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Abstract

We discuss the solvability of the time-dependent incompressible Navier—Stokes equa-
tions with nonhomogeneous Dirichlet data in spaces of low regularity.

1 Introduction

Throughout this paper  is a subdomain of R? having a nonempty compact smooth
boundary I'. We consider the nonhomogeneous nonstationary incompressible Navier—
Stokes equations

V-v=0 .

in Q x (0, 00),
v+ (v-V)v—Av=-Vr+f (1.1)
v=g on I' x (0, 00), '
v(-,0) =" on .

The exterior force f, the boundary velocity g, and the initial velocity v° are the given
data, and the velocity v and pressure 7w are the unknowns.

It is well-known that these equations are a mathematical model for the motion of
a viscous incompressible fluid, where we have normalized the (mathematically irrelevant)
constant viscosity and density to 1.

In this paper we are interested in the case where the boundary data ¢ is different from
zero and 1°, f, and g possess little regularity. In particular, we do not assume that g is
a tangential vector field.

Our results are expected to be useful in control problems since we can guarantee the
existence of a unique maximal solution (in a natural weak sense) depending continuously
on the data, measured in a rather weak topology. The fact that we do not have to
worry about compatibility conditions and can work in spaces of low regularity facilitates
topological considerations which are necessary in the minimization of cost functionals, for
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example. To give an idea, we can guarantee the existence of a unique maximal (very weak)
solution (v, V) of (1.1) such that v belongs to Ly (J*, Lg(€2)), where J* is the maximal
interval of existence, provided

I<g<r< oo, 1/r+3/q <1,
and
(an (f)g)) € LQ(Q) X LT,IOC(R+7LQ(Q) X LQ(F))

Navier—Stokes equations with nonhomogeneous boundary data in spaces of low regular-
ity have been studied intensively by G Grubb and V A Solonnikov [10], and, in particular,
by G Grubb (see [6, 7, 8, 9]). These authors use pseudodifferential operator techniques
and study the equations in anisotropic Bessel potential and Besov spaces. Thus they ob-
tain fractional time derivatives only, in general. Moreover, they have to require that v°
and g belong to spaces of positive smoothness and that compatibility conditions have to
be satisfied.

Our approach is different, based on semigroup and interpolation-extrapolation methods,
developed by the author and already applied to the Navier—Stokes equations in [2, 3, 4].
Our solutions possess time derivatives with respect to some weak topology. Furthermore,
we can separate space and time regularity to get very precise results.

We recall the main results of [4], restricting ourselves to the situation where g = 0 is
not required, and draw some consequences. Then we deduce an improved version of the
main existence and uniqueness theorem of [3]. Finally, we give sufficient conditions —
a priori estimates in very weak topologies — for the solutions to exist globally. We also
show that our results are optimal in the sense that our spaces of initial values cannot be
enlarged within their classes.

2 Function spaces

We use standard notation and employ the following convention: If (2, R3) is a vector
space of R3-valued distributions on  then we simply denote it by §. If X is a subset
of R? different from € then we put F(X) := F(X,R3). For example, D, resp. D(2), is the
space of smooth R3-valued functions having compact support in €, resp. Q, and W, (T) is
the Sobolev-Slobodeckii space of R3-valued distributions on T'.

We always assume that ¢,7 € (1,00). Then H; and By ,, 1< p < oo, are the usual
Bessel potential and Besov spaces, respectively, (of R3-valued distributions on Q) for s € R.
(See [2] for more detailed explanations.) We set

(v, w) = / v-wdz, v,w € D(Q),
Q
and, denoting by do the volume measure of I,
(v, w)p ::/v-wda, v,we CI).
r

We also use (-, -) to denote the standard duality pairings between various spaces of
(scalar- and vector-valued) distributions without fearing confusion. Similar conventions
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hold for (-, -)r. We write 9, for the derivative on I with respect to the outer unit normal v,
denote by v the trace, and by 7, the normal trace operator, that is, v, u = v - yu.
We set

{ue Hj; yu=0}, 1/g<s<2,
s {ue H/Y(R?); supp(u) C Q}, s =1/q,
H; = . (2.1)
Hy, 0<s<1/q,
(H,"), —2<5<0,

where the dual space is determined by means of the duality pairing (-, -). It follows (cf.
[14, Theorems 4.7.1(a) and 4.8.1]) that

H; = H, —2+4+1/g<s<1/q. (2.2)

(In [14] the case of a bounded 2 is considered only. However, it is easy to verify that all
results in that book cited here and below continue to hold if it is only assumed that I" is
compact.) In [3, Remark 1.5] it is shown that

Do(Q) :== {9 € D(Q,R); 79 =0}

is dense in H for |s| < 2.
We denote by H, the closure of Dy :={u€D; V-u=0}in L,. Recall (e.g., [5, 11,
12, 13]) that

Hy={ue€lys V-u=0, n,u=0}.

We put

HE =

q

H:NH, 0<s<2
(2.3)

(H*Y, —2<s<0,

the dual spaces being determined by means of the duality pairing (-, -),, obtained by
restricting (-, -) to Hy x Hy.

Similarly,
{ueB;,; yu=0}, /g <s<2,
| B 0<s<1/q, '
(B;'?r’),a —2=<s<0,

the dual space being determined by means of (-, ), and

B . NHy, 0<s<2,
IB%;T := { the closure of D, in Bg,,, s =0, (2.5)
(B, —2<s5<0,
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where now the dual spaces are determined by the pairing (-, -),. Similarly as for the Bessel
potential spaces,

B;, =B, —241/g<s<1/q. (2.6)

q7r,
In general,
d
Es — E,,  E;e{HgH; By By; 1<r<oo}, s>t (2.7)

where the superscript d means ‘dense embedding’. Thus it follows from (2.2)—(2.4) and
(2.(;;) thlat H, resp. By ., is the closure of Hy in H, resp. By ., for =2+ 1/q < s <0.
astly,

Gq = {U €Ly v=Vm, 7€ Lyoc(L,R) }
and

G, :=H,NGy, 0<s<2,
whereas

GZ is the closure of G, in HZ for —2<s<0.

Observe that we can also define spaces By , and Bj , for p € {1,00} and 0 < s < 2 by
replacing r in (2.4) and (2.5), respectively, by p. Thus we obtain well-defined scales By
and By , for |s| < 2 by setting

B, =(B;%), Bi.=(B"), —2<s<0,

with respect to the duality pairings (-, -) and (-, -),, respectively. Finally, we put

B;, ., = closure of Hy in By, By - := closure of Hy in B

for |s| < 2. For |s| <2 with s # 0 the spaces BS __ and B¢ are denoted in [2] by ng o

q?oo q’m
and ng , ,, respectively, and called little Nikol’skii spaces.

3 Integrable data

Throughout this section we suppose that

o 3<qg<r<oo, 1/r+3/¢<1, (3.1a)
o (f,9) € Lujoc(RY, H 2T s w1 /att/r(1)); (3.1Db)
o e B;i/r. (3.1c)

Let J be a subinterval of R* containing 0 such that .J := J\ {0} # 0. Set J* := J\{sup J}.

The pair (v, w) is said to be a (very weak) LT(H;/T)—solution of the Navier—Stokes equa-
tions (1.1) on J if

(v, W) € Lyjoc(J*, HY™ x G 2H/T) (3.2)
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and
/J{@Wr Ap,v) +(V,v @ v)} dt
= [t = () + 0. pir) i = (00, 000) .

for all ¢ € D(J*, Dy(9)).

A solution is maximal if there does not exist another solution (of the same type) being
a proper extension of it.

Clearly, (3.3) is formally obtained from the second differential equation in (1.1), the
momentum equation, by multiplying it by ¢, integrating by parts, using Green’s formula,
the boundary and initial data, and setting w := V.

By admitting in (3.3) standard test functions ¢ € D(J*, D) = D(Q2 x J*) only, it follows
that a very weak solution is a distributional solution of the momentum equation.

In the remainder of this paper we write V7 for w without fearing confusior/l.

N
)

The following theorem guarantees the existence of a unique maximal LT(HC} -solution

of (1.1) and gives further regularity properties.

Theorem 1. Let assumptions (3.1) be satisfied. Then the Navier—Stokes equations (1.1)

possess a unique maximal LT(H;/T)—solution, (v, V). The mazimal interval of existence,
JT, that is, dom(v, V), is open in RT. Moreover,

ve (I, B, (9, V) € Lyjoc(J 1, H 2" x G217, (3.4)
If J* # RT then v is not uniformly continuous on JT.
Proof. This is a particular case of [4, Theorem)]. |
Remarks 1. (a) In [3] it is shown that

H;2+1/r ~ Hq—2+1/r % m—l/qﬂ/r(p). (3.5)

Thus H, 27 s not a space of distributions on € but contains also distributions being
supported on I'. This explains why there is no compatibility condition for g guaranteeing
that g is a tangential vector field. Indeed, a possible nontrivial normal component of g is
compensated by the ‘boundary part’ of the (generalized) pressure gradient w.

(b) Due to (3.5) our hypotheses on (f, g) are ambiguous in the sense that f may ‘contain
a part on I’ which should be covered by g. It is tempting to assume that

f € LT,IOC(R+a Hq_2+1/r)- (3.6)

However, then

/J<f, ) dt (3.7)

is not necessarily well-defined for all test functions ¢ € D(J*, Dy(f2)). To guarantee
that (3.7) is meaningful for a given f with (3.6), it suffices, for example, to assume that
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{: {O];_ f1 with dist(supp(fg),I‘ X R*) >0 and f; € Lr,loc(RJ“,Hg) with 0 > =2+ 1/q
see |4]).

(c) Given T > 0, the velocity part of the maximal solution satisfies

ve BUC(J* N [0,T],B, ") ,
where BUC is the space of bounded and uniformly continuous functions, iff

veL(JT N[0, T),HY"). (3.8)
Thus, if it can be shown that

e cither v € BUC(JT N (0,T], By 1/"),
e orve Lr(JJr N [O,T],H;/T)

for every T' > 0, then (v, V) is a global solution.

Proof. Since v satisfies the differential equation in [4, (5.8)], it is easily verified that (3.8)
implies that

o € L. (J* N[0, 7], H 2T,

Now the assertion is a consequence of [4, Theorem 2.2(i)], Theorem 1, and of (2.2)
and (2.6). [

(d) The maximal solution (v, V) depends in the topologies described by (3.2) and (3.4)
continuously on (v°, (f, g)), with respect to the topologies specified in (3.1).

Proof. See [4, Remark 2.3(c)]. |

(e) In [4, Proposition 3.4] it is shown that

d
Bfﬁ,"’l - BZSJ’O’ (3'9)
provided

s1—3/q1 > s0 — 3/qo, 1>1/¢1>1/q0 > 0, 1>1/ry >1/rg > 0. (3.10)

It is known that the corresponding embeddings for the standard Besov spaces are optimal.
This implies that conditions (3.9), (3.10) are sharp as well. From this we deduce that the

two spaces IB%;AT ' and B;)lr/g % are incomparable if (q1,71) # (go,70). In this sense each one

of the spaces By, = ", where (¢, 7) satisfies (3.1a), is an optimal space of initial values. M
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4 Time-continuous data

In this section we suppose that

e 3<g<T<r<oo, —1+43/¢<s<1/r (4.1a)
° (f’ g) c C(R+7H;2+1/T % V[/q*l/(]“rl/ﬂ'(l‘\)); (41b)
o e IE%;OO. (4.1c)

Thus, in comparison with (3.1b), we now require slightly more smoothness for f and g.

The pair (v, V) is said to be a (very weak) C(H;/T)—solution of the Navier—Stokes
equations (1.1) on J if (3.3) holds (with w = Vr and) with (3.2) being replaced by

(v, V) € C(J,HY" x G/2YT). (4.2)

Theorem 2. Let (4.1) be satisfied. Then the Navier-Stokes equations (1.1) possess a
/7")

unique mazimal C’(H; -solution, (v, V), satisfying

: 1/r—s)/2 _
}g%t( fr=s)/ @] /e =0, (4.3)

The mazimal interval of existence, JT, is open in RT,
ve CHJ H P N OB L),
and

lim th/r=s VAl gy241/r = 0. (4.4)

Proof. Given Banach spaces F and F, we write L(E, F) for the Banach space of all
bounded linear operators from E into F', and £2(E, F) is the Banach space of all continuous
bilinear maps from F into F.

We denote by R € £(W}1_1/Q+1/T(F), H;QH/T) the dual of the interior normal derivative
operator

~0, € L(H T W), (4.5)

The validity of (4.5) is a consequence of the trace theorem. Then
f+%g € C(RY H>UT). (4.6)
We also set B(v,w) := V- (v ® w) and recall from [4, Lemma 4.1] that
B e LW/, HY = 173/4), (4.7)
By A we mean the unique extension in E(Hé/r,Hq_}H/r) of —A|H§ € E(Hg,Lq),
the negative Laplace operator in L, with Dirichlet boundary conditions. Then A is

2+1/r

well-defined and, considered as an unbounded linear operator in H, , it generates

a strongly continuous analytic semigroup on H, 241 (see [2, Section 2]).
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Now we consider the differential equation
v+ Av=—Vr+ B(v,v)+ f+Rg in J, v(0) = Y (4.8)

in H;QH/T. From [3, Theorem 2.2] we know that
H;Z—f—l/r _ Hq—2+1/r ® Gq—Q—i—l/r

24+1/r 241/r

is the unique con-
tinuous extension of the Helmholtz projector P : L, — H,. Moreover, A := PA|]HL§/ " s
the unique extension in E(H;/T,H;Hlﬁ) of the Stokes operator —PA|HZ2 € £(HZ, H,),
and —A is the infinitesimal generator of an analytic semigroup { U(t); t >0 } on Hy 2+ "
24+1/r

and that the corresponding projection P from H, onto Hy

the unique continuous extension over H of the Stokes semigroup on Hj,.
Now we set b:= PB and h := P(g + Rg) and consider the evolution equation

v+ Av =b(v,v)+h inJ, v(0) = 2° (4.9)
in Hq_2+1/r, which is obtained by projecting (4.8) into H(I_Z—H/r. From (4.7) we deduce that
be L(HY" HY=1-3/4), (4.10)

and (4.6) implies
+ —2+1/71
h e C(RT,H 2T/, (4.11)
Put 2y :=(1/r+1—-3/¢) AN (1/7 —1/r). Then (2.7), (4.10), and (4.11) imply
2 mrl/r pr—2+1/r42 —241/r42
be LAHYT H 2/ he C(RT,H 2T/, (4.12)

Note that 0 < 2y < 1.
From [2, Theorem 3.4] we infer that Status: O

—9241 2y - —2+1 1
IHIq /2y = [Hq * /T7Hq/r]’}’7 (413)
where [, -] -, denotes the complex interpolation functor of exponent . Furthermore, setting
2a:=1/r — s, we also infer from [2, Theorem 3.4] that
B oo = (H 2" HY a0 (4.14)
with (-, ')?—a,oo being the continuous interpolation functor of exponent 1 — «, and that

U\]If]lg is strongly continuous. Hence, setting

Ey = H;2+1/r, E = H;/r, Fi_o = B?

q,007

it follows from (4.12)—(4.14) and [2, Theorem 5.6] that (4.9) possesses a unique maximal
solution

veC(JTB; ) NCUT HY Y Nt (T, H 2T (4.15)

satisfying (4.3), and that JT is open in RT.
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Now we put

Vr:=(1— P)(—Av+ B(v,v) + f + Rg).
Then it follows from (4.6), (4.7), the continuity of A as a map from Hé/r into H;2+1/r,
the definition of P, and (4.15) that

Ve C(JT, G2

and that (4.4) is true. It is obvious that (v, V) satisfies (4.8) with J = J+.
Set F':= —Vr + B(v,v) + f +Rg. Then (4.2)-(4.7) imply

FecCJt H2m, lim 2| F(t)]| 21 = 0. (4.16)
— q

Fix p € (1,1/2«a). We deduce from (2.2), (4.3), and (4.16) that

V€ Lypoc(JT HY),  Av,F € Lyjoe(J T, H2TT).
Hence v = —Av+ F € Lyjoc(J T, Hq_QH/T), so that v is a V[/Eloc—solution of
v+Av=F inJt,  v(0)=1" (4.17)

in H;ZH/T in the sense of [1, Section III.1.3]. Thus Theorem V.2.8.3 of that book (with
a:=0and Ey:=H, 21/ ") guarantees that v is the unique maximal Lp(H(}/ ")-solution
of (1.1). This implies that (v, V) is the unique maximal C’(H;/T)-solution of (1.1) satis-
fying (4.3). [

Remarks 2. (a) Suppose that for each T' > 0 one of the following conditions is satisfied:

o ve BUC(JTNI0,T], B L)
° U(J+ N o, T]) is relatively compact in B;éo+3/q;
e there exist tp € JT and o > —1 + 3/¢ such that
teﬁggm [v(t)lwe < oc.
Then J* = R™T.

Proof. For =2+ 1/q <t < 1/q one finds, similarly as (2.6), that B}, ., = B, . By in-
terpolating (with (-,-)¢,00) one deduces from [3, Theorem 2.2] that B, ., is a closed linear

subspace of By, = B . From this and v € C’(JJ“,I?B;}J?’/(]) it follows that B can be

replaced by B in the first two conditions above. Similarly, one can replace W = B7
by By , in the third hypothesis. Now the assertion follows from the proof of Theorem 2
and (2, Remarks 5.9(b) and (d)], thanks to B , — BY .. [ |

(b) Everything said above remains valid if we replace the continuity hypothesis for (f, g) by
(£,9) € C((0,00), H >/ s W Vart/r(T)

and lim, o 7 (f(2),g(t)) = 0 in Hy > ™ s w Va7,
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Proof. This is a consequence of [2, Theorem 5.6] and the proof of Theorem 2. |

d o
(c) It can be shown that B; . — B; . Suppose that 3 < g <r <oc and 1/r +3/¢ <1,

and that (f, g) satisfies (4.1b). Then (f, g) satisfies (3.1b) as well. Hence, given v° € IB%;%/T,

Theorem 1 guarantees the existence of a unique maximal LT(H;/ ")-solution (v, V)

on J;F. Since s := —1/r > —1 + 3/q, assumptions (4.1) are satisfied as well. Hence Theo-
rem 2 implies that there exists a unique maximal C’(H;/ ")-solution (veo, Vao) on JE

satisfying

. 1/r _
tm 117 o (8 1/ = 0.

Note that this does not imply that veo € Ly joc(J55, H; / ") and, conversely, we cannot gua-

rantee that (v, V) isa C (H; / ")-solution on J;F. This shows that Theorems 1 and 2 are
independent of each other.

(d) If (3.1) is satisfied and v is the unique maximal LT(H;/T)-solution of (1.1) then it
follows that there are o > ¢ and ro > r satisfying 2/r¢9 + 3/qo < 1 such that

v € Lyg1oc(J T, L) (4.18)

Such a ‘Serrin’ condition is also valid if v is a C (H;/ ")-solution, provided (f,g) is appro-
priately smooth (cf. [2, Remark 9.5(b)]). This fact can be employed to obtain regularity
results for these solutions.

Proof. Condition (4.18) is a consequence of [4, Theorm 3.3]. [

Corollary 1. Suppose that v° and f are smooth and g =0. If the hypothesis of Re-
mark 2(a) is satisfied then the Navier—Stokes equations possess a unique global smooth
solution.

Proof. This is an immediate consequence of Remarks 2(a) and (d). [

Of course, the assumption that g = 0 can be replaced by assuming that ¢ is a smooth
tangential vector field. Furthermore,

—1+3/q0 —143/q1
By oo — By

, 3<qo<q <o,

where these embeddings are proper. Increasing g should thus make the task of verifying
one of the conditions in Remark 2(a) easier.
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