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Abstract — Via an idealizing approach, due to Gibbs, it is
discussed a mathematical model of surface electrostatics in case of a
technologically manipulated interface. The surface distribution of the
electric potential is effectively found to be examined the role of
functional nano-roughnesses.

Index Terms — heterogeneous systems, transmission problems.

1. Introduction

We propose in the present study a model covering actually
a large class of heterogeneous systems. The model is applied
here to electrostatics of air-crystal (or gas-crystal) material
systems, which contain a separating semiconductor surface
(interface). The separating folio is produced by technological
annealing, resulting in functional step nano-roughnesses. As
known, the importance of the surface roughnesses,
consequently — of the interface electrostatics, is motivated
from actual technological questions (e.g. [5], [7]),
corresponding to the contemporary growing usage of various
electronic devices. The governing technological role of the
interface (for the whole compound system, of given electronic
device), especially that of the relevant nano-roughness, yields
the effective determination of the interface electric potential as
a key problem. Note additionally the necessity to examine
electrostatic interactions of the roughness segments and the
surface charge density, via distributions nonlinearly depending
on the electric potential. For solving the main problems we
introduce below an idealized, according to Gibbs ([6]),
heterogeneous system. The Gibbs idealizing approach treats
the thin transitional layers as interfaces, under a principle
called the excesses one ([6], see also [10]). Thus, taking
initially a 3D air-crystal material system, with a thin midmost
transition layer, of a semiconductor matter, we come to the
following Gibbs type of idealization. The full system is
supposed to consist in two bulk phases — of upper (air or gas)
and lower (crystal) media, and a flat semiconducting interface,
with a distribution of fine technological surface roughnesses,
shaped as a straight line of defects (as a compatible
illustration, see Fig. 1, [4]). Such interface structure is
essentially supported by real effects, experimentally
established under annealing of InP(110) samples at
temperatures up to 480 K, followed by heat normalizing ([5],
[7]). More over, a credible visual result of [5] and [7] (see Fig.
2, [7]), established by scanning tunneling microscopy of the

surface crystal layer, completely confirms the model-
construction derived from the Gibbs theory. Next, having
settled the Gibbs framework, we have introduced a typical 3-2-

1 D heterogeneous material system, G* ={B " USUB"},

with S=S" WUl WU S™ . Certainly, the system incorporates
variety of homogeneous material components, of three

different dimensions: B* and B~ enter as homogeneous bulk
phases, but of quite differing electrostatics (they are
respectively of air, considered here as vacuum, and crystal);
S is the interface, which enters as an autonomous 2D
semiconductor folio separating the bulk phases and consisting

in two electrostatic equivalent and homogeneous halves, S,
S™. And the roughnesses composition enters in the idealized
system G” as a detached material contour | — a straight line,

splitting S into the surface phases S™, S*. Contour | plays
the role of an intrinsic 1D phase (of electrostatic autonomous
and homogeneous matter). For a technically convenient
presentation of system G” , let us introduce a Cartesian
(X,Y,2) - coordinate system, with line | as the Oy axis and

surface Z =0 as the interface of G*. The vacuum and crystal

bulk phases (B* and B™) fill the upper and lower semi-
spaces, Z>0 and z <0, respectively, and for the surface

phases we have: S™(X<0,z=0)and S*(x>0,z=0).
As the electric potential U=U(X,Y,Z) is the key quantity

determining electrostatics, our model goals to express it for the
whole vacuum-surface-crystal heterogeneous system. Due to
the key role of the technological roughnesses, it is of special
interest to find first of all the surface potential distribution
u(x,y,z=0) and, secondly, its impact on the bulk

distributions  U(X,Y,Z#0) in the vacuum and crystal
phases. The said point of view is the motivation to accent here
on finding effective expressions of the interface potential.

Note now the homogeneity of heterogeneous system G*
on the Yy — direction, because of the assumed homogeneity of

the 1D phase | . Therefore both, the electric potential
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u=u(X,y,z) and vector D=D(X,Yy,Zz), of the electric
induction ([9]), will actually depend on X,Z ,
u=u(x,z) and D=D(X,2). (Vector D is also known as

electric displacement, e.g. [8].) Here we propose interface
electrostatics with a charge density nonlinearly modeled,

regarding a specific modulation U, (X,0) of potential

i.e.

u(x,0). The modulated potential U, (X,0) enables a linear

treatment of the problem for determining the surface potential.
Thus a kind of pseudolinear electrostatics is proposed and

studied. Concerning U, modulation, let us shortly accent on
the assumed structure of the surface charge density. We deal
below with a quadratic type of dependence on U, , expressed

by the weighted X —mean value £, [u], as follows:

01) el = o L) = X e, 30

(0.2) U =U(X,2) =g (X) 4 [U](2)
(Cx (X) =exp(—=K | x[); K is a positive parameter.

The usage of potential U, in the nonlinear relations, instead

of U, simplifies the technical procedures saving well enough
the essence of the exact potential distribution. This is
essentially supported by the asymptotic equivalence:

+00

ORI

—0

+00 K 0
u(x, z)dx /[ogK(x)dx =3£u(x, z)dx
(L>>1),

where  (U), =(U),(2) =@/ 20).[ u(x2)dx , by

analogy — for (£ ), . Note that potential U, has a compatible
impact with that of U because of the identical averages:

e u = g [U].

Using the quadratic expression &,(—&.k2u+&2k’u®/2),

with U’ replaced by u,i , for the interface charges, we

introduce the following relations as the basic form of our
model (a derivation sketch is given in Sect. 2 , below):

(1.1) D!(x,0)—D*(x,0)+V,.D, = &,(~gku+e’k’uZ 1 2)
(z=0,x=0);

X,+ X,—
(DS) _(DS) =h-
Above V is the nabla operator, tangential (to z=0);
D! (x,0) = IimO D*(x,z) , by analogy — for D*(x,0) ,

(1.2)
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where D’ is the normal to Z=0 component of vector D,
and the limits are supposed finite, VX ; D, = D(x.0) and

V..D, is the formal scalar product of vectors (nabla and
D, ), ie. V.D,=divD,; (D,)" , (D,)"

relevant limits (also assumed finite), at X # O, for the normal

are the

to | (and coplanar to Z=0) component (Ds)I of Ds.

Parameters ks,gs are the main electrostatic characteristics to
the surface-matter; here they enter as conventional positive
constants. The material sense of kS is present by the quantity

k;' =1/k,, called surface screening length (by analogy to
the bulk one, k;'=1/k, , known from the space
electrostatics e.g. [10]). Parameter &, is the surface dielectric
permittivity (by analogy to the bulk one, &,). Condition (1.2)
is based on the key line (point) characteristic £, ,
where 3 = p, / &, , with p, - the electric charge density

upon the line (point) phase; &, =8.85 pF /m is the known

absolute dielectric permitivity.
The model yields the basic mathematical problem for

existence of solutions (Dg,U) to system (1.1), (1.2). For the
analysis, a surface transmission problem is solved, in Sect. 2,
regarding potential U(X,Q0) . It is done by reducing to a

nonlinear boundary integral equation, which admits effective
resolving. Finding then an explicit expression for the surface
potential, we estimate, in concluding remarks (Sect. 3), the
effects of the nonlinear surface distribution of charges.

2. Elements of modelling, surface transmission problems
and integral equations.

The key tool for description of electrostatic phenomena in
complex media relates to the Maxwell system (in case of
dielectrics, e.g. [9]):

(21) a V.D=p; b) D =—g&VuU.

Above p is the charge density; & is the relative dielectric
permitivity for the relevant part of the medium (& =g, , at
2<0; ¢=¢g ,at z>0, with & =1, from the vacuum
assumption; £ =¢,, at Z=0,X#0). Equations (2.1) hold
for the total (3D) system and, as known, potential u is a
continuous function of (X,Y,Z) , in spite of the various
material phases. Because of the presumed complex

heterogeneity of G*, we shall apply a two-leveled scheme of
singular decompositions to D and p, in reworking of the
Maxwell system. Thus we express the electrostatic field



(D,u) of system G* by decompositions in two levels (bulk
and surface), of the following type:

22) a p=pn +pn +p0(2);

b) oy =P 15 +p1l + POy
23) D= (D,) 17 (2)+(D,)" n"(2) + D,6(2);
24)  Dy=(D,) 1, +(Dy)'n + Dy,

Above 7°(z) / 1 (2) are respectively the Heaviside
forward/backward functions (ie. 7°(z)=1, at z>0,
n(z2)=0,at z<0, 7 (2)=n"(-2)) and 5(2) is the
Dirac delta-function, supported at z=0; 7, =1, at
z=0,x<0 and 77, =0, at z=0, x>0, by analogy:
n,=1,az=0,x>0and 7 =0, at z=0,x<0;
next, o, s
| :x=0(z=0), and we shall also use the notation &'(X),

for o, .
generalization, in two levels (already introduced in [10]), of
the Bedeoux-Vlieger ([3]) step formalism. Vector D, is a

delta-function, supported on the line

Relations (2.2) — (2.4) present an essential

function of X, assumed in the form of (2.4), with vector
components (D,)”, (D,)", having finite and different limit
values at X — 0 . Analogous presumptions hold to scalar
functions p_f =p_f(x) (considered as at least continuous

respectively at X<0 and X>0); p,, presented in (2.2.b),

is a scalar and D, (see (2.4)) is a vector. In (2.2) we shall
assume in general nonlinear dependences of the bulk and

surfaces charge densities ( o and p,) on the electric potential,

ie. p=plul(x,z), p, = p,[ul(x). For a motivation we
use certain arguments from a known Fermi-Dirac distribution
(e.g. [2]) and analogies with the Boltzmann one, via the Gouy-
Chapmann theory (e.g. [8]). Substituting now from (2.2) — (2.4)
into electrostatic equations (2.1), we get, for the bulk phases:

(254) V.(D,) =0 (z>0), V.(D,) = p;[u] (z<0);
25.b) (D,)" =—¢¢,.Vu(z>0),

(D,) =—¢,5,Vu(z<0).
And for the interface we find:

D:(x,0) - D*(x,0)+V,.D, = p,[u]
(z=0,x=0);

(2.6)
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@7 (D))" =(Dy)" =p.
where, for vector D¢ it holds

(28) D,=-¢g,&,.Vu(z=0,x#0).

Calculating the results of above substituting, let us note that
the normal to z =0 component D_ (of vector D) vanishes

(D{ =0), i.e. D, presents a flat (planar) vector field (see
e.g. [10] for details).
Concerning the charge density terms p,[u] , o [u], in

(2.5.a), (2.6), for the vacuum-surface-crystal system G* we
have to forecast a relation in the form of p = p,[u] (for the

crystal phase), because of the mentioned Fermi-Dirac and
Boltzmann distributions. Presuming a total electro-neutrality
of the considered material system, we shall take into account
first of all general charge distribution laws in the following
form, respectively for the crystal bulk and surface phases:

2.9) p=¢glexp(—ek’u)-1],
Ps = go[exp(—gskszu) _1] :

The potential-magnitudes can be however assumed relatively
small, and we can deal with truncations of the infinite sums

(presenting  p[u] and pJu] from (2.9)), e
—ek’u+&2k*u? 1 21— gKk°u® 131 + -+ and
—gkiu+e2klu? 121 - gk2u® 13+ -+, possibly closer

to the linear terms. Thus we chose linear approximation,
plul=—¢gek?u , for p[u] but quadratic one,
p,,[Ul = &, (—gkiu+g2klu? 1 21) , for p,[u], because
of certain dominating role of the interface. Additionally, in the

quadratic term £2k;u” / 2! of p, ,[U] we change the factor

u? into the similar one of uﬁ (recall the comments in Sect.

1). Thus we shall deal with the modified density of surface
charges, as follows:

2.10)  pXo[u] =g, (—ekiu+ekiuz 12).
On the linear (1D) phase, the contour | =0y , we

assume o, = &3, , with S — given constant. Substituting

now p.[u] with ps°[u] in (2.6), from (2.6), (2.7) we find
the pseudolinear model (1.1), (1.2) of interface electrostatics
for system G”.



For the analysis of problem (1.1), (1.2) we shall rework the
terms D’(x,0) — D*(x,0) and (D,)"" —(D,)"" : from
(2.5.b) and (2.8) it follows respectively that

D (x,0) = —g,&, U, (X,10)

and (Ds)x’i=—5055ux(i0,0) . Thus the mentioned

differences yield respectively the following jump type of
terms:

A[‘c“buz] = A[‘E‘buz](xi 0) 1
With
Al&,u,1(x,0) = &7u, (x,+0) — £,u,(x,—0) (at & =1),

and &Ju,(+0,0)—u,(—0,0)]. Then problem (1.1), (1.2)
takes the form:

(2.11) Algu,]+e&u,, =eku—gkiui /12,
z=0,x#0;
(2.12) &J[u, (+0,0) —u, (-0,0)]=—4,.

Above U,,U,,U, are first or second order derivatives

regarding the relevant variable and

u,(£0,0) = IirTJ u,(x,0), respectively at x>0, X <0. For
X—>

next reworking denote by @(X) the surface values u(X,0)
and use that (2.5) yield the Laplace and Helmholtz equations
Vu=0(z>0) and V2u=ku(z<0), for the space
u(x,z) boundary
u(x,0) = p(x) ). Now we can express, by the x- Fourier

potential (under condition

transforms of U(X, ) and ¢(X), the jump term A[g,u,] as
Alg,u,](@) = L[p] . Here L°: ¢ — L[¢] is the linear

operator, such that F(L°[@])(&) = —A(E)@(E) , for the
Fourier transform F(L°[@]) of function L°[¢](X) ., where

ﬂ((f):|§|+8b«/§2 +kl & =&, , k, =k, . This way
we present (1.1), (1.2) as the following problem, for the
surface potential ¢@(X).

(2.13) Llpl+ 50" = ekip—elkipe 12,
z=0, x#0;
(2.14) &lp'(H0)—@'(-0)]=-4,2=0, x=0.

Above @, =@, (X) = 4 [@].C (X) is the K-modulation
of potential @ and @', @" are respectively the first and
second order derivative of function ¢ .
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Now the essential step consists in solving problem (2.13),
(2.14). Given a solution @(X), let us consider the auxiliary

equation (directly suggested by relation (2.13)):
(2.15) W' —kKw+F [¢](x)=0

(Felol=Llol/ & +ekipg 12), x=0.

Because function W= @(X) is a solution of (2.15), by the

argument of the general solution formula, we get the
expression;

(2.16)
@ = exp(=k, | X[) +exp(=k,|-]) * F [¢]/ 2K .

Here F *F, is the known convolution of two (generalized)
functions (e.g. [1]) and C" is a constant depending on Q.

Substituting by (2.16) in condition (2.14), constant C* can be
determined as C" = £ / 2e,k

needed integral equation is found:
(2.17)
JZ

28—'kexp(—ks | X[) +exp(=k, |- ) *

s'S

s and the starting form of the

0 3
o= (ﬂﬂ+£ﬁk

2
2ek, 4 J

Reworking (2.17) and using the auxiliary function ¢°(X),
with

#00 = [T + 2,0 + €] cos(x)dé.

we establish the following compact expression for the integral
equation:

(2.18) Q=p# +ek @ *oe 2.

3. Concluding remarks.

Beginning with the basic effective formula for the interface
potential, we will accent here on the next three conclusions.

(i) It holds the following explicit formula for the surface
potential ¢ :

(3.1) P(X) = B#° (X) + BO (X),
where
D (x) = ET cos(x$)d&

[A(E) +&,(kS + ENML+ (B, 1 4k3,)*E7]

%

To comment this assertion let us integrate equality (2.18) (for
a given solution @(X)): we find the simple relation



Kek!12/18—1

s™hs '

S—ll(p + 4 =0, with | = I¢(x)dx,

I, = I¢S(x)dx, and use that 1.' =gk, +&kZ. Then
we  chose

K=K kY =27

Kps =1+ gbkb/gsksz. At K= Kf" the above equation

,  Where

(regarding I(p) yields the following uniquely determined
value: 1, =28 1 (g)k, +&k’) . And, for the modulated

potential ¢, (by relation ¢, (X) = 4[]S (X)), we then
find:
(2 () =25k G () (K=K,

To prepare the substitution from (3.2) into (2.18), note
firstly  that | ,ﬁ ={,c and denote  afterwards

P ()= () @ K=K
W' (X) =exp(—2K>' | X[) . Now from (2.18) and (3.2)

we get p= g + 2k

. b,l -
convolution ¢° *w " , the result can be conveniently

ie.
By reworking the

expressed via function CD:" in the form of (3.1).
(if) The impact of the modulated surface potential is
comparable with that of the leading term f,¢°(X) , at low

charged anomaly contour.
For a comment of the formulated effect, let us firstly note

that the term /3,¢°(X) in (3.1) presents the surface potential
distribution via the linear theory — when relation (1.1) of the
basic model does not includes the modulating factor U7 . Thus

the term ﬂ,qn‘;"(x) should be considered as a perturbation
produced by the squared modulation u,i . A comparison of
potentials ¢°(X) and @' (X) follows, from the above given

integral formulas (for ¢°, @), by the estimate:

(3.3) |¢°(x) - D2 (X)| < B /8eki, (xeRY).

The estimate clearly shows that potentials ¢°(X) ,
CD';" (X) take arbitrary small magnitude of difference at each
of the cases: [, <<1 (with arbitrary fixed, positive
e, K., &,k ek << gk, (B >0, fixed).

s1 st
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(iii) At extreme magnitude of contour charges, the effect of
the modulated surface potential is either identical with that of

the leading term ,B|¢s or negligible, on the phase contour of

technological anomalies.
For the comparison on the phase contour | we have to

consider the values of ¢°(0) , ®"'(0) , using the key
relation:

(3.4) @' (0) = ¢°(0) - BPC' /167K .

gde |
(&) +,(¢ + ENI+(B 14k, )°E

Relation (3.4) now directly shows that the rest term
BIC2' 1167k;; tends to zero, for B, getting infinitely

small, i.e. ®>'(0) = ¢°(0), at 4 <<1. On the other hand,
at 3 —>oo it follows that B’C'/167k, is tending
@' (0) is

0

Here C E.[

0

to ¢°(0) . Thus the specific effect appears :
vanishing, at S >>1.
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