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Abstract

A coupled Toda equation and its related equation are derived from 3-coupled bilinear
equations. The corresponding Bécklund transformation and nonlinear superposition
formula are presented for the 3-coupled bilinear equations. As an application of the
results, solition solutions are derived. Besides, starting from the bilinear BT, Lax
pairs for these two differential-difference systems are obtained.

1 Introduction

The search for new integrable equations is a difficult and challenging problem in soliton
theory. Recently, several new integrable lattices have been found (see, e.g. [1, 2, 3]) by
considering the following generalized bilinear equation

F(Dg,sinh(a1Dy,), - -+ ,sinh(oyDy,)) f(n) - f(n) =0

or coupled generalized bilinear equations

Fl(Dxa DZ,SiHh(Oéan), e ,smh(olen))f(n) : f(n) = 07

FQ(va Dz7SiHh(Oéan), e ,Sll’lh(Oéan))f(n) : f(n) = 07
where F' and F;(i = 1,2) are even order polynomials in D,, D, sinh(c; D,,),--- and
sinh(ayD,,), and [ is a given positive integer; the a;,7 = 1,2,--- 1, are [ different con-

stants, and

F,(0,0,---,0) = 0.

Here the Hirota’s bilinear differential operator D;”Df and the bilinear difference operator
exp(dD,,) are defined by [4, 5, 6]

. o o\"/o o\
Dyt av= (g =) (5 g5) A 00Oyt
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0 0

exp(Dy,)a(n) - b(n) = exp [5 (a_n - a_n)] a(n)b(n)p—n = a(n + 8)b(n — 5).

Now it is quite natural for us to search for new integrable systems by further considering
3-coupled generalized bilinear equations

Fi(Dy, Dy, D,sinh(a1Dy,), - - - ,sinh(oyDy,)) f(n) - f(n) =0
F5(Dy, Dy, D, sinh(a1Dy,), - - ,sinh(yDy)) f(n) - f(n) =0,
F3(Dy, Dy, D, sinh(a1Dy,), - - - ,sinh(yDy)) f(n) - f(n) =0

We could search for new integrable systems of the type (1.1)-(1.3) via the following steps.

Firstly, following [1], we seek bilinear forms Fif - f = 0,Fof - f = 0 and F3f - f =
0 individually by testing Backlund transformations. If a Bécklund transformation for
Fyf - f = 0 is compatible with Béacklund transformations for Fof - f = 0,F5f - f =0
respectively, then this coupled system is also integrable.

It is remarked that, generally speaking, the first step in this procedure is highly tech-
nical and involves a lot of guess work although description of the procedure looks simple.
Therefore the procedure is not algorithmic. However, for some simple cases, we do try
this procedure to seek new integrable candidates of the type (1.1)-(1.3). In practice, we
usually try to search for suitable bilinear equations F;f - f = 0,(: = 1,2,3) firstly by
testing 3-soliton or 4-soliton solutions, which is comparatively easier to do than by test-
ing Béacklund transformations. If successful, then we further to derive as many bilinear
operator identities as we need. Finally we try to find out their possible Backlund trans-
formations.

The purpose of this paper is to report the following two new integrable differential-
difference systems found in this way:

Uyyy (N + 1) + uyyy(n) + 2(uy(n + 1) — uy(n)) (uyy(n + 1) — uyy(n))

_ eu(n+2)+u(n)—2u(n+1) /y(eu(n+3)+u(n+1)—2u(n+2) o eu(n+1)+u(n—1)—2u(n)) dy/

_eu(n+1)+u(n—1)—2u(n) /y(eu(n+2)+u(n)—2u(n+l) o eu(n)—&-u(n—?)—Qu(n—l)) dy',

(1.4)
Upe(n) = V(n+ 1D)W(n+ 1)V L Vin — 1)W(n — 1)/ Y
—2V ()W (n)eV ™ 4 V24U (nt1) _ U(nt1)+U(n)
_UM+Un=1) | Un—1+U(n-2) w5
Va(n) = W(n + 1)V — W (n —1)eV 1), (1.6)
Wo(n) = V(n+ 1)) — v (n — 1)V =D, (1.7)

In fact, these two new systems are obtained from the following 3-coupled bilinear system
(DDy —2D.eP") f(n) - f(n) =0, (1.8)
DyD-f(n)- f(n) = (2¢"" —=2)f(n) - f(n), (1.9)
(Dxe%D” - Dze%D")f(n) - f(n) =0. (1.10)
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The y-flow (1.4) can be derived from the system (1.8)-(1.10) by the dependent variable
transformation

u(n) =1n f(n), (1.11)

where x and z appearing in (1.8)-(1.10) are viewed as two auxiliary variables. On the
other hand, the system (1.5)-(1.7) can be deduced from the system (1.8)-(1.10) by the
dependent variable transformation

fn+ 1) f(n—1)
F2(n)
_Df(n+ 1) f(n-1)

ot D f(n— 1)

Dyf(n+1)-f(n—-1)
fln+1)f(n—1)

U(n) =1In , Vin) =

W (n) (1.12)

where y and z appearing in (1.8)-(1.10) are viewed as two auxiliary variables. It is noted
that if V(n) = W(n) = 0, then the system (1.5)-(1.7) is reduced to the Toda lattice [7]

Qua(n) = eQn+2)=Q(n) _ Q(n)-Q(n-2) (1.13)

where U(n) = Q(n) — Q(n — 1). Therefore we may call the system (1.5)-(1.7) the coupled
Toda equation. Besides, by the dependent variable transformation

_Dyfin+1)-f(n—-1)

u(n) =In f(n), Whn) = , 1.14
() = f(n), W(n) = 20 LT (1.1
we can produce from the 3-coupled system (1.8)-(1.10) the z-flow:
uzzz(n + 1) - uZZZ(n - 1) + {[’LLZ(TL + 1)
—uy(n— D]u(n+1) + uz(n — 1) — 2u,(n)]}.
_ W(n + 1)eu(n+2)+u(n)—2u(n+1) + W(n o 1)eu(n)+u(n—2)—2u(n—1)
_2‘/‘/(n)eu(n-&-l)-i-u(n—l)—?u(n)7 (1.15)
Wz(n) — eu(n+2)+u(n)72u(n+1) - eu(n)Jru(n72)72u(n71) (116)

which is equivalent to the y-flow (1.4) under the transformation z — y.

The paper is organized as follows. In the next section, we will present a bilinear
Bécklund transformation for equations (1.8)-(1.10). Then in section 3, we give a nonlinear
superposition formula. Soliton solutions of equations (1.8)-(1.10) are then found through
this formula. Section 4 is devoted to deriving Lax pairs for equation (1.4) and system
(1.5)-(1.7) respectively. The conclusion and discussion are given in section 5.

2 A Backlund transformation for the system (1.8)-(1.10)

In this section, we shall derive a Bécklund transformation for the system (1.8)-(1.10). The
results obtained are:
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Proposition 1. The bilinear system (1.8)-(1.10) has the following Bdacklund transforma-

tion:
(Dz+A"te P 4 1) f(n) - g(n) =0, (2.1)
(Dye —2Dn _ \e2Dn 4 ve~2Pn)f )f(n)-g(n) =0, (2.2)
<§DZ6_D" + §6—Dn — Dy + k) f(n)-gn) =0, (2.3)
(Do = Dy = 2yDy + 0) f(n) - g(n) = 0, (2.4)

where \, u, 7y, k and 0 are arbitrary constants.

Proof. Let f(n) be a solution of the system (1.8)-(1.10). What we need to prove is that
the function g(n) satisfying (2.1)-(2.4) is another solution of the system (1.8)-(1.10), i.e

Py = (DyDy — 2D.ePm)g(n) - g(n) =0,

P, =(DyD, — 2¢Pn 4 2)g(n) - g(n) =0,
1 1

Py = (DyezPn — DjezPr)g(n) - g(n) = 0.

In fact, in analogy with the proof already given in [8, 9], we know that P, = 0(i = 1,2)
can be proved by using equations (2.1)-(2.3). Thus it suffices to show that P3 = 0. In this
regard, by using (A1)-(A5), we have

—Py[e3Pe f(n) - f(n)] = [(DaetPr — D2eAPn)f(n) - F(n)][e3Prg(n) - g(n)
f[wxe%anD;e%Dn) (n) - g(n)][e2Pn f(n) - f(n)]

=2sinh< Dn)(Dxf(n) - g(n) - f(n)g(n)
—Dy[(DyeP f(n) - g(n) - (72" f(n) - g(n))

<eanf<> g(n) - (Dye~2Pn f(n) - g(n)]

=2smh<§Dn>< f(n)-g(n)) - f <)<n>—2sinh<§Dn><D§f<n>-g<n>>~f<n>g<n>
+2D, (e3P f(n) - g(n)) - (Dye™ 2" f(n) - g(n))

= 2sinh(3 D) [(Dx — D3)f(n) - g(m)] - F(m)g(n)
—2D,(e27 f(n) - g(n)) - (ve "2 f(n) - g(n))

= 25inh(3 D,){(Ds ~ D — 24Dy) [(n) - ()] - f(m)g(n)

=0.

(n
Dy,

(n
)

Thus we have completed the proof of Proposition 1

Using (2.1)-(2.4), we can easily obtain the following solution from the trivial solution
f(n) = 1:
9(n) =1+ exp(n),
where n = pn+A2(1—e 2P)z+ A1 —e P)y+ A HeP —1)z+n%and p = - AL,y =Nk =
A72,0=0and A = +e3”.
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3 A nonlinear superposition formula

In the following, we shall simply denote, without confusion, f(n,z,y,z) = f(n) or f. The
results reached are given by

Proposition 2. Let fy be a solution of eqns.(1.8)-(1.10). Suppose that f;(i = 1,2) are
solutions of eqns.(1.8)-(1.10), which are related to fo under the BT eqns.(2.1)-(2.4) with
parameters (A, sy vis ki 03), e, fo O g = 1,2), Mde £ 0,5 £ 0 ( =
0,1,2). Then fi2 defined by

exp <_%Dn> fo-fiz=c [)\1 exp <_%Dn> — Az exp (%Dn>:| Ji-f2 (3.1)

is a new solution related to f1 and fo under the BT (2.1)-(2.4) with parameters (A2, p2, 2,
ka,02), (A1, 11,71, k1, 61) respectively. Here ¢ is a nonzero constant.

This result can be proved by using Hirota’s bilinear operator identities. We omit the
details of the proof. Instead we are going to construct soliton solutions of the system
(1.8)-(1.10). Choose, for example, fo = 1,c¢=1/(A1 — A2). It can be easily verified that
1+e™n

(A1, pa,v1, k1, 01) (X2, 2,72, k2, 02)

Fi9

(A27,u27'727k2792) 1+€772 (A17M17717k1791)
where
>\1€_p1 — )\2 )\1 — )\Qe_m >\1€_p1 — )\2€_p2
Fio =1 Uit 12 T]1+7727 3.2
D T P P DT 32
with

mi = pin+ A2 (1—e Pz + N(1— e Py + A el — 1)z + 1),
pi= =7y = Mk = A2 0; = 0, ) = edP,
In general, along this line, we can obtain multisoliton solutions for the system (1.8)-(1.10)

step by step. In fact, by using BT (2.1)-(2.4) and nonlinear superposition formula (3.1),
we can derive a determinantal representation of N-soliton solution given by

T+em (=8, +A)1+em) oo (=9, + AV (1 +em)
L+e” (=0, +X)(1+e”) - (=0, + )N L1 +em)
T+e™ (=8, + AN)(1+e™) oo (=8, + An)V L1 4 )

4 Lax pairs for systems (1.4) and (1.5)-(1.7)
In this section, we shall derive Lax pairs for (1.4) and (1.5)-(1.7) respectively. Firstly, set
Yn = f(n)/g(n), u(n) =Tng(n).



242 J-X Zhao, C-X Li and X-B Hu

Then, from the bilinear BT (2.1)-(2.4) and after some calculations, we can obtain the
following Lax pair for (1.4):

Uny + (uy(n) — uy(n +1))¥n — Mpia +9¢n =0, (4.1)
N ia 4+ Auy(n +2) =y (n))Pni1 + [uyy(n + 1) + uyy(n)

+(uy(n) N uy(n + 1))2 -k — 72]1/}” - A—lwn_leu(n—l—l)—i—u(n—l)—?u(n)

% /y(eu(n)+u(n—2)—2u(n—1) - 6u(n+2)+u(n)—2u(n+1)) dy/

+)\—2wn_2eu(n—l—l)—u(n)—u(n—1)+u(n—2) —0. (42)

By some calculations, we can derive equation (1.4) from the compatibility condition of
(4.1) and (4.2).
Next, let

gn+1)g(n - 1)
9%(n) ’
D.g(n+1)-g(n—1)
g(n+1)g(n —1)

Yn = f(n)/g(n), U(n) =In

Dyt ) gla 1)
= gy =

Then, from the bilinear BT (2.1)-(2.4) and after some calculations, we can obtain the
following Lax pair for (1.5)-(1.7):

Vnw = Nonio + AV (04 Dby y1
+bn { / x V(i + )W (0 + D0 — V() (n)eV )

+eU(m42)+U(n+1) _ eU(n)JrU(n*l)} de’ —~? — 0} ) (4.3)

Ao + AV (0 + D)1 + n { / [V + )W (0 + 1)+ — V()W ()eV ™)
LU+ +U(nt1) eu(n)w(nq)} da' —~% — 0 — k}

AW (n)eV M, + A2V FU=Dy, o — . (4.4)

5 Conclusion and discussions

Starting from 3-coupled bilinear equations, two new integrable differential-difference sys-
tems have been found. One of them is a coupled Toda equation. Based on Hirota’s bilinear
operator identities, we have established the corresponding Béacklund transformation and
nonlinear superposition formula of the 3-coupled bilinear equations, consequently allow-
ing one to produce solition solutions of the systems under consideration. Furthermore,
Lax pairs for these two differential-difference systems are derived from the bilinear BT.
Besides, set

Dyg(n+1)-g(n—1)
g(n+1)g(n —1)

Un = f(n)/g(n), u(n) =1Ing(n), W(n) =
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Then, from the bilinear BT (2.1)-(2.4) and after some calculations, we can also obtain the
following Lax pair for (1.15) and (1.16):

wnz A\ w eu (n+1)4u(n—1)—2u(n) +M¢n _ 0’ (51)
—\? Yotz — AW (n+ D)p1 + [0+ K + 7

/ ( ( ) u(n+1)+u(n—1)—2u(n) —W(n+ 1)eu(n+2)+u(n)72u(n+l)) dz/]wn

FAT (w0 — 1) —us(n + 1))ertDTD =y,
A2, gD u(m—un—D)+utn=2) _ g, (5.2)

(5.1) and (5.2) under the transformation z — y serves as another Lax pair for the y-flow
(1.4).
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Appendix A. Hirota bilinear operator identities.

The following bilinear operator identities hold for arbitrary functions a, b, ¢, and d.

1
(DyezPma-a)(e2Pmb-b) — (e2Pra - a)(Dye2Prb - b) = 2sinh(5 Dy)(Dya-b)- ab, (A1)

(D2ezPna - a)(e2Pnb - b) — (e2Pna - a)(D2ezPnb - b)
= Dy[(Dyez""a - b) - (e72Pra-b) — (e2Pra - b) - (Dye2Pma b)), (A2)

D,[(DyezPra - b) - (e72Pma - b) + (e2Pra - b) - (Dye~2Pra - b)]

= 2sinh(%Dn)(D3a -b) - ab, (A3)

Dy(e2Pra-b) - (e"2Pra - b) = 2sinh(=D,)(Dya - b) - ab (A4)

sinh(%Dn)a — (A5)
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