
An Algorithm to Find Cycles of  

Biochemical Systems 

Desheng Zheng
1
  Guowu Yang

1
  Xiaoyu Li

1
  Zhicai Wang

1
 

1
School of Computer Science and Engineering, University of Electronic 

Science and Technology of China, Chengdu 611731, China 

Abstract 

Genetic regulatory systems, self-

organized systems and other living 

systems can be modeled as synchronous 

Boolean networks with stable states 

which are also called cycles. This paper 

devises two algorithms based on BDD to 

compute all the cycles in synchronous 

Boolean networks and enumerate all 

states in those cycles. Empirical 

experiments with biochemical systems 

demonstrate the feasibility and efficiency 

of our algorithms. It also shows that the 

two algorithms are conceptually so 

simple and efficient that they can be 

extensible to other realistic biochemical 

systems. 
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1. Introduction  

Recently, Boolean network [15] is widely 

used in biochemical systems. In [13], 

detailed description of this phenomenon 

is given.  It introduces that each cell in 

our body coordinates the activities of 

about 100,000 genes and the enzymes and 

other proteins they produce. It can model 

a genetic regulatory system as a Boolean 

network. The genes follow Boolean rules 

and switch on and off according to the 

activities of their molecular inputs, which 

lead to a network following a trajectory in 

its state space. Ultimately, the trajectory 

converges onto a cycle which the system 

will cycle persistently thereafter. 

Therefore, cycles can help us to 

understand a biochemical system 

comprehensively. Synchronous Boolean 

network (SBN) is one kind of Boolean 

network, which all the nodes interact with 

each other in a synchronous manner. The 

problem of finding cycles in synchronous 

Boolean networks has been studied by 

[11][8][16], respectively. 

A binary decision diagram (BDD) [14] 

is a data structure that is used to represent 

a Boolean function in circuits. BDDs are 

introduced by Lee [14], and further 

studied and made known by Akers [2], 

Boute [3] and Bryant [4]. Now there are 

many packages to support BDDs 

application, such as, ABCD [1], BuDDy 

[5], CMU BDD [6] and CUDD [7]. Based 

on our former research [12], we can apply 

it on biochemical systems flexible. 

The structure of this paper is organized 

as follows. Section II gives some 

definitions and theorems. Section III 

presents two automatic algorithms: 

Finding Cycles in Synchronous Boolean 

Networks (FCSBN) and Optimized 

Finding Cycles in Synchronous Boolean 

Networks (OFCSBN), which can find and 

enumerate all cycles in a synchronous 

Boolean network. Section IV gives the 

application of three known examples of 

biochemical systems and experimental 

results. Section V concludes this paper 

and touch on future work. 
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2. Definitions and Theorems  

Given a synchronous Boolean network 

with n  nodes and its Boolean function 

f , the Boolean value at time t  is called 

a state. The Boolean variable is also 

equivalent to the Boolean node. One 

computation by f  is called a step. S is 

the set with n2  different states.  

Definition 1. Predecessor: Given a 

synchronous Boolean network with n   

nodes and a Boolean function f , state 

js  is the predecessor of state is , if 

)( ji sfs  ,where n
ji jiSss 2,1,,  . 

Definition 2. Successor: Given a 

synchronous Boolean network with n   

nodes and a Boolean function f , state is  

is the predecessor of state js , if 

)( ji sfs  ,where n
ji jiSss 2,1,,  . 

We use ),( S
ii ss  to represent that S

is is 

one successor state of is . 

Definition 3. Path: Given a synchronous 

Boolean network with n  nodes, we call 

))(),...,(),(,( 123121
S
ii

SS sssssss   as a path, 

where n
i

S
jj iSsijss 21,,1,1   .  

Definition 4. Cycle: Given a synchronous 

Boolean network with n  nodes, the path 

),,...,,,,( 1321  niniiiii ssssss is called 

a cycle, where all the states in the path 

are different except states 1nis and is . 

We use C to represent a cycle in 

synchronous Boolean network. The state 

number of a cycle is )(CNum . 

Theorem 1. Given a synchronous 

Boolean network with n nodes, 

NniSs n
i  ,21, . If we start from 

is , we will get to a cycle before n2 steps 

by Boolean function f(input_state) 

=output_state. 

Proof: Given an input state, applying to 

Boolean function f(input_state) = 

output_state, after 2
n 

steps, there will be 

2
n+1 

states. However there are 2
n
 different 

states. Applying the Pigeonhole Principle, 

it will reach a cycle.  

Theorem 2. Given a synchronous 

Boolean network with n nodes, Nn , 

for all the states of Boolean network, the 

network contains at least one cycle. 

Proof: According to Theorem 1, if we 

choose one state n
i iSs 21,  , it will 

get to a cycle. Thus, it exist at least one 

cycle.            □ 

3. Fcsbn And Ofcsbn 

We use BDD to find cycles in 

synchronous Boolean networks. First, we 

need to import synchronous Boolean 

network logical functions and setup their  

BDD functions for the transition relations. 

We then initialize all variables, as shown 

in Step 1 of Algorithm 1. We use Boolean 

flag repeat to avoid repeated computing. 

The integer variable cycleNum saves the 

number of cycles. The BDD variable 

currentSet stores all the states are not 

passed. The BDD variable currentPath 

records the current passed state. The 

BDD variable travelState covers all the 

passed states. Function Choose_A_State() 

will randomly pick a state from 

currentSet. We can enumerate the cycle 

using the Print() function. According to 

Theorem 2, given a Boolean function of a 

synchronous Boolean network, there is at 

least one cycle. Hence, if we start from 

any random state, we will eventually 

reach a cycle. The pseudo-code is shown 

in Algorithm 1. 

However, Algorithm 1 suffers from a 

big problem: repeated computing. We 

find a better idea to optimize Algorithm 1 

to avoid repeated computing. The basic 

concept is given as Algorithm 2, which 

has a dramatically improved than 

Algorithm 1. We will analysis the result 

in Section IV, and show the improvement 

by comparing the experiment results.  
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Algorithm 1 Finding Cycles in 

Synchronous Boolean Networks 

(FCSBN) 

Input: Import a synchronous Boolean 

network formula with n Boolean nodes 

and setup its BDD translation function 

f(input_state)= output_state. 

1: Initial: 

bool repeat=FALSE; 

int cycleNum= 0; 

BDD currentSet=S; 

BDD currentPath=ø; 

BDD travelSet=ø; 

BDD s'=ø; 

2: while(currentSet≠ø) do 

3:   s'=Choose_A_State(currentSet); 

4:   currentPath=currentPath+s'; 

5:   while((currentPath∩f(s')) ==ø) do 

6:       if ((travelSet∩f(s'))≠ø) then 

7:         repeat=TRUE; 

8:         break; 

9:       end if 

10:     s'=f(s'); 

11:     currentPath=currentPath+s'; 

12:   end while 

13:   if (repeat≠TRUE) then 

14:     cycleNum++; 

15:   end if 

16:   travelSet=travelSet+currentPath; 

17:   currentSet=currentSet−travelSet; 

18:   Print(currentPath); 

19:   repeat=FALSE; 

20:   currentPath=ø; 

21:   s'=ø; 

22: end while 

Output: 

23: return cycleNum; 

In step 1 of Algorithm 2, there are 

some variable changed than Algorithm 1. 

We need to state them clearly. BDD 

variable tmpSet covers all the states can 

reach to the currentPath. BDD variable s' 

and s''  are the input state and output state, 

respectively. The two functions 

Choose_A_State() and Print() are also 

same with the same function in the 

Algorithm 1.  
 

Algorithm 2 Optimized Finding Cycles 

in Synchronous Boolean Networks 

(OFCSBN) 

Input: Import a synchronous Boolean 

network formula with n Boolean nodes 

and setup its BDD translation function 

f(input_state, output_state)=1. 

1: Initial: 

int cycleNum= 0; 

BDD currentSet=S; 

BDD currentPath=ø; 

BDD tmpSet=ø; 

BDD s'=ø; s''=ø; 

2: while(currentSet≠ø) do 

3:    s''=Choose_A_State(currentSet); 

4:    currentPath=currentPath+s'; 

5:    f(s', s'') = 1; 

6:    while((currentPath∩s'') ==ø) do 

7:       currentPath=currentPath+s''; 

8:       s'=s''; 

9:       f(s', s'') = 1; 

10:    end while 

11:    Print(currentPath); 

12:    f(tmpSet,currentPath) = 1; 

13:   while((tmpSet−currentPath)≠ø) do 

14:     currentPath=currentPath+tmpSet; 

15:     f(tmpSet,currentPath) = 1; 

16:   end while 

17:   cycleNum++; 

18:   currentSet=currentSet−currentPath; 

19:   currentPath=ø; 

20:   tmpSet=ø; 

21:   s'=ø; 

22:   s''=ø; 

23: end while 

Output: 

24: return cycleNum; 

4. Experimental Results  

In this subsection, we conduct 

experiments based on Molecular [10], 

Protein [9] and Oscillation [11]. The 

benchmarks are constructed based on [11] 

[8], which generate different synchronous 

Boolean networks with scalar equations 

according to biochemical systems. 
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All experiments are performed on Intel® 

Core TM CPU 4300 1.80GHz with 2G 

memory on Ubuntu 9.04 Linux  server. 

Table I shows the runtime of both 

algorithms under the same conditions and 

compares the number of cycles between 

algorithm FCSBN, OFCSBN and [11]. 

The Molecular and the Oscillation 

examples contain many cycles with 

branches. However, the Protein example 

contains cycles without branches. 

Timeout represents the running time over 

10
5 

seconds. Unavailable represents no 

corresponding cycle number in [11]. 

Experiments show that our algorithm is 

more feasible and efficiency.  

Table I Experimental Results  

 

5. Conclusion 

This paper presents two algorithms to 

find cycles of biochemical systems 

modeled as synchronous Boolean 

networks. The experimental results 

demonstrate that computing the number 

of all cycles and enumerating every state 

in synchronous Boolean networks can be 

resolved effectively. It also shows the two 

algorithms can be extended to other 

realistic biochemical systems. 
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