between the Heun equation and the Inozemtzev model
is reviewed and a translation between the two formalisms is detailed. Formulas for the
monodromy along the cycle around two regular singular points are derived. They are
expressed in use of hyperelliptic integrals.

In the appendix definitions and formulas for the elliptic functions are provided.

Throughout this paper it is assumed that [; € Z (i = 0,1,2,3) and (lo,l1,12,13) #
(0,0,0,0).

2 Results from [16] and related topics

2.1 Product of the solutions

Fix the eigenvalue E of the Hamiltonian H (1.1) and consider the second-order differ-
ential equation

s 3
(H—-E)f(z) = <—% + > il + D + w) — E) f(z)=0. (2.1)

=0

Let h(z) be the product of any pair of the solutions to (2.1). Then the function h(x)
satisfies the following third-order differential equation:

a3 3 d 3
(@ - (Z Ll + gl +wi) E) 2 (Z Ll +1)¢/ (x —i—wi))) h(z) = 0.
=0 i=0
(2.2)

It is known that equation (2.2) has a nonzero doubly periodic solution for all E if
li € Z>p (i =0,1,2,3). That was first observed by Darboux [1].

Proposition 2.1. [16, Proposition 3.5] If ly,l1,l2,1l3 € Z>q, then equation (2.2) has a
nonzero doubly periodic solution Z(x, E), which has the expansion

3 ;-1

=(a,E) = co(B) + Y > b (B)p(a + w7, (2.3)

i=0 j=0

where the coefficients co(E) and by)(E) are polynomials in E, they do not have common
divisors and the polynomial co(E) is monic. We set g = degg co(E). Then the coefficients

satisfy degp bg-z) (E) < g foralli and j.
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We can derive the integral formula for the solution A(x, E) to the equation (2.1) in
terms of the doubly periodic function Z(z, F), which is obtaind in [16]. Set

dx? dx

(2.4)

3
Q(F) = E(x, E)2 (E - Zli(li + Dp(x + wz)> + %E(x,E)
i=0

It is shown in [16] that Q(E) is independent of x. Thus Q(FE) is a monic polynomial in
E of degree 2g + 1, which follows from the expression for =(z, F) given by (2.3). The
following proposition is obtained in [16]:

Proposition 2.2. [16, Proposition 3.7] Let Z(x, E) be the doubly periodic function defined
in Proposition 2.1 and Q(F) be the monic polynomial defined in (2.4). Then the function

A(z,E) = \/E(z,E) expfi'Q(me (2.5)

H(x, F)

is a solution to the differential equation (2.1).

2.2 The invariant subspace of elliptic functions

It is shown in [16] that there are finite-dimensional spaces of elliptic functions on which
the action of the Hamiltonian (1.1) is well defined. In this subsection, we introduce such
spaces and discuss the relationship with the polynomial Q(E) of the previous subsection.

Let F be the space spanned by meromorphic doubly periodic functions up to signs,
namely

F = @ Feress (2.6)

€1,e3==%1

Feres = {f(): meromorphic [f(z + 2w1) = e1f(z), f(z +2w3) =e3f(2)}, (2.7

where (2w, 2ws) are basic periods of elliptic functions.

Let l; € Z>o (i = 0,1,2,3) and let k; be the rearrangement of /; such that ko > k; >
ko > k3(> 0). The dimension of the finite-dimensional invariant subspaces of the space F
and the construction of the spaces are given in [16, Theorem 3.1].

Proposition 2.3. [16, Theorem 3.1]

(i) If the number ko + ki + ko +ks(= lo+ 11 + 12 +13) is even and ko+ ks > ki + ko, then
the dimension of the maximal finite-dimensional invariant subspace in F with respect to
the action of the Hamiltonian H (see (1.1)) is 2ko + 1.

(ii) If the number ko + k1 + ko + ks is even and ko + ks < k1 + ko, then the dimension
15 ko + k1 + ko — ks + 1.

(iii) If the number ko + ki + ko + ks is odd and ko > k1 + ko +ks+1, then the dimension
18 2ky + 1.

(iv) If the number ko + k1 + ko + ks is odd and ko < ki + ko + ks + 1, then the dimension
18 ko + k1 + ko + ks + 2.

IPE(x,E) 1 <dE(a¢,E
4

))2'
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Let V' be the finite-dimensional invariant space described in Proposition 2.3 and P(E)
be the monic characteristic polynomial of the Hamiltonian H (1.1) on the space V| i.e.
P(E)= H?;an(E — E;) ({E;} are eigenvalues of H on V).

Here we present the invariant space V' more explicitly. We assume B el (1=0,1,2,3)
and — Z?:o Bi/2 € Zso. Let V505135, De the (d + 1)-dimensional vector space spanned
by {pl(x)ﬁl pg((L‘)ﬂQ p3($)53p(a:)"}n_0 r where d = — Z?:o BZ/Q and p;(x) (i =1,2,3)

are co-p functions (see appendix)._ We assume &; € {=li,;l; + 1} (i« = 0,1,2,3) and
S22, @i/2 € Z. Then we set
Viao,é1,62,63 Zzzo @;/2 € Z<o;
Uao,a1,d0,65 = {0}, Zézo @;/2 = 1; (2.8)
VicGo1-a1,1—as,1—a5s Dm0 0i/2 € L.
If lo + l1 + la + I3 is even, then the space V' is decomposed as V' = U_j; 1, —15,—15 ©
U—tg,—t1,1a+1,05+1 D U—ig1y41,—15 1541 D Ui 1y +1,1041,—15- 1f lo +11 + la + 13 is odd, then we
have Vo= U_jy —1; ~15,15+1 ® U—tg, 11, la+1,~15 © Ui l141,~12,~15 D Ulg 1,111, 13-

For the equations P(E) = 0 and Q(F) = 0 we obtained the following proposition in
[16].

Proposition 2.4. (c.f. [16, Theorem 3.8]) The set of zeros of Q(E) coincides with the
set of zeros of P(E).

We propose the following conjecture.
Conjecture 1. P(E) = Q(F).
By applying Proposition 2.4, we immediately have the following proposition.

Proposition 2.5. (i) If there are no multiple roots for each of the equations P(E) = 0
and Q(E) =0 for generic T, then Conjecture 1 is true.

(i) If there are no multiple roots for the equation Q(E) = 0 for generic T and degy, P(E) =
degp Q(FE), then Congecture 1 is true.

The following proposition follows upon combining Theorem 3.2 and Proposition 3.9 in
[16] with Proposition 2.5 (ii) of this paper.

Proposition 2.6. If two of the l; (i =0,1,2,3) are zero, then Conjecture 1 is true.

If lg 4+ 11 + l2 4 I3 is small, then we can confirm Conjecture 1 directly through direct
calculation.

Proposition 2.7. (c.f. [16, Proposition 3.10]) If lo + 11 + lo + I3 < 8, then Conjecture 1
18 true.

3 Finite-gap property
3.1 The construction of the commuting operator
Let us consider the Schrédinger operator —d?/dx? + g(x) with the conditions that q(x)

is meromorphic on R (may have poles) and g(z 4+ 1) = g(z). These conditions on ¢(x) are
assumed in the definitions below.
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Definition 1. Assume that ¢(x) € R for € R and there are no poles for ¢g(z) on R. We
set H = —d?/dx? + q(x). Let op(H) be the set such that

E € 0y(H) < All solutions to (H — E) f(z) = 0 are bounded on z € R

and op(H) be the closure of the set o,(H). If the set R\ 0,(H) can be written as

R \ O'b(H) = (*OO,E[)) U (El, EQ) Uy---u (Eggfl,Egg) (31)

with Ey < Ey < -+ < Eyg, then ¢(x) is called the finite-gap potential.

Definition 2. If there exists an odd-order differential operator A = (d/dx)*** + Z?i_ol

bi(x) (d/dz)*" 177 such that [A, —d?/dz? + q(x)] = 0, then g(z) is called the algebro-

geometric finite-gap potential.

Remark. It is known that the equation [A, —d?/dz? + q(x)] = 0 is equivalent to the
function ¢(z) being a solution to some stationary higher-order KdV equation.

It is known that, if g(x) is real-holomorphic on R and ¢(z + 1) = ¢(x), then ¢(z) is
a finite-gap potential if and only if ¢(z) is an algebro-geometric finite-gap potential (for
details see [11, 2, 21]).

In this section it is shown that Z?:o li(l;+1)p(r+w;) is an algebro-geometric finite-gap
potential if [; € Z (i = 0,1,2,3). By the substitution l; <> —I; — 1, it is sufficient to show
it for the case l; € Z>o (1 =0,1,2,3).

Write

E(x,E) =Y agi(z)E" (3.2)
=0

From Proposition 2.1 we have ag(z) = 1.

Theorem 3.1. Set u(x) = Z?:o Li(li + D) p(x + w;) and define the (2g + 1)st-order differ-
ential operator A by

A Z; {aj(x)% -3 (%mm) } (—j—; + u(m))gj , (3.3)

J

where the a;(x) are defined in (3.2). Then the operator A commutes with the Hamiltonian
H = —d?/dz? + u(z). In other words the function u(x) = Y0 o li(l; + 1)p(z + w;) is an
algebro-geometric finite-gap potential.

Proof. Since the function =(z, E) in (3.2) satisfies the differential equation (2.2), we
obtain the following relations by equating the coefficients of E977:

a;”(x) — 4u(x)a; (z) — 2u/(z)aj(z) + 4a;~+1(a}) =0. (3.4)
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On the other hand

4 d
[A, H| = Z [aj(x)% - —a (:Jc),H] H9~J (3.5)
§=0

6 /! d2 ]' n !/ g—7
=3 (o) g + g @) (o)

. / ]‘ n —_
= Z <—2a] (x)(—H + u(x)) + 5% (x) —u'(x)a; (x)) HII

7=0

= % Z (4a;+1(:13) du(x)al(x) 4 af (x) — 2u'(x)a (z)) HY™

7=0

[ |
Proposition 3.2. Let Q(F) be the polynomial defined in (2.4). Then

Proof. Let f(z) be a solution to the second-order differential equation (H — E) f(z) = 0.
From the definitions of A in (3.3) and (3.2) it follows that

11w =3 {a@er 1L -5 (Lo )} ) (37)
=0
= 5, B)f (@) - 5/ (@, B)/ (@)

Here Z/(z, F) := %E(m, E). From the commutativity of A and H we have (H—FE)Af(z) =
0. Hence

A(Af(z)) = 5(%}3)—3: (Af(z)) — %EI(%E)AJC(SU) (3.8)
L = (2, B)2f (x).
E’(x,EF) f)

1

- (E(a:, E2(u(z) - B) — %E”(m,E)E(x,E) +

—Q(H)f(x),

Il

|
2
&
~—
=
2

Il

Iy

where relation (2.4) was used. The operator A2+Q(H) is a differential operator with degree
at most 2g + 1. Since the equality (A2 + Q(H))f(x) = 0 is valid for all eigenfunctions of
H, it follows that A%+ Q(H) = 0. ]

Remark. Theorem 3.1 and Proposition 3.2 are established in [8, 18] for a smooth finite-
gap potential.



28 K Takemura

Let T': 4> = —Q(x) be the spectral curve of the operators A and H. This curve
plays an important role in the formulas (2.5) and (3.6). By Proposition 2.4 edges of the
hyperelliptic curve I" are eigenvalues on the invariant space V' (see section 2.2). The genus
of the curve I' is g, where ¢ is as in (3.2).

Proposition 3.3. Let kg = max(lo, 1,12, lg), ks = Inin(lo, 1,12, 13) andl =g+ +1la+1s.
If Conjecture 1 is true, then the arithmetic genus of the curve I' is given by

ko, l is even and ko + ks > 1/2;
(I —2k3)/2, 1 is even and ko + k3 < 1/2; (3.9)
ko, l is odd and ko > (1 +1)/2; '
(1+1)/2, lisodd and ko < (I+1)/2.

Proof. It follows directly from Proposition 2.3. |

Remark. The values in (3.9) have already appeared in [4, 14, 16|, although the present
author could not understand the proofs of computing the genus of I given in [4, 14] because
he could not confirm how to avoid the possibility that either of the equations P(E) = 0
and Q(F) = 0 could have multiple roots.

By combining Propositions 2.6 and 3.3 we obtain the following corollary.

Corollary 3.4. If two of l; (i =0,1,2,3) are zero, then the arithmetic genus of the curve
I' is max(lg, ll, lg, l3).

Proposition 3.5. If lo = ;1 = 0, la,l3 € Z>0 and 7 € Z + /—1Rsq, then u(z) =
Z:?:2 Li(li + Vp(z + w;) is a finite-gap potential.

Proof. First from the condition 7 € Z + /—1R~( we have u(x) € R for z € R. Also,
since the poles of the function p(z + 7/2) (resp. p(x + (7 4+ 1)/2)) are located on the set
Z+ (Z+1/2)T (resp. (Z+1/2)+ (Z+ 1/2)1 ), the function u(x) is holomorphic on R.
Finally it is shown in [11, 2] that, if u(z) is real-holomorphic on R and u(z + 1) = u(x),
then u(x) is a finite-gap potential if and only if u(z) is an algebro-geometric finite-gap
potential. Thus we obtain the proposition. |

3.2 The determinantal formula for the commuting operator

In this subsection a determinantal formula for the commuting operator A is introduced.

Conjecture 2. Let l; (i =0,1,2,3) be nonnegative integers and V be the invariant sub-
space defined in section 2.2.
Let fi(x),..., fog+1(x) be a basis for the space V. Then

fl(.l‘) e f2§+1(1‘) 1
diszcl (:L‘) N dix];QQJrl (:L‘) % )
A=Al (&) A@ o (&) fanl) (&) (3.10)

(d%c)QgH_l fl(ZL‘) ce (%)254—1 f2§+1({L‘) (£)2§+1
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air .- a1.n
for some nonzero constant Ay. Here the determinant for the matrix

aml e An,n
is defined by Y ce, S9MU0)As(1),1 - - Qo(n)n-
Proposition 3.6. If two of l; (i =0,1,2,3) are zero, Conjecture 2 is true.

Proof. It is sufficient to show the statements for the case s = I3 = 0 and Iy > [4.
From Propositions 2.6 and 3.2 we have A? = —P(H). In [16, Theorem 3.2] it is shown
that the equation P(E) = 0 has no multiple roots for generic 7. For this case we have
dimV = 2¢g + 1, where g is defined in Proposition 2.1.

We fix the period 7y to satisfy the condition that the equation P(E) = 0 has no multiple
roots. Let E; (i =1,...,2g+ 1) be the zeros of P(E) =0 and let V; be the 2-dimensional
space spanned by solutions to the differential equation (H — E;) f(z) = 0.

From the commutativity [A, H| = 0 the operator A preserves the space V;. For f (x) € Vi
we have A2f(z) = —P(H)f(z) = —P(E;)f(x) = 0. Therefore all eigenvalues of A on V;
are 0.

Let &(x) € V NV;. From the definition of V the function & (z) is doubly periodic up to
signs and satisfies the equation (H — E;)&;(z) = 0. Another solution to (H —E;) f(x) = 0 is
given by & (z) [y dy/&(y)?. This function could never be a doubly periodic function up to
signs because it has lg+ 1 zeros at £ = 0 and has fewer poles on the fundamental domain.
Hence the dimension of the space of doubly periodic functions up to signs satisfying the
differential equation (H —E;) f(x) = 0 is one. Since the function Z(x, £) is doubly periodic,
the coefficients of (d/dz)’ (j = 0,...,2g+1) on A are doubly periodic (see (3.3)); hence the
function A¢;(x) is proportional to & (x). Thus we have A¢;(z) = 0, because the eigenvalue
must be zero and therefore we also have Af(x) =0 for all f(z) € V.

Since deg A = dim V/, all solutions to Af(x) = 0 must satisfy f(z) € V and we have

f1(x) s fag+1(x) 1
%ng(l’) %J;égﬂ(l’) P )
A=h@) || @) AR o () fenl®)  (5) (3.11)
2g+1 2 +1: 2g+1
(@) A@) o @) fen@) ()7
for some function h(x). Since the coefficient of (d/dxz)**" on the right-hand side of (3.11)

is (—1)9 (see (3.3)), we have
z)

fi( fag+1(2)

%fl(x) e %f29:+1(x) _ (—1)9‘ (3.12)

(L)Y fi(x) oo (L) fager(2)

By differentiating equality (3.12), we obtain that the coefficient of (d/dw)2g on the right-
hand side of (3.11) is equal to (—1)9h/(z)/h(z). From the commutativity [A, H] = 0 the
coefficient, of (d/dxz)* in the operator A must be zero, whence A’ (z) = 0.

Therefore relation (3.10) follows for the case Iy = I3 = 0 and ly > 1, if the equation
P(E) = 0 has no multiple roots. From analytic continuation in 7 we obtain relation (3.10)
for allT€R+\/?1R>0 when o, =13 =0, g > [. |
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3.3 Monodromy

In this subsection we calculate the monodromy, specifically the constant B(E) for
Alx +1,F) = B(E)A(z, E), where the function A(x, F) is the solution to the equation
(H — E)A(z,E) = 0 of the form (2.5). The monodromy plays an important role in
investigating eigenvalues and eigenstates for systems with physical boundary conditions.

From formula (2.5) we have

14
Ao+ 1,B) = 4w, B)exp [ V@B (3.13)
O+e :(337 E )

with € a constant so determined as to avoid passing through the poles in the integration.
The sign + is determined by the analytic continuation of the function \/Z(zx, F).

Although this formula is explicit, the calculation of the integral would be difficult.

In [16] it is shown that the function A(z, E) admits the following expression of the
Bethe ansatz form:

exp(my/Tex) [T, Oz + ;)
O(z)lof(x +1/2)10(x + (1 + 7')/2)l20(a: +7/2)ls

where | = lg+11 +12+13 and 6(x) is the elliptic theta function. The valuest; (j =1,...,1)
and c satisfy the Bethe ansatz equation given in [16, Theorem 3.13].
From this expression we have

Az + 1, E) = A(x, E) exp(mv/—1c). (3.15)

To obtain the value ¢ we must solve the Bethe ansatz equation, which is in general tran-
scendental.

In this subsection we introduce a different formula. The monodromy is expressed as
an hyperelliptic integral of second kind. The following formula for a smooth finite-gap
potential is found in [6, 10].

A(z,E) = (3.14)

Theorem 3.7. Let l; € Z>o, P € 2Zwy & 2Zw3(= Z & ZT), and E(()P) be the eigenvalue of
H such that A(x + P, E(gp)) = A(z, E(()P)) (resp. A(z + P, E(P)) = —A(x,EéP))). Then

Olj;e" (z, E)dx
A(z+ P, E,) = Az, E,) exp / dE (3.16)
B V-Q(E)
B (Pte=p E)dr
(resp. A(z+ P, E,) = —A(z, E,) exp (—% ) 0re =& F) dE))
Eo _Q( )

with € a constant so determined as to avoid passing through the poles in the integration.
In particular, if Eq is the eigenvalue of H such that A(x + 1, Ey) = A(x, Ey) (resp. A(x +
1, Ey) = —A(z, Ey)), then

A(a:—f—l,E*):A(a:,E)exp( Lt ) dE) (3.17)

Eo / *Q

_ 1 B, Ql( )
(resp. Az +1,E,) = —A(z, E,) exp ( g \/TdE>>
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where the polynomial Q1(E) of degree g is given by
1+e
Q1(E) = / =(z, E)dx. (3.18)
O+e
Proof. Set
=(x, E
R= Rz, B) = =& F) (3.19)
—Q(E)
We use  instead of 0/dz. Set v =37 li(l; + 1)p(x + w;). From (2.4)
2 1 w1 7 2
R (U—E)—§RR +Z(R) = (3.20)
By differentiating (3.20) with respect to E we have
OR" R 6R’ R"OR OR
S = R+ — (v — B) . 3.21
o = roE Rt wmap v Egg (3:21)
Then
OR' R OR\’
(— -5 T EG—E> (3.22)
R OR' R"OR OR R" (R)?\ OR R OR
=(-= +92 - - E - oty
<RaE B+ pop — 40 )8E)+<R R2>8E+R8E
_ 1 OR 1" 2 /2
2R+R28E (2RR" — AR*(v — E) — (R')?)
4 OR 0 (1
= R2OE 2R+ oF <R>
Since the function — %z + %g—g is doubly periodic in x, it follows that
Pte /1 R R 8R>’
=) dz=0. (3.23)
/0+E < OFE ROE
Hence
1 P+e P+e 1
——/ Rdx = / 0 ( > dx. (3.24)
2 0+e O+e 8E
By integrating with respect to £ we see that
P+e \/— Q(E)
E. Oljf” (z, E)da exp < O+e Z@,E) df”)
exp | — R dE | = , (3.25)
2y Q) e
0 Srg”)
From formula (2.5) we have
P+e —OQ(E\d
A(z + P, E) = £A(z, E) exp / VZQE)dr (3.26)

O+e E($7E>
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The sign + is determined by the analytic continuation of the function \/=Z(z, E'). By the
assumption A(z + P, E(()P)) = A(z, E(()P)) (resp. A(x + P, E(()P)) = —A(ac,EéP))) we have
Pre \/-QUET d pre \/-QUE de

+exp [o,. SeBD) 1 (resp. +exp [y, SeBD) —1), where the sign =+ is
chosen to be the same as the one in (3.26). Combining with (3.25) and (3.26) we obtain
(3.16). n

Remark. (i) A similar equality to (3.22) can be found in [3].
(ii) Although the integral | 5) - Al g may be dependent on the choice of the initial

\/—Q(E)
point Ey such that A(z + 1, Ey) = A(z, Ey) (resp. Az + 1, Ey) = —A(x, Ey)) and the

path from Ej to E,, the function exp <—% 5) * Q%é;;) dE) + exp (% g)* Q_lég?E)

independent on Ey with A(z + 1, Ey) = A(z, Ey) (resp. A(x + 1, Ep) = —A(x, Ep)) and
the path.

is

From Proposition 2.4, if Q(Ep) = 0, then the differential equation (H — Ey)f(z) = 0
(see (2.1)) has a solution of doubly periodic function up to signs. It is seen that the solution
is written as A(z, Ey) = /E(z, Ep) up to constant multiplication. Hence A(x + 1, Ep) =
A(z, Ep) or A(x+1, Ey) = —A(z, Ep). Combined with Theorem 3.7, we obtain the following
corollary:

Corollary 3.8. Let l; € Z>o and let Ey be a solution to Q(E) =0. Then A(x + 1, Ep)
Az, Ey) or A(z + 1, Ep) = —A(z, Ep). If A(z + 1, Ey) = Az, Ey), then Alx + 1, Ey)

A(:U,E*)exp< L (B _Ou(F) dE) and, if A(z + 1, Ey) = —A(x, Ey), then A(z+ 1, Ey)

- 2JE |\ /2Q(E)

e (I )

Theoretically the integral Q1 (FE) = 01:_; E(z, E)dx can be calculated explicitly. This

is illustrated by some examples in the next subsection.

3.4 Examples

Two examples are provided to illustrate plainly what has been done to this point.

3.4.1 The case lg=0,l; =0,lo=0,l3=1

The Hamiltonian H is given by

2

H:—%—FQ@ (x—l—%) (3.27)

For this case the space of finite-dimensional elliptic functions V' defined in section 2.2 is
spanned by co-p functions p1(z + 5), p2(z + 5) and p3(z + 5). Hence dim V' = 3. The
characteristic polynomial of the Hamiltonian H on the space V is

P(E) = (E + e1)(E + e2)(E + e3), (3.28)
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where p(3) = e1, p(3ET) = €2, and p(3) = e3. For this case we have Q(E) = P(E) from
Proposition 3.6.

From Proposition 3.5 2p(x 4+ %) is a finite-gap potential if 7 € Z + v/—1R~o. Indeed,
if 7 € 2Z 4+ v/—1R~g, then we have

R\ op(H) = (—00, —e1) U (—ez, —e3), (3.29)

for —e; < —ey < —e3 (see Definition 1). If 7 € 2Z 4+ 1+ v/—1R~ ¢, then —e; < —eg < —eo
and

R\ op(H) = (—OO, —ep) U (—63,—62). (3.30)
The functions Z(x, F) and A(z, E) are given by
2(z,E) = p (z + Z) +E, (3.31)
B V—(E+e1)(E + e2)(E + e3)
A(a:,E)—<\/p<x+ +E>exp/ oo+ 1)+ E dzx.

Here A(+£xz, E) satisfy the equations (H — E)A(+z, E) = 0 and Z(x, E) satisfies equation
(2.2).

The function 2p(z 4+ 5) is also an algebro-geometric potential if 7 € R+ +/—1R>q. The
commuting operator A (3.3) is given by

Az—((%)y)—?)p(x—i-g)%—;p’ (a:—f—%)) (3.32)

As in the case of Proposition 3.6, we obtain the following determinantal formula:

(e1 —e2)(e2 —e3z)(er —e3)A (3.33)

pr@+3) pplet3) ps(z+s) 1
|| s +3) es@+F) esl@+3) i,
plle+3) ohz+3) eie+3) (&)

ISH

- 3
o'(@+3) y(@+3) of@@+3) (f)
For the operators A and H there is an algebraic relation
A% = —(H +e1)(H + e3)(H + e3) (3.34)

and the genus of this curve is one.
Now we can proceed to calculate the coefficient of the monodromy (3.17). We have

/oiaa(I’E)dx - /: (B+o(e+g))d (3.35)
:E—C(1+%+€)+C(g+e> =E—2m,

where 11 = ((3). (Here we used definitions and formulas from the appendix.) Since
E = —e; is a solution to Q(F) = 0 such that A(x + 1, Ey) = A(zx, Ep), it follows that

1 E —2mp
Az +1,E,) = A(z, E,) exp dE'|, (3.36)
—er V- (E+e1)(E+e)(E +e3)

which is an elliptic integral of second kind.
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3.4.2 The case lo = 2,[1 = 1,[2 = 0, l3 =0

The Hamiltonian H is given by

H=— d2+6()+2 + 1 (3.37)

For this case the space of finite-dimensional elliptic functions V' defined in section 2.2 is

spanned by the functions p(z)—e1, pa(z)/p1(2), p3(x)/p1(x), p1(2)p2(x), and 1 (z)ps3(x),
so dim V' = 5. The characteristic polynomial of the Hamiltonian H on the space V is

P(E) = 16(E + 4e1){16E* — 224, E3 + (5695 — 144€2) E> (3.38)

— (200g2e1 — 5920e3)E + (8195 — 3640g2¢? + 19216¢7)},

where go = —4(e1e2 + ezes + eseq). For this case we have Q(F) = P(FE) from Proposition
3.6.
The functions Z(x, F) and A(z, E) are given by

1
2(z, E) =9p(z)? 4+ 3(E — 2e1)p(z) + (E + 4e1)p <x + 5) + E? —5e,E — 27¢€2,
(3.39)

Az, E) =\/E(z, F) exp/ ":_Q

Here A(+£xz, E) satisfy the equations (H — E)A(+xz, E) = 0 and Z(x, E) satisfies equation
(2.2).

The function 6p(z) + 2p(z + 3) is an algebro-geometric finite-gap potential. The
commuting operator A (3.3) is given by

A= (%)5 -5 (3p(x) +p <x+ %) —e1> <%>3 (3.40)
125 (3@( )+ ¢’ (ac—i— 1)) (;i)z

—15 <3p(x)2+2@ <x+%>2_26m <x+%> _36%_é92> %

el o))

For the operators A and H there is an algebraic relation A% 4+ Q(H) = 0 and the genus of
this curve is 2.

As in the previous example we calculate the coefficient of the monodromy (3.17). From
the formulas p(z)? = 2p"(z) + 592, ((z) = —p(z), {(z 4+ 1) — {(z) = 2 and the
periodicity of ¢'(z), we have

1+e 3
/0 =(x, E)dx = E* — (5e1 + 8m1 ) E + 192~ 27e3 4 deqn;. (3.41)
+e
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Since E = —4e; is a solution to Q(E) = 0 such that A(z + 1, Ey) = Az, Ep), it follows
that

Az + 1, E,) = Az, Ey) exp _1/ (5e1 +8m)E + 392 e1 + 4e1m e
2 e ~Q(E)

(3.42)

which is an hyperelliptic integral related to the genus two curve.

4 Application to the spectral problem

4.1 The strategy

In this section eigenvalues of the Hamiltonian H for the systems with physical boundary

conditions are considered. More precisely we consider eigenstates and eigenvalues of the
Hamiltonian in an appropriate Hilbert space. In the general setting the Hilbert space is
taken as the space of functions that are square-integrable for some inner product. For
the infinite-dimensional case the Hamiltonian generally does not act on all elements of the
whole Hilbert space but only on a dense subspace. Hence we should specify the Hilbert
space and its dense subspace for each model.

In section 4.2 the Hilbert space and its dense subspace for the BC; Inozemtsev model are
introduced. In previous sections we obtained the eigenfunctions A(z, E) of the Hamiltonian
H in (2.5) without boundary conditions and the constant for the quasi-periodicity in (3.17).
It is mentioned in this section how the conditions for square-integrability correspond to
the ones for quasi-periodicity.

For the trigonometric case, i.e. 7 — v/—100, the model becomes much simpler. In this
case all eigenvalues and eigenfunctions are described explicitly. The eigenvalues of the
nontrigonometric models are obtained by connecting from the trigonometric model. Here
the Hamiltonian H depends upon the variable p = exp(my/—17) and the trigonometric
case corresponds to the case p = 0. It is shown in [17] that the eigenvalues are holomorphic
in pif =1 < p < 1 by an application of the theory of holomorphic perturbation due to
Kato and Rellich [9].

To further understand the eigenvalues we examine the singular points of the eigenvalues
in the variable p on the complex domain [p| < 1. In section 4.3 a sufficient condition for
the holomorphy of an eigenvalue at a given point p = pg is provided. Here relation (3.17)
plays an important role.

Firstly the case lp € Z>; and l; € Z> is discussed in sections 4.2 and 4.3. In section
4.4 we treat the case lp € Z>1 and l; = 0, although the case l[p = 0 and I; € Z>1 can be
treated similarly. In section 4.5 the case lp = I3 = 0 is discussed.

4.2 The Hilbert space and the trigonometric limit

In this subsection assume that lo,l; € Z>1 and lg,l3 € Z>( and set p = exp(mv/—17).
Then the potential of the Hamiltonian H is dependent on p. We introduce the Hilbert
space and its dense subspace. Note that our notation differs from that in [17]. Define the
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following function, which is indeed the ground state for the trigonometric (p = 0) model:

)ty

O(x) = (sinmx cos )1t (4.1)

By using the function ®(z), we define the Hilbert space H and its subspace D for every
p (Jp| < 1) as follows:

fo |f(2)]?dz < 400,
H =1 f: R — C measurable| f(z) = (—1)0tf(z 4 1) a.e. , (4.2)
fl@) = (1) f(~z) ae 2

and

% is holomorphic on R,

fla) = (=)t f(z+1), flz) = (-1)0 f(~2) }

Observe that the spaces H and D are independent of p. It is shown that the space D is a
dense subspace of H.

:{ﬂRHC (4.3)

Remark. Let

H, = {f R — C measurable

Jo 1/ (@)@ ()Pdx < +oc, }
f@) = flz+1), f(z) = f(-z) ae

be the gauge-transformed Hilbert space. (This space is denoted as H in [17].) There is a
simple relationship between the spaces Hy, and H, namely h(z) € H, < h(z)®(z) € H.

It is shown in [17] that for each eigenstate ¢, (z) € H of the Hamiltonian H we have
Ym(x) € D if p € R and |p| is sufficiently small. Thus it would be reasonable to consider
the spectral problem for the space D.

Proposition 4.1. The Hamiltonian H preserves the space D for every p € C such that
lp| < 1.

Proof. Let p be a complex number such that |p| < 1 and let H(p) = ®(x)~! o H o &(x)
be the gauge-transformed Hamiltonian. Then we have

2
Hip) = g — o <(lo+1)

—(l+1) =+ Vyla) (4.4)

sin7x COSTTT

COS T sinTx \ d
T

where V),(z) is an even periodic function in z that is holomorphic on z € R (for detais see
[17, §2]). It is enough to show that the operator H(p) preserves the space D,, where

(4.5)

_ { FIR—C (z) is holomorphic on R, }

fx' [l +1), fx) = f(=2)

Let f(z) € D. Then the function f(z) = H(p)f(x) satisfies f(z + 1) = f(z) = f(—x)
and f(x—1/2) = f(1/2—x). The function f(z) is meromorphic on R and may have poles
at © € 37 of degree at most 1. If f(x) has a pole at = 0 (resp. x = 1/2), it contradicts
the symmetry f(z) = f(—z) (resp. f(xz —1/2) = f(1/2 — x)). Hence the function f(z)
has no poles at x = 0 and x = 1/2. Furthermore from the periodicity the function f ()
has no poles on R thus completing the proof. |
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For the case p = 0 the problem becomes much easier. We briefly describe the eigenvalues
(for details, see [17]).
If p— 0 (1 — v/—1cc), then we have p(x) — —7n2/3 + 7?/sin’ 7z etc. and H —

Hp — 72 (Z oli(li + )) /3, where

d2 2 2
d ) +l0(l0—|—1) +l1(l1+1)

Hrp = (4.6)

cos? rx’
The (m + 1)st lowest eigenvalue of the trigonometric Hamiltonian Hp on the space H is
72(2m + lo + 11 + 2)2. The corresponding eigenfunction ¢, (z) is written as the product
of the ground state ®(z) from (4.1) and the Jacobi polynomial of degree m. In particular
we have ¢, () € D.

If —1 < p < 1, then the existence, completeness, and real-holomorphy of the eigenvalues
in p are shown in [17, Theorem 3.6] by application of Kato-Rellich theory.

Proposition 4.2. (c.f. [17, Theorem 3.6]) Let ly,l1 € Z>1 and la,l3 € Z>p. All eigen-
values of H for —1 < p < 1 on the Hilbert space H can be represented as E(p)(=
72(2m + lo + 13 + 2)% — %QZ?:O li(li + 1)) (m € Z>p), which is real-holomorphic in
p € (—1,1), and the value E,(0) coincides with the (m + 1)st lowest eigenvalue of the
trigonometric model.

Although the eigenvalue Em(p) is real-holomorphic, it may have singularities on the
complex domain. This is investigated in the next subsection.

4.3 The condition for square-integrability

In this subsection we write down the condition to determine which values of E admit
square-integrable eigenfunctions and discuss the singularities of the eigenvalue E m(p) in
the variable p = exp(m/—17). Throughout this section it is assumed that ly,l; € Z>; and
la,l3 € ZZO'

Let A(z, E) be the function defined in (2.5). Then HA(z, F) = EA(z, E) and A(z +
1,E) = B(E)A(z, E), where B(E) = exp ( 5; Qlé?() )dE) Ep is the value satisfying
Alx + 1, Ey) = A(z, Ep) and Q1(E) = Oljf E(z, E)dx (see Theorem 3.7).

Set A" (z, E) = Az, E)—(—1)"0A(—x, E). Then the relation HASY™(z, E) = EASY™ (2, E)
is obvious. The following proposition gives a sufficient condition for the square-integrability
because, if A%™(z, E) € D, then the function A%™(z, F) is square-integrable on (0, 1).

Proposition 4.3. (i) If B(E) = (—1)*h then A¥™(z, E) € D.
(i) If Q(E) # 0, then the function AY™(x, E) is nonzero.

Proof. (i) We must check that the function A%™(z, E) satisfies the defining relations
(4.3) for D

The relation ASY™ (z, E) = (=1)0t1AY™(—g, E) is trivial from the definition of A%™ (x, E).
The relation AY™(z, E) = (—1)0ThASY™ (41, E) is obtained from the condition B(E) =
(—1)lo+h . Since the function A™(z, F) satisfies the differential equation (2.1), it may
have poles only at x € %Z on R.
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We have the expansion AY™(z, E) = 2%(co + c1z + -+ - ), where ¢y # 0 and (o = —lj or
lo+1), because the exponents of the differential equation (2.1) at z = 0 are —ly and [y + 1.
From the property AY™(z, E) = (=1)0H 1AM (—z E) and Iy € Z>o, we have a = I + 1.
Thus the function A%™(z, F) is holomorphic at = 0.

We set A(z) = AY™(2—1/2, E). Then we have A(z) = AY™(z—1/2, E) = (—1)lo+ Asym (g4
1/2,E) = (—1)B A (—z—1/2, F) = (1) X\(—z). Similarly to the case AY™ (z, E)|,—o,
the function A(z) is holomorphic at z = 0. Hence the function A™(z, E) is holomorphic
at x =1/2.

From the periodicity of A®™(x, F') we obtain that the function ASY™(z, E) is holomor-
phic on R. Therefore we have checked all the defining relations and have proved (i).

(ii) It is sufficient to show that the functions A(z, F) and A(—=z, E) are linearly in-

dependent. This is obvious from the expressions A(—z, E) = \/E(z, E) exp [ —Y=—"Fv— € E) B)de

and A(z, E) = \/E(z, E)exp [ ¥ )dx. |

Proposition 4.4. Let ly,l1 € Z>1 and la,l3 € Z>o. If B(E) # (=1)loth and Q(F) # 0,
then any nonzero solution to (2.1) is not square-integrable. In particular any value E such
that B(E) # (—1)o* and Q(E) # 0 is not an eigenvalue of the Hamiltonian H in the
space D.

Proof. From the condition Q(E) # 0 any solution to (2.1) can be written as a linear com-
bination of A(x, E) and A(—z, E). From the inequality B(E) # (—1)*" it is impossible
to remove the poles at x = 0, 1/2, and 1 simultaneously. |

For the case Q(E) = 0 a different argument is required.

We observe the condition under which eigenvalues in D are analytically continued. The
eigenvalues in D are determined by the condition B(E) = (—1)"%*h. The function B(E)
depends on two variables, F and p, and furthermore is holomorphic in £ and p provided
(E,p) € Cx By and Q(F) # 0, where B; = {pe C||p| < 1}.

Let |p.| < 1 and suppose that B(E,) = (=1)"*h at p = p,. By the implicit function
theorem, if g—g\p:p*7E:E* # 0 and Q(E,) # 0, then there exist ¢ € Ry and a unique
holomorphic function E(p) on {p € C||p — p.| < €} such that B(E(p)) = (1)1 and
E(p«) = E«. Thus we have the following proposition.

Proposition 4.5. Let |p.| < 1 and E, be an eigenvalue of H on D such that g—g\p:p*,E:E* %
0 and Q(E.) # 0. Then this eigenvalue on D is analytically continued near p = p, and it
18 holomorphic at p = p..

From formula (3.17) we have more explicit results.

Theorem 4.6. Let ly,l1 € Z>1 and la,l3 € Z>p.
(i) If

b Q1( )
Ey \—

the value Ey satisfies A(x + 1, Ey) = Az, Ep), Q1(E) is a polynomial in E defined by

Q1(F) = Olj; E(x, E)dx and Q(FEy) # 0, then we have AV™(z, E,) € D and AV (z, E,) #

dE € 2(lp + )7V —1 + 4n/—1Z, (4.7)
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0.

(ii) If |ps] < 1 and E is such that Q1(Ey) # 0, Q(Ex) # 0 and there exists a nonzero
function f(x) € D satisfying (H — Ey)f(z) = 0 at p = ps, then the eigenvalue E, is
analytically continued near p = py and is holomorphic at p = p..

Proof. From (3.17) the condition B(F,) = (—1)"* is equivalent to the condition (4.7).
In addition, as is shown in Propositions 4.3 and 4.4, if Q(FE,) # 0, then the condition that
there exists a nonzero function f(x) € D such that (H — E,)f(z) = 0 is also equivalent
to B(E,) = (—1)l+h,

Finally it is easy to see that the conditions g—g|p:p*,E:E* # 0 and Q(E.) # 0 are
equivalent to the conditions Q1(FEy) # 0 and Q(F.) # 0. By combining these facts and
Proposition 4.5, we obtain the theorem. |

Remark. If the value Fy satisfies A(z + 1, Ey) = —A(zx, Ep), then the condition (4.7) is
replaced by

By Ql(E)
Eo \/_Q(E)

Let E,(p) be the eigenvalue of the Hamiltonian H on the Hilbert space H defined in
Proposition 4.2. Then from [17] the eigenfunction vy, (z, p) of the eigenvalue E,,(p) on the
full Hilbert space H satisfies v,,(x,p) € D, if p € R and |p| is sufficiently small. Hence

EETOM(p) %dl@ € 2(lo+h)mv—144m/—1Z, if Ey satisfies A(x+1, Ey) = A(z, Ep), p €

R and |p| is sufficiently small. From Proposition 4.2 the eigenvalue E,,(p) is holomorphic
if—1<p<l.

From Theorem 4.6, if Q(E,(p)) # 0 and Ey satisfies A(z + 1, Ey) = A(x, Fp), then
the eigenvalue E,,(p) is so continued analytically in p (€ C) as to maintain the relation

e) %CE € 2(lp + l)mv/—1 + 4ny/—1Z. Let p, € C such that |p,| < 1. If
Q(Em(p+)) # 0 and Q1 (Ep(ps)) # 0, then the eigenvalue E,(p) does not have a singularity
at p = p,; in other words the eigenvalue E,(p) can have a singularity at p = p, only when
Q(Em(p«)) = 0 or Q1(Em(ps)) = 0. -

As an aside note that in [17] an algorithm for calculating the eigenvalue E,(p) as a
power series in p was introduced and the convergence of the power series for sufficiently
small |p| was shown. Numerically it can be demonstrated that the radius of convergence
of the power series is strictly less than 1. Assume that the radius of convergence of the
power series is p. € (0,1). Then from the preceding discussion there exists a solution to
Q(Em(p+)) = 00r Q1 (Em(p«)) = 0 satisfying |p.| = pe. In this way the condition (Q(FE) = 0
or Q1(E) = 0) is closely connected to the radius of convergence of the eigenvalues.

For the case lp = 2,11 = 1, lo = 0 and [3 = 0 the polynomial Q(F) is given in (3.38) and
the polynomial Q1 (FE) is given as the right-hand side of (3.41). Then we have degy Q(E) =
5 and degp @Q1(E) = 2. To find the singular points of the eigenvalues for the space D it
would be effective to compute the values F, such that (Q(E,) = 0 or Q1(E,) = 0) as px

varies and investigate when these values E, also satisfy fi*el %dﬁ? € (4Z+2)mv/—1.

It is anticipated that more such results will be reportable in the future.

dE € 2([0 +11 + 1)71’\/ -1+ 4nv—-17Z. (4.8)
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4.4 The case [y € Z>; and [; =0

In this subsection we consider the case lyg € Z>1, {1 = 0, l2,l3 € Z>o. For this case
consider the larger Hilbert space H* and its dense subspace D* defined by

fol |f(2)|?dz < 400,
H* = ¢ f: R — C measurable| f(z)= f(z+2) a.e. x, (4.9)

f(z) = (=)ot f(—2) ae.

and

(sin 7rx)lo+t

fl@) = fle+2), f(z) = (-1)oH (-

Then D* C H*, H C H*, and D C D*. It can be shown that the Hamiltonian H preserves
the space D* (c.f. Proposition 4.1).

For the case lyp € Z>1, 1 =0, la,l3 € Z>¢, all eigenvalues of H for —1 < p < 1 on the

Hilbert space H* can be represented as EJ,(p) (m € Z>0) which is real-holomorphic in
€ (—1,1) and for which E,(0)(= 72(m 41y +1)? — e Zz o li(li +1)) coincides with the
(m + 1)st lowest eigenvalue of the trigonometric model (see [17, Theorem 3.6)).

Let A(z, E) be the function defined in (2.5). Then HA(z, F) = EA(z, E) and A(z +
1,E) = B(E)A(z, E), where B(E) = exp (—% o ngfl)dE>7 Ej satisfies A(z+1, Eg) =
A(z, Ep), and Q1(F) = 01;:5”(:1: E)dz. Set AY™(2,E) = A(x, E) — (—1)0A(—2, E). If
B(E) = 1 or —1, then we have A™(z, E) € D* and, if Q(E) # 0, then the function
A™(z, E') is nonzero. Conversely, if B(E) # £1 and Q(E) # 0, then it can be shown that
any nonzero solution to (2.1) is not square-integrable. Note that the condition B(E) = +1

is equivalent to the condition f L \/Q%())dE € 2m\/—1Z, where Ejy satisfies Q(Ep) = 0.
Similar statements to Proposition 4.5 and Theorem 4.6 can also be derived.

:{f:R—>(C (4.10)

fl@) i holomorphic on R,
)

4.5 The casely=10;,=0

In this subsection we consider the case lp =11 =0, l2,13 € Z>o.
Set

H™ { f: R — C measurable

f |f(2)]?dz < 400,
fo(ﬂﬁ) f(z+2)ae z } (4.11)

and

holomorphic on R,
D* ={f:R—C is .
{f - ’f fe+2) }

Then D* C H*, H C H* ¢ H**, and D C D* C D**.
It is shown that the Hamiltonian H preserves the space D** (c.f. Proposition 4.1).

For the case l[g = 11 = 0, Iy, l3 € Zzol all eigenvalues of H ~for —1 < p < 1 on the
Hilbert space H** can be represented as ES(p) (m € Zso) and EY(p) (m € Z>1), which

(4.12)
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are real-holomorphic in p € (—1,1) and for which E(0) = n%m? — %2 S8 L+ 1)
(m € Zsg) and E(0) = n%m? — %2 Z?:Q li(li +1) (m € Z>1) (see [17, Theorem 3.6]).
Let A(z, E) be the function defined in (2.5). Then HA(z, F) = EA(z, E) and A(z +

1, E) = B(E)A(xz, E), where B(E) = exp ( LE (b dE), Ep satisfies A(z+1, Ey) =

2B\ /=Q®)

Az, Ep) and Q1(F) = 01:; E(z, F)dx. It is easy to show that, if B(F) = £1, then

A(z, E) € D**. The condition B(E,) = %1 is equivalent to the condition fE “uB) _gp e

Eo \/=Q(E)
2my/—1Z.
For the case lgp = 1 = 0, l2,13 € Z>( we have the following proposition. Some parts are
proved similarly to Proposition 4.5 and other parts are proved directly.

Proposition 4.7. (i) If Q(E.) # 0 and B(E.) = £1, then the functions A(x, Ey) and
A(—=x, E) are linearly independent and thus E, is a double eigenvalue.

(ii) If Q(Ey) = 0, then the function A(x, E.) is doubly periodic up to signs and the rela-
tions (A(z, Ey) = A(—=z, E,) or —A(—=x, E,)) and B(E,) = +1 are obtained. In this case
the eigenfunction A(x, E,) corresponds to the nonrepeated eigenvalue E.

(iii) The nonrepeated eigenvalues are obtained by the diagonalization of the finite-dimensional
space V' defined in section 2.2.

(iv) The repeated eigenvalues E, are analytically so continued in p as to preserve the

property fgf \/Q%?)E)dE € 2m\/—17Z, where Ey satisfies Q(Eg) = 0. If Q1(Ey) # 0 and

Q(E,) # 0 at p = p«, then the eigenvalue is analytic in p at p = py.

By application of Proposition 4.7 the following statements related to the finite-gap
property can be shown:

o If [y + I3 is even and —1 < p < 1, then Egm(p) = E5) (p) for m > $(lo + I3) and
Egm_l(p) = E5(p) for m > |l — I3]. The rest of the eigenvalues correspond to the
ones of the Hamiltonian H on the space V defined in section 2.2.

o If Iy + I3 is odd and —1 < p < 1, then E3 (p) = ES (p) for m > (|l = I3] — 1) and
E'Qom_l(p) = E5(p) for m > %(lg + 13+ 1). The rest of the eigenvalues correspond to
the ones of the Hamiltonian H on the space V' defined in section 2.2.

For the case l[p = [ =l = 0 and I3 = 1 the results are illustrated more explicitly.
In this case Q(E) = (E+e1)(E + e2)(E +e3) and Q1(E) = E — 2m;. From Proposition
4.7 the nonrepeated eigenvalues are —ej, —es and —eg. Moreover E(? (p) = —e; and
{ED(p), EC(p)} = {—e2, —e3} whereas, for the other eigenvalues, ES(p) = ES(p) (m €
Z>5). Finally the double eigenvalue EH(p) (m € Zss) is analytically so continued as to

Ex (p) E—2m1 — ¢ B0 ey —
preserve f_el \/—(E+e1)(E+62)(E+63)dE € 2my/—1Z and, if E (ps) # 2m1,—e1,—eg or

—es3, then Eg(p) is analytic at p = py.

5 The Heun equation and the Inozemtsev model

In this subsection the relationship between the Heun equation and the Inozemtsev model
is reviewed and the results in this paper are translated to the ones for the Heun equation.
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Let f(x) be an eigenfunction of the Hamiltonian H with the eigenvalue E (2.1), i.e.,

) 3
(—% + ) lilli+ Dp(r +w;) —E> f(z) =0. (5.1)

i=0
Set
—_ ~ 1 1 l 1 l 1
a=2"8 ) =wT (w-1)"% (aw—1)". (5.2)
e] —es
Under the transformation
€1 — €3
W= —F 5.3
o(z) — ea (5:3)

equation (5.1) is equivalent to the equation

d\> vy J € d afw —q z
dw e pa =0 5.4
((dw)+(w+w—1+w—t>dw+w(w—1)(w—t) fw) =0, (5-4)
where f(59)®(5) = f(z), t = g, a = (o + L+l +15+4), 5= 3o +
L+l—Il3+3),y=b+3,6=0L+3e=0L+3 q= —ﬁ<—6£63+00), and ¢y =

atl S8 Ll +1) —a(lo + la + 2)% = (Ip + 11 + 2)? (for details see [17]). Note that the
relation v+ 0 + € = a+ § + 1 is satisfied.

Equation (5.4) with the condition v+ 6 + € = a+ § + 1 is called the Heun equa-
tion. The Heun equation is the standard canonical form of a Fuchsian equation with
four singularities. By the aforementioned correspondence between x and w, the parame-
ters (lo, 1, 12,13, E, T) correspond essentially one-to-one to the parameters (o, 3,7, 6, €, q, t)
with the condition that v+ +e=a+ 5+ 1 (see [13, 12, 17]).

Remark. The expression of the Heun equation in terms of elliptic functions as in (5.1)
was essentially established by Darboux more than 100 years ago (see [14]).

There are other possible choices for the function ®(w) of (5.2) and the relation (5.3)
between z and w. For example, Smirnov [14] chose the correspondence defined by ¢ =

€€ é(w) = w‘ll/Q(w — 1)_l2/2(w — t)_l3/2, and w = &&=

eg—eyp’ ex—eql
The transformation w = p‘z;)_fzg produces the following correspondence:
ITzHl [ T
AR .. (5.5)
w|{0]1| &+ |00

Other mathematical objects and concepts discussed in this paper are transformed under
(5.3) as follows:

e In sections 2 and 3, we considered the finite-gap property for the Inozemtsev model for
the case lg,l1,1l2,l3 € Z. The condition lg, l1,l2,l3 € Z is transformed into the condition
v, 0,6,0 — B € %—FZ.

e Some statements in this paper have assumptions such as [; = 0. If the assumption
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l; = 0 is changed to l; = —1, all the applicable statements in this paper remain valid. The
condition Iy = 0 or —1 (resp. {y =0 or —1,1lp =0 or —1, I3 =0 or —1) is transformed
under (5.3) into the condition vy = % or % (resp. 0 = % or %, €= % or , —-pf=+1 5)-

e In section 2.2 we introduced the doubly periodic functions up to signs. The condltlon
of doubly periodicity up to signs in «x is transformed into algebraicity in w.

e By translating the functions (e.g., A(z, E), Z(x, E')) and the formulas (e.g., (2.4), (2.5)
and (3.13)) in this paper or in [16] into a form appropriate for the Heun equation (5.4),
we recover the corresponding formulas of Smirnov [14].

e Let C be the cycle enclosing two points 0 and 1 in w. The path from € to e + 1 (|¢]

sufficiently small) in x corresponds to the cycle C in w (see Figure 1).

Assume 7,6, e, — 8 € % +Z and v+ 9 +€ = a+ B+ 1. The coefficients of the
monodromy on the cycle C are written as the hyperelliptic integral in ¢ (the param-
eter defined after equation (5.4)). Concretely let Aj(w,q) and As(w,q) be the func-

tions defined by the relations A; ( Ll —ﬁ ( + Co)) d ( 61—523) = A(z, E) and

p(x)—es’ e1—es o(z)
Ay <W_ei3, —+ (el ~ T 0)) d (%) = A(—x, E). Then the functions A; (w, ¢) and

Ay (w, q) satisfy equation (5.4). Let Q(q) and Q1(g) be the monic polynomials defined by
QE) = (A(es—e2))71Q (3t (525 +0) ) and Q1(B) = (4(es—e2))7Q1 (3t (555 + @) )
fix ¢, and assume that Q(q.) # 0. Finally let AS(w, ¢.) and AS(w,q.) be the functions

obtained by analytic continuation in w along the cycle C from the functions ]\1(11), ¢«) and
As(w, q), and define the monodromy matrix MC by

(Af (w, q.), AS (w, ¢4)) = (A (w, q.), Az (w, ¢.)) MC. (5.6)

Let go be a solution to the equation Q(qo) = 0. Then we have Aj(w,qo) = Ag(w, go) and
A§(w,qo) = +A1(w, qo) (c.f. Corollary 3.8). From formula (3.17) M€ is a diagonal matrix
and the eigenvalues of M€ are given by the following functions:

F

+ (_1)l0+ll exp | — (63 _ 62) /Q* L@dq
© /=Q(q)

(5.7)

qx
+ (=10t exp [ /(e3 — e /

)
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where the sign + is chosen to be the same as the one AS(w, qo) = +A;(w, qo). Note that
the factor (—1)°t"1 comes from the branch of the function ®(w).

For the case Q(g.) = 0 it is necessary to select the other basis for the solutions to (5.4)
which entails other calculations.
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Appendix

A Elliptic functions

This appendix presents the definitions of and formulas for elliptic functions.

Let w; and ws be complex numbers such that the value ws/w; is an element of the
upper half plane. In this paper we set w3 = 1/2 and w3 = 7/2.

The Weierstrass g-function, the Weierstrass sigma-function and the Weierstrass zeta-
function with periods (2w, 2ws) are defined as follows:

1 1 1
-5+ > = )
2 I B 00 (z — 2mw; — 2nws) (2mwq + 2nws)

o)== ] (“Wiznwg)

(m,n)€eZxZ\{(0,0)}

2z N 22
- ex
P 2mwy + 2nws  2(2mwy + 2nws)? )’

_d'(2)
C(Z) - O'(Z)
Setting wo = —w7 — w3 and
ei = p(wi), mi=Cw) (i=1,2,3) (A.2)

yields the relations

e1t+e+es=mn-+n+n =0, (A.3)

0(2) = =C'(2), (9'(2))? = 4(p(2) — e1)(p(2) — e2)(p(2) — e3),

p(2 +2wj) = p(2), ((z+2wj) =C(z) +2n; (j=1,2,3),

(ei —eir)(e; —en)
p(2) —ei

Pz +wi) =e + (i=1,2,3),
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where ',i" € {1,2,3} with ¢/ < 4" i # 4, and i # ". The constants g, and g3 are defined
by

g9 = —4(6162 + ege3 + 6361), g3 = 4deqeses. (A4)

The co-sigma functions o;(z) (i = 1,2,3) and co-p functions p;(z) (i = 1,2, 3) are defined
by

i(2) = exp(—mn;z oz +wi) (z) = oi(2)
oi(z) = exp(—n;2) @) 0i(2) 2(2)’ (A.5)
and satisfy
0i(2)” = p(z) — e (i=1,2,3). (A.6)

References

[1] Darboux G, Sur une équation linéaire, C. R. Acad. Sci. Paris 94 (1882), 1645-1648.

[2] Dubrovin B A, A periodic problem for the Korteweg-de Vries equation in a class of finite
band potentials, Functional Anal. Appl. 9 (1975), 215-223.

[3] Gelfand I M and Dikii L A, Asymptotic properties of the resolvent of Sturm-Liouville equa-
tions, and the algebra of Korteweg-de Vries equations, Russian Math. Surveys 30 (1975),
77-113

[4] Gesztesy F and Weikard R, Treibich-Verdier potentials and the stationary (m)KdV hierarchy,
Math. Z. 219 (1995), 451-476.

[5] Gonzdlez-Lépez A, Kamran N and Olver P J, Quasi-exact solvability, in Contemp. Math. vol.
160, Amer. Math. Soc., Providence, 1994, 113-140.

[6] Hochstadt H, Function-theoretic properties of the discriminant of Hill’s equation, Math. Z.
82 (1963), 237-242.

[7] Inozemtsev V I, Lax representation with spectral parameter on a torus for integrable particle
systems, Lett. Math. Phys. 17 (1989), 11-17.

[8] Its A R and Matveev V B, Schrodinger operators with the finite-band spectrum and the N-
soliton solutions of the Korteweg-de Vries equation, Theoret. Math. Phys. 23 (1975), 343-355.

[9] Kato T, Perturbation Theory for Linear Operators, corrected printing of the second ed.,
Springer Verlag, Berlin, 1980.

[10] McKean H P and van Moerbeke P, The spectrum of Hill’s equation, Invent. Math. 30 (1975),
217-274.

[11] Novikov S P., A periodic problem for the Korteweg-de Vries equation, Functional Anal. Appl.
8 (1974), 236-246.

[12] Ochiai H, Oshima T and Sekiguchi H, Commuting families of symmetric differential operators,
Proc. Japan. Acad. 70 (1994), 62-66.

[13] Ronveaux A (ed.), Heun’s Differential Equations, Oxford University Press, Oxford, 1995.



K Takemura

Smirnov A O, Elliptic solitons and Heun’s equation, in The Kowalevski property, CRM Proc.
Lecture Notes, 32, Amer. Math. Soc., Providence (2002), 287-305.

Takemura K, On the eigenstates of the elliptic Calogero-Moser model, Lett. Math. Phys. 53
(2000), 181-194.

Takemura K, The Heun equation and the Calogero-Moser-Sutherland system I: the Bethe
Ansatz method, Comm. Math. Phys. 235 (2003), 467-494.

Takemura K, The Heun equation and the Calogero-Moser-Sutherland system II: the pertur-
bation and the algebraic solution. Preprint math.CA /0112179, 2001.

Tanaka S and Date E, KdV Equation (Japanese). Kinokuniya Shoten, 1979.

Treibich A and Verdier J L, Revetements exceptionnels et sommes de 4 nombres triangulaires,
Duke Math. J. 68 (1992), 217-236.

Turbiner A V, Quasi-exactly-solvable problems and sl(2) algebra, Comm. Math. Phys. 118
(1988), 467-474.

Weikard R, On Hill’s equation with a singular complex-valued potential, Proc. London Math.
Soc. 376 (1998), 603-633.



