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Abstract— A class of fuzzy stochastic differential equations 
(FSDEs) with non-Lipschitzian coefficients is discussed. We 
first give the preliminaries on the fuzzy stochastic differential 
equations. Then the non-explosion of solutions to the FSDEs is 
studied. Finally, the conclusion is given. 
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I.  INTRODUCTION 

For the growing population we have the deterministic 
Malthus model ( ) ( ) ,dx t ax t dt=  0(0)x p=  (see, e.g., 

Barros et al.[1]). 
However, the fuzzy structure can be introduced. We can 

suppose that the population follows the Malthusian growth, 
according to the model 

0( ) ( ) , (0) ( ), .dx t ax t dt x u a= = ∈ ∈R R         (1) 

Since 0u  is a fuzzy set in ( )R  which will be defined 

in the next section, the field ( )f u au=  associates fuzzy 
sets to fuzzy sets. The solutions of this Malthusian equation 
are discussed in Barros et al. [1]. Also, the topic of fuzzy 
differential equations has been rapidly growing in recent 
years (e.g., see Bede et al.[2], Ding et al. [3], Kaleva [12], 
[13] and Nieto [22]). Motivated by this type of above 
problems, Romàn-Flores and Rojas-Medar [25] presented 
some results on the existence of solutions  for the fuzzy 
Cauchy problem under compactness conditions. 

In real would, the outcomes of a random experiment 
often are not exact but are expressed in inexact linguistic 
variables which change with the time parameter. We can 
characterize them by the fuzzy stochastic processes. 

In fact, fuzzy random variables have been introduced by 
many authors. We refer to the interesting works of Puri and 
Ralescu [24] for details, where they make mathematical 
descriptions for the fuzzy stochastic phenomenon only one 
time. 

 Therefore, it is not enough to describe and observe them 
only one for dynamic fuzzy random phenomena, but it 
should  be done repeatedly and even continuously to describe 
and observe their evolutional procedures.  For this, the 
theory of the fuzzy stochastic processes is developed (e.g. 

see Fei [4,5], Fei and Wu [9], Fei et al. [10], Li and Guan 
[15], Li and Ren [16], Stojaković[27]). 

We know that a large class of physically important 
problem is described by fuzzy random differential systems. 
Recently, the fuzzy random differential systems are 
investigated by some researchers, e.g., Fei [8], Kim [14], 
Malinowski [17-19], Malinowski and Michta [20], and Song 
et al. [26]. The existence and uniqueness of solution for 
fuzzy random differential equations with non-Lipschitz 
coefficients are discussed in Fei [6,7], where the following 
fuzzy random differential equation is discussed 

0( ) ( , ( )) , (0) ,dX t f t X t dt X x= =             (2) 

where for each ω ∈ Ω , 

( , , ) : ( ) ( ) d df t x ω + × →R R R   

is continuous in the sense of metric d∞ . 

However, in a real problem, a fuzzy random system is 
often disturbed by a random noise, such as a Brownian 
motion. In our system analysis, we are faced with the 
disturbed term in Eq. (2), where the single valued nose term 
can be expressed as the stochastic integral of the Brownian 
motion ( )W t . Thus we formulate the fuzzy stochastic 
system as follows 

0( ) ( , ( )) ( , ( )) )( , (0) ,dX t f t X t dt g t X t dW t X x= + =    (3) 

where ·   is the fuzzification of single value which will be 
explained later. In fact, the properties of solutions to Eq. (3) 
under some conditions have been investigated in Fei [8], 
Malinowski [18, 19] and Malinowski and Michta [20]. 

In this paper, we try to study the behaviour of the 
solutions to Eq. (3), which are  essential in the theory of the 
fuzzy stochastic dynamical system analysis. In order to prove 
our claim, the generalized Bihari's lemma is provided, the 
concept of support function is needed. In the process of the 
proof of the theorem, the technique to construct a function 
G  is used, which can refer to Fei [6, 7]. 

 The organization of the paper is as follows. In Section 2, 
we give preliminaries and the lemma.In Section 3, the liftime 
of the solution to Itô type FSDEs are studied. Moreover, the  
dependence of the solution to FSDEs on initial values is 
discussed. In Section 4 we conclude. 
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II. PRELIMINARIES 

Throughout this paper, let I  be a finite or infinitely 

interval and ( , , ;Ω    { } )t t I∈  be a complete, filtered 

probability space where the sub-sigma-field family 

( , )t t I∈  of  satisfies the usual conditions. Let 

: ( )d d⋅ →R R    denote the embedding of dR , i.e. 

for dq ∈ R  we have 

1, if ,
( )

0, if R \ .d

a q
q a

a q

=
= 

∈
   

Set 
( ) { : is nonempty,compact convex set}.d dA A⊂R R   

Define  

sup{ : }A x x A∈‖ ‖ ‖‖  for .dA ⊂ R  

 { }( , ) sup , : ,A r x r x A rσ ∈ ∈B  is the support 

function of A , where B  is a unit sphere centered at origin. 
Similar to Fei [5], Fei and Wu [9], we define the operation of 

addition, minus and “open” in ( )dR  as follows: 

 (i) { : , },A B x y x A y B+ = + ∈ ∈  

 (ii) { : , , . . },A B x y B z A s t x y z= ∀ ∈ ∃ ∈ + =  

 (iii) If ( ), . . ,dC s t A B C∃ ∈ = +R  then A  is 

called “open” with respect to (w.r.t.) B . 

 In this paper a fuzzy set ( )du ∈ R  is a function 

: [0,1]du →R  for which the α -level set [ ]u α  of ,u  

defined by [ ] } { : ( )du x u xα α= ∈ ≥R is nonempty, 

compact and convex subset of dR  for all (0,1]α ∈ . Also 

0[ ] { : ( ) 0}du x u x= ∈ >R  is compact. 
A fuzzy random variable is a function 

: ( )dX Ω → R  
such that 

 {( , ) : [ ( )] } ( ), (0,1 , ]dx x X αω ω α∈ ∈ × ∀ ∈R   

where ( )dR  denotes the Borel subsets of .dR  

0
0

[ ]
| | | [ ] | sup

x X
X X x

∈
=‖ ‖‖ ‖ ‖‖. 

If H  is Hausdorff metric defined on ( )dR , 

( , ) max{ ( , ), ( , )}, , ( ),dH A B H A B H B A A B+ − ∈ R 
where

( , ) sup inf , ( , ) ( , ),x A y BH A B x y H A B H B A+ − +
∈ ∈ − = ‖ ‖

then ( ( ), )d HR  is a complete metric space. 

For two fuzzy sets , ( )du v ∈ R  we can define a 

distance : ( ) ( )d dd∞ +× →R R R   by 

0 1
( , ) sup ([ ] ,[ ] ).d u v H u vα α

α
∞

≤ ≤
=  

Two fuzzy random variables X  , Y   with values in 

( )dR  are considered to be identical if ( , ) 0d X Y∞ =  

a.s.. 

We define the operation on ( )dR  as follows. For two 

fuzzy sets , ( ),∈ du v R if there exists such a 

( )dw∈ R  that u v w= + , then w is  the Hukuhara 

difference of u  and v  denoted by w u v=  . We note 

that 0u v+ =   implies that u v= − . However, 

0 .u u ≠   Indeed, take [0.1].u χ=  

 It is well known that 
( , ) ( , ), ( ,  ) | | ( , )d u w v w d u v d u v d u vλ λ λ∞ ∞ ∞ ∞+ + = =

for all , , ( ), . wcu v w X λ∈ ∈ R  

Denote
( , , ) ( , ) ([ ] , ), , [0 ], ( ,1 ).≡ ∀ ∈ ∈ ∈ d

uu r r u r r uασ α σ α σ αB R  

The support function uσ  satisfies following properties: 

(i) uσ  is uniformly bounded on [0,1] ,×B  

0[ ]

| ( , ) | sup∗

∈
≤ =u

x u

x x uσ α ‖‖‖‖. 

(ii) ( , )u rσ ⋅  is nonincreasing and left-continuous, right-

continuous at 0 in α  for each r ∈B . 

(iii) ( , )uσ α ⋅  is Lipschitz continuous in r  uniformly 

in [0,1] :α ∈  
* *| ( , ) ( , ) | | | .u ur r u r rσασ α− ≤ ⋅ −‖‖  

(iv)  for all [0,1]α ∈  and , ( )du v ∈ R , 

([ ] ,[ ] ) sup | ( , ) ( , ) |,u v
r

H u v r rα α σ σα α
∈

= −
B

 

or 

( , ) [0,1]
( , ) sup | ( , ) ( , ) | .u v

r
d u v r r

α
σ ασα∞

∈ ×
= −

B
 

 In what follows, we call : ( )dX I × Ω → R  a fuzzy 

stochastic process, if for every t I∈  a mapping 

( , ) ( ) : ( )dX t X t⋅ = Ω → R  is a fuzzy random variable. 

If : ( )dX I × Ω → R  is { }t t IA ∈ -adapted and 

measurable, then it will be called nonanticipating. 
Equivalently, the process X  is nonanticipating if and 

only if for every [0,1]α ∈  the multifunction [ ]X α  is 

measurable with respect to the σ -algebra  , which is 
defined as follows 

: { ( ) : for every },t
tA I A t I= ∈ ⊗ ∈ ∈     

where { : ( , ) }tA t Aω ω= ∈  for t I∈ . 
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Let 1p ≥  and ( , ; )p dL I × Ω R  denote the set of all 

nonanticipating dR -valued stochastic processes { ( )}t Ih t ∈  

such that ( )0
( )

T pE h s ds < ∞‖ ‖ , where ·‖‖ denotes the 

norm of a vector or matrix. A fuzzy stochastic process X  is 

called pL -integrably bounded, if there exists a real-valued 

stochastic process ( , ; )ph L I +∈ ×Ω R  such that 
0| [ ( , )] | ( , ) for a.a. ( , ) .X t h t t Iω ω ω≤ ∈ ×Ω‖ ‖  

It is easy to see that if : dX Ω → R  is an dR -valued 
random variable defined on a probability space ( , , )PΩ  , 

then : ( )dX Ω → R    is a fuzzy random variable. 

We easily know that ( ( ), , )X t rσ α  is continuous at t  

for [0,1] , rα∀ ∈ ∈B  if ( )X t  is d∞ -continuous. ( )X t  

is called  a d∞ -continuous function on I  if ( )X t  is  a 

d∞ -continuous function at any t I∈ . In order to introduce 

the FSDEs in next section, we give the following definition 
of the Riemann integral. 

Definition 1  Let ( )X t  be a fuzzy stochastic process 

defined on [ , ].a b For each finite partition nΔ  

of 0 1[ , ] : : ,n na b a t t t bΔ = < < < =  and for arbitrary 

points 1, , 1, 2, , ,i i i it t t t i n′ ′
− ≤ ≤ =   

 let 
1

( )
n

n i i
i

S t X t ′

=
= Δ  and 1| | max ,i n it≤ ≤Δ = Δ  where 

1i i it t t −Δ = − . Then the d∞  Riemann integral-integral) of 

( )X t  on[ , ]a b  is defined by 

| | 0
( ) lim ,

n

b

na
X t dt d S∞ Δ →

−   

provided this limit exists and it is independent of the 

partition as well as the selected points it
′ . 

In what follows, we provide the generalize Bihari's 
inequality (cf., Fei [17] and Mao [21]) which plays an 
important role in the following section. 

Lemma 1 (Generalized Bihari's inequality)} Let u  be 
Borel measurable, bounded, nonnegative and left limit 
function on 1[0, ]T  and 0c > . Let :K + +→R R  be a 

continuous nondecreasing function such that ( ) 0K t >  for 

all 0t > . 
(i) If ( )tμ  is a continuous nonnegative nondecreasing 

function on 1[0, ]T , then the inequality 

10
( ) ( ( )) ( ), [0, ]

t
u t c K u s d s t Tμ≤ + − ∀ ∈  

implies that 
1( ) ( ( ) ( ))u t G G c tμ−≤ +  

for all 1[0, ]t T∈  such that 
1( ) ( ) ( ),G c t Dom Gμ −+ ∈  

where 
1

( ) , 0,
( )

q

a
G q dv q

K v
= >  

1G−  is the inverse function of G  and 1[0, ]a T∈ . 

(ii)  If ( )tν  is a continuous nonpositive nonincreasing 

function on 1[0, ]T , then the inequality 

10
( ) ( ( )) ( ), [0, ]

t
u t c K u s d s t Tν≥ + − ∀ ∈  

implies that 
1( ) ( ( ) ( ))u t G G c tν−≥ +  

for all 1[0, ]t T∈  such that 
1( ) ( ) ( ).G c t Dom Gν −+ ∈  

III. FUZZY STOCHASTIC DIFFERENTIAL EQUATIONS 

In this section, we consider the following fuzzy 
stochastic differential equation (in the integral form) 

0 0 0
( ) ( ( )) ( ( )) ( ) ,= + +  

t t
X t x f X s ds g X s dW s   (4) 

where f   takes  values in ( ( ), ( )),d dC R R   g  in 

( ( ), ),d d mC ×R R R  ( ( ), 0)W W t t= ≥  is an m -

dimensional Brownian motion, and 0 ( )dx ∈ R  is a fuzzy 

random variable. Here, ( ( ), )d d mC ×R R R  stands for 
the family of the continuous functions from the fuzzy space 

( )dR  to the space d m×R R . In Eq. (4), the integral 

0
( ( ))

t
f X s ds  is defined in Definition 1, and the integral 

0
( ( )) ( )

t
g X s dW s  is a general Itô type stochastic one, 

whose definition can refer to  Øksendal [23]. 
 From the continuouty of ,f we can know that 

( ( ), , )f rσ α⋅  takes  values in ( ( ), )dC R R  which is 
the family of the continuous functions from  the fuzzy space 

( )dR  to the space R . Similar to the discussion of Ikeda 
and Watanabe [11] and Stroock and Varadhan [28], it is 
known that the following stochastic differential equation 

0

( ( ), , ) ( ( ( )), , ) ( ( )) ( ),

( (0), , ) ( , , )

d X t r f X t r dt r g X t dW t

X r x r

σ α σ α
σ α σ α
= +

=


             (5) 

has  a solution up to a lifetime ( , )rζ α  which depends on 

( , ) [0,1]rα ∈ ×B . Set 

[0,1]
inf ( , ),

r
r

α
ζ ζ α

× ∈ ×
=

B
 

 we call ζ  the lifetime of solution to Eq. (4). Obviously, 

| ( ) | .X ζ = +∞‖ ‖  
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If Eq. (5) has the pathwise uniqueness, then we show the 
existence and uniqueness of the solution to the FSDE(4). So 
the study of pathwise uniqueness is of great interest. It is a 
classical result that under the Lipschitz coefficients, the 
pathwise uniqueness holds and the solution of Eq. (5) can be 
constructed by using iteration; moreover the solution 
depends on the initial values continuously. In what follows, 
we shall deal with a class of non-Lipschitzian FSDEs. 
Presently, the existence and uniqueness of solutions to Eq. (4) 
or Eq. (5) can be proven similar to the one in Fei [8]. The 
main tool of these studies is the generalized Bihari's 
inequality. Our idea is to derive an inequality so that the 
generalized Bihari's inequality can be applied. For a study of 
a class of fuzzy random differential equation under non-
Lipschitzian coefficients without the Brownian noise, we 
refer to Fei [6]. The following result weakens the linear 
growth condition of non-explosion. 

Theorem 1 Let : [1, )ρ + → +∞R  be a continuous 

function such that 
 (i) ( )s sρ  is nondecreasing and concave; 

(ii)  
0

.
( ) 1

ds

s sρ
∞

= +∞
+  

Assume that for some constant 0,C >  
2

2 2 2

| ( ) | ( | | ( | | ) 1),
(6)

( ) ( | | ( | | ) 1), ( ).

≤ +
≤ + ∈ d

f x C x x

g x C x x x

ρ
ρ R

‖ ‖ ‖ ‖ ‖ ‖

‖ ‖ ‖ ‖ ‖ ‖ 
If 0| |E x < +∞‖ ‖ , then the lifetime of the solution 

0( , )X t x  to Eq. (4) is infinite: .ζ = +∞  

0
0

| |
lim | ( , ) | .

E x
E X t x

→+∞
= +∞

‖ ‖
‖ ‖  

Proof. Let 
, 2( ) | ( ( ), , ) | , ( , ) [0,1] ,r t X t r rα σ αξ α= ∀ ∈ ×B  

 where ( )X t  is a solution to Eq. (4). Hence we have 
,

2

( )

[2 ( ( ), , ) ( ( ( )), , ) ( ( )) ]

2 ( ( ), , ) ( ( )) ( ).

 

rd t

X t r f X t r r g X t dt

X t r r g X t dW t

α

σ α
ξ

σ α
σ α

=
+

+





‖ ‖  

Since r ∈B , we get 2 2( ( )) ( ( ))r g X s g X s≤‖ ‖ ‖ ‖ . 

Set 2( ) | ( ) |t X tξ =‖ ‖ , it follows that from (6) and the 

property (i) of the support function ( )σ ⋅  

, ,

0

2

2
0 0

2
0 0

( ) (0)

2 ( ( ( ), , ) ( ( ( )), , )

( ( )) )

| | 2 (2 ( ) ( ( )) ( ) 1)

| | 2 (2 ( ) ( ( )) ( ) 1) ,

r r

t

t

t

E t

E X s r f X s r

r g X s ds

E x C E s s s ds

E x C E s E s E s ds

α αξ ξ

σ σ

ξ ρ ξ ξ

ξ ξ

α α

ρ ξ

=

+

+

≤ + + +

≤ + + +






‖ ‖

‖ ‖

‖ ‖

    (7) 

where we have utilized the concavity of the functions 

( )v vρ  and v . 

Denote ( ) ( )t E tη ξ= . Noticing ( ) 1ρ η ≥ , we get 

( ) 1
1 1 1 2,

( ) 1 ( ) 1 1 2

+
≤ + ≤ + ≤ + <

+ + +
ηρ η η η η

ηρ η ηρ η η
 (8) 

where ( )
1

ηϕ η
η

=
+

 takes the maximum at 1 on the 

interval (0, )∞ . 
It is easy to see that 

0

( )
sup 2,

( ) 1η

ηρ η η
ηρ η≥

+
≤

+
 

which deduce that 

2 ( ) 2( ( ) ) 1
5 .

( ) 1 ( ) 1 ( ) 1

η ρ η η η ρ η η
η ρ η η ρ η η ρ η

+ +
≤ + ≤

+ + +
 

Thus we have 

2 ( ) 1 6( ( ) 1).ηρ η η ηρ η+ + ≤ +  

In virtue of (7), we have 
2

0 0
( ) | | 12 ( ( ) ( ( )) 1) .

t
t E x C s s dsη η ρ η≤ + +‖ ‖       (9) 

Set 

               
1

( ) , 0.
( ) 1

 = >
+

u ds
G u u

s sρ
                (10) 

By the condition (ii) it is easy to show that ( )G u  is strictly  
increasing, 

( )G u → +∞  as u → +∞  

 and 1( )G u− → +∞  as .u → +∞  
From the generalized Bihari's inequality (Lemma 1(i)),  

and 0| |E x < +∞‖ ‖  we obtain 
1 2

0( ) ( ( | | ) 12 ) , 0,t G G E x Ct tη −≤ + < +∞ ∀ ≥‖ ‖  

which proves that .ζ = +∞  
On the other hand, from (6) and the property (i) of the 

support function ( )σ ⋅  we have 

, ,

0

2

2
0 0

2
0 0

( ) (0)

2 ( ( ( ), , ) ( ( ( )), , )

( ( )) )

| | 2 ( ( ) ( ( )) ( ) )

| | 2 ( ( ) ( ( )) ( ) ) .

r r

t

t

t

E t

E X s r f X s r

r g X s ds

E x C E s s s ds

E x C E s E s E s ds

α αξ ξ

σ σ

ξ ρ

α

ξ ξ

ξ ρ

α

ξ ξ

=

+

+

≥ − +

≥ − +






‖ ‖

‖ ‖

‖ ‖

 

Due to the inequality (8), we have 
2

0 0
( ) | | 4 ( ( ) ( ( )) 1) .

t
t E x C s s dsη η ρ η≥ − +‖ ‖  

By Lemma 1(ii), we get 
2 1 2

0 0| ( , ) | ( ) ( ( | | ) 4 ), 0,E X t x t G G E x Ct tη −= ≥ − ∀ ≥‖ ‖ ‖ ‖

which shows that 
0

0
| |
lim | ( , ) |

E x
E X t x

→+∞
= +∞

‖ ‖
‖ ‖  by the 
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property of the function ( )G ⋅  in (10). Thus, the proof of 
theorem is complete. 

IV. CONCLUSION  

In real world, we are often faced with random 
experiments whose outcomes are not exact but are expressed 
in inexact linguistic variables which change with the time 
parameter. The fuzzy stochastic differential systems can be 
used to describe a large class of physically important 
problem. On the other hand, the fuzzy stochastic systems are 
often disturbed by a Borwnian noise. In this paper, we 
investigate the behavior of solutions to the FSDEs driven by 
a Wiener process under the non-Lipschitzian coefficients. 

 The lifetime of solutions to the FSDEs of Itô type is 
characterized through using the support function and Bihari's 
inequality. Furthermore, the dependence of solutions to 
FSDEs with respect to the initial data is analysed. The other 
related properties of the solutions to FSDEs driven by a 
Wiener process will be discussed in future.  
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