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Abstract— A class of fuzzy stochastic differential equations
(FSDEs) with non-Lipschitzian coefficients is discussed. We
first give the preliminaries on the fuzzy stochastic differential
equations. Then the non-explosion of solutions to the FSDEs is
studied. Finally, the conclusion is given.
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l. INTRODUCTION

For the growing population we have the deterministic
Malthus model dx(t) = ax(t)dt, x(0)= p, (see eg,

Barroset d.[1]).

However, the fuzzy structure can be introduced. We can
suppose that the population follows the Malthusian growth,
according to the model

dx(t) = ax(t)dt, x(0) =u, € F(R),ae R. @
Since U, isafuzzy set in F(R) which will be defined

in the next section, the field f(U) =au associates fuzzy

sets to fuzzy sets. The solutions of this Malthusian equation
are discussed in Barros et a. [1]. Also, the topic of fuzzy
differential equations has been rapidly growing in recent
years (e.g., see Bede et a.[2], Ding et al. [3], Kaeva [12],
[13] and Nieto [22]). Moativated by this type of above
problems, Roman-Flores and Rojas-Medar [25] presented
some results on the existence of solutions for the fuzzy
Cauchy problem under compactness conditions.

In real would, the outcomes of a random experiment
often are not exact but are expressed in inexact linguistic
variables which change with the time parameter. We can
characterize them by the fuzzy stochastic processes.

In fact, fuzzy random variables have been introduced by
many authors. We refer to the interesting works of Puri and
Ralescu [24] for details, where they make mathematical
descriptions for the fuzzy stochastic phenomenon only one
time.

Therefore, it is not enough to describe and observe them
only one for dynamic fuzzy random phenomena, but it
should be done repeatedly and even continuoudly to describe
and observe their evolutional procedures. For this, the
theory of the fuzzy stochastic processes is developed (e.g.

see Fei [4,5], Fei and Wu [9], Fel et a. [10], Li and Guan
[15], Li and Ren [16], Stojakovié[27]).

We know that a large class of physicaly important
problem is described by fuzzy random differential systems.
Recently, the fuzzy random differential systems are
investigated by some researchers, e.g., Fei [8], Kim [14],
Malinowski [17-19], Malinowski and Michta [20], and Song
et al. [26]. The existence and uniqueness of solution for
fuzzy random differential equations with non-Lipschitz
coefficients are discussed in Fei [6,7], where the following
fuzzy random differential equation is discussed

dX (t) = f (t, X (t))dt, X (0) = x,,
wherefor each we Q

f(t,x, ):R,xF(R?) - F(R"
is continuous in the sense of metric d_ .

However, in a rea problem, a fuzzy random system is
often disturbed by a random noise, such as a Brownian
motion. In our system analysis, we are faced with the
disturbed term in Eq. (2), where the single valued nose term
can be expressed as the stochastic integral of the Brownian
motion W(t) . Thus we formulate the fuzzy stochastic
system as follows

dX (t) = f(t, X (t))dt+=< g(t, X (t))dW(t) =, X(0) = %,, (3)
where <> isthe fuzzification of single value which will be
explained later. In fact, the properties of solutions to Eq. (3)
under some conditions have been investigated in Fei [8],
Malinowski [18, 19] and Malinowski and Michta [20].

In this paper, we try to study the behaviour of the
solutions to Eq. (3), which are essentid in the theory of the
fuzzy stochastic dynamical system analysis. In order to prove
our claim, the generalized Bihari's lemma is provided, the
concept of support function is needed. In the process of the
proof of the theorem, the technique to construct a function
G isused, which can refer to Fei [6, 7).

The organization of the paper is as follows. In Section 2,
we give preliminaries and the lemma.ln Section 3, the liftime
of the solution to It6 type FSDEs are studied. Moreover, the
dependence of the solution to FSDEs on initial values is
discussed. In Section 4 we conclude.
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II. PRELIMINARIES

Throughout this paper, let | be a finite or infinitely
interval and (Q, A, P; {A}.,) be a complete, filtered
probability space where the sub-sigmafield family
(A.tel) of A sdisfies the usual conditions. Let
<> RY = F(R") denote the embedding of R? , i.e.
for ge R wehave

lif a=q,
<q>(a)=

0,if ac R%\q.
Set
P(RY) 2{ Ac R": Aisnonempty, compact convex set} .
Define
| All2 sup{ll xIl: xe A} for Ac RY.

O'(A,r)ésup{<x,r>:XE A},reB is the support

function of A, where B is a unit sphere centered at origin.
Similar to Fei [5], Fel and Wu [9], we define the operation of

addition, minusand “open” in P(R?) asfollows:

(i) A+B={x+y:xe A ye B},

(i) AoB={x:Vye B,3ze A;st.x+y=12},

iy 1f 3Ce P(RY),st. A=B+C, then A is
called “open” with respect to (w.r.t.) B.

In this paper a fuzzy set ue F(R?) is a function
u:R% —[0,1] for which the ¢ -level set [u]” of u,
defined by [U]* ={xe R®:u(xX)> a} is nonempty,
compact and convex subset of R? for al ze (0,1] . Also

[u]°={xe R*:u(x) >0} iscompact.
A fuzzy random variable isafunction
X:Q— F(RY
such that
{(w,X): xe [ X(w)]*}e AxB(R?),V ae (0,1],
where B(R?) denotesthe Borel subsetsof R®.
I X PEINEXP J=sup, o 1

If H isHausdorff metric defined on P(R?),

H(A B) 2 max{H*(A B),H (B, A}, ABe P(R?),
where
H*(AB)2sup,,inf Ix—yl,H (AB)=H"(B,A),

then (P(R®),H) isacomplete metric space.
For two fuzzy sets u,ve F(R?) we can define a
distanced_ : F(R?)x F(R%) = R, by

d..(u,v) = sup H([u]",[V]).
O<a<l
Two fuzzy random variables X ,Y with values in

F(R?) are considered to be identical if d_(X,Y)=0
as.
We define the operation on F(R?) as follows. For two

fuzzy sets u,ve F(Rd), if there exists such a

we F(RY) that u=V+W, then Wis the Hukuhara
difference of U and V denoted by W=U®©V . We note
that U+v=<0> implies tha U=-V . However,
UOU#< 0. Indeed, teke U= ;4 ;-

Itiswell known that

d_(u+w,v+w)=d_(u,v),d_(Au, Av)=|1]d_(u,v)
foral u,v,we F, (X), 1€ R.

Denote
o(u,a,r)=o,(a,r) 2 o([u]“,r),vre B, ac[0,1],ue F(RY).

The support function o, satisfies following properties:

(i) o, isuniformly bounded on [0,1] x B,

|o, (e, X") € sup I x I ull.
xe[u]®

(i) 0, (-,r) is nonincreasing and left-continuous, right-
continuousat 0in o foreach re B .

(i) o, (ex,") isLipschitz continuousin I uniformly
inxe[0,]:

lo,(a,r)—o, (e, ) Klull-|r=r"|.

(iv) foral e [0,1] and u,ve F(R?),

H (U M%) = supl o, (1) -0 (n) |

reB

or

d_(u,v)= sup

(@,1)e[01IxB

In what follows, wecall X : 1 xQ — F(R?) afuzzy
stochastic process, if for every tel a mapping
X(t,) = X(t):Q — F(R?) isafuzzy random variable.
It X:1xQ— F(R?) is {A}. -adapted and

measurable, then it will be called nonanticipating.
Equivalently, the process X is nonanticipating if and

only if for every € [0,1] the multifunction [ X]” is

measurable with respect to the o -algebra A, which is
defined asfollows

N ={Ae B(I)® A:A'e A, foreveryte I},
where A' ={w: (t,w)e A} forte | .

loy(e.r) -0 (a.1)].
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Let p=1and LP(I xQ, N;R?) denote the set of all
nonanticipating R® -valued stochastic processes { h(t)},.,

.
such that E(_[O I'h(s) IIP ds)<oo , where [1{| denotes the

norm of avector or matrix. A fuzzy stochagtic process X is
caled LP -integrably bounded, if there exists a real-valued
stochastic process he L°(1 xQ, ;R ) such that

I X (t, @)]° JI< h(t, w) for aa. (t,w) e | xQ.

It is easy to see that if X :Q — R? isan R -valued
random variable defined on a probability space (2,4, P),
then < X = Q — F(R") isafuzzy random variable.

We easily know that o(X (t),, ) is continuous at t
for V ae[0,1],re B if X(t) is d_ -continuous. X (t)
is cled a d_ -continuous function on | if X(t) is a

d_ -continuous function at any t € | . In order to introduce

the FSDEs in next section, we give the following definition
of the Riemann integral.

Definition 1 Let X(t) be a fuzzy stochastic process
defined on [a&,b]. For
of[a,b]:A,:a=t, <t <---<t =D, and for arbitrary
t<t,i=12--,n,

each finite partition A

points t,t, , <

n
let § = Z:Ati X(t) and|A | max,, At;, where
i1
At =t —t,_,. Then the d_ Riemann integral-integral) of
X(t) on[a,b] isdefined by

b N .
LX(t)dt_dm—llierOsn,
provided this limit exists and it is independent of the

partition as well as the selected points ti' .

In what follows, we provide the generaize Bihari's
inequality (cf., Fel [17] and Mao [21]) which plays an
important role in the following section.

Lemma 1 (Generalized Bihari's inequality)} Let U be
Borel measurable, bounded, nonnegative and left limit

function on [0,T,] and c>0. Let K:R, > R, bea

continuous nondecreasing function such that K (t) >0 for
alt>0.
(i) If u(t) is a continuous nonnegative nondecreasing

functionon [0, T,] , then the inequality
u(®) < c+ [ K (u(s-)du(9), vte [0,T,]

implies that
u(t) < G™(G(c) + (1))

foral te[0,T,] suchthat
G(c) + u(t)e Dom(G™),

where
1
G(q) = J': mdv, q>0,

G istheinversefunctionof G and ae [0, T,].
(i) If v(t) is a continuous nonpositive nonincreasing
functionon [0, T,] , then the inequality

u(t) > c+ j; K (u(s-))dv(s), Vte [0,T;]
implies that
u(t) > GH(G(c) +v(t))
foral te [0,T,] suchthat
G(c)+v(t)e Dom(G™).

I1l. Fuzzy STOCHASTIC DIFFERENTIAL EQUATIONS

In this section, we consider the following fuzzy
stochastic differential equation (in theintegral form)

X () =%+ [ F(X(9)ds+< [ g(X()adW(s) -, (@)
where f takes vaues in C(F(R?),F(R")), g in
C(F(RY),R*xR™), W=(W(t),t>0) is an m -
dimensional Brownian motion, and X, € F(R") isafuzzy
random variable. Here, C(F(R?),R%xR™) stands for

the family of the continuous functions from the fuzzy space
F(R?) to the space R°XR™. In Eq. (4), the integral

t
J.O f (X (S))ds is defined in Definition 1, and the integral

.[; g(X(s))dW(s) is a general It6 type stochastic one,

whose definition can refer to @ksendal [23].

From the continuouty of f, we can know that
o(f(),a,r) takes values in C(F(R?),R) which is
the family of the continuous functions from the fuzzy space
F(R?) tothe space R . Similar to the discussion of Ikeda

and Watanabe [11] and Stroock and Varadhan [28], it is
known that the following stochastic differential equation

do(X(t),eur)=o(f (X(1), . r)dt-+r " g(X O)AW(E),
o(X(0),a,1)=0(x;, 041)
has a solution up to alifetime ¢ (e, 1) which depends on

(a,r)e[0,]xB. set
inf  {(a,r),

g - axre[0,1]xB
we cal ¢ the lifetime of solution to Eq. (4). Obviously,

I X (&) Jl=eo.

©)
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If Eq. (5) has the pathwise unigueness, then we show the
existence and uniqueness of the solution to the FSDE(4). So
the study of pathwise uniqueness is of great interest. It is a
classical result that under the Lipschitz coefficients, the
pathwise uniqueness holds and the solution of Eq. (5) can be
constructed by using iteration; moreover the solution
depends on the initial values continuously. In what follows,
we shall ded with a class of non-Lipschitzian FSDEs.
Presently, the existence and uniqueness of solutions to Eq. (4)
or Eqg. (5) can be proven similar to the one in Fel [8]. The
main tool of these studies is the generalized Bihari's
inequality. Our idea is to derive an inequality so that the
generalized Bihari's inequality can be applied. For a study of
a class of fuzzy random differential equation under non-
Lipschitzian coefficients without the Brownian noise, we
refer to Fel [6]. The following result weakens the linear
growth condition of non-explosion.

Theorem 1 Let p:R, —[L+4e0) be a continuous
function such that
(i) Sp(S) isnondecreasing and concave;

= Os
0 sp(s)+1
Assume that for some constant C > 0,
£ (x) Jls CU X Ul x17) +2),
lg(x) IP<C(lxIP p(I x|P) +2),xe F(R?). ©
If El[X,Jl<+e , then the lifetime of the solution
X(t,X,) toEq. (4) isinfinite: { = +oo.
lim  El| X(t,X,) |l= +e.

Elljxoll—+ee

(i)

O,

Proof. Let
& () o(X(t), 1) F, (e, 1) € [0,1xB,
where X (t) isasolution to Eq. (4). Hence we have
dg(t) =
[26(X(t),,r) o(f (X)), ar)+Ir g(X(t)I]dt
+20 (X (1), a, r)r "g(X(£)dwW(t).
Since r e B, weget It "g(X(9)) IP<ll g(X(s)) I
Set E(t) =ll| X (t) |I?, it follows that from (6) and the
property (i) of the support function o (-)

EZ*' (1) =" (0)

+2E[ (o(X(9) awN)o(f (X(9).aur)

+lrTg(X(9) IP)ds )
<Ellx, IP +2C[] EQEASP(E(S) + (S +Das

<Ellx, IP +2C[ (2E£(9)p(EL(9) +/EZ(S) +1Dds

where we have utilized the concavity of the functions

vp(V) and Jv.

Denote 77(t) = E&(t) . Noticing p(77) =1, we get

o+ g, N N1,
np(n)+1 np(m+1 n+l 2

Jn

where @(77) = ——— takes the maximum a 1 on the
1+n

interval (0, <o) .
Itiseasy to see that
np+n _,

)R
which deduce that

277,0(77)+\/;S 2(77P(77)+\/;)+ 1 <5

np(m)+1 np(m)+1 np(m)+1 -
Thus we have

2np(17) + 1 +1< 6(np(17) +1).
In virtue of (7), we have

(0 <Ell IP +12C[ (2(9)p(9) +Dds. @
Set

u ds
Gu=| ——, 0. 0
W -[1 sp(s)+1 H> (10

By the condition (ii) it is easy to show that G(U) is strictly
increasing,
G(U) > +o0 as U —> +oo

and G™(U) — +oo as U —> o,
From the generalized Bihari's inequality (Lemma 1(i)),
and E ]| X, |I< +eo we obtain

n(t) <G H(G(E | %, II”) +12Ct) < +e0, V1 > 0,
which provesthat ¢ = +co.

On the other hand, from (6) and the property (i) of the
support function o(-) we have

EST(t)=£""(0)
+2E[ (0(X(9),2.1)0 (T (X (), a.7)
+1rTg(X(s)?)ds

> Ell|x, | —2cj; E(E(9)p(£(S)) +/E(s))ds

> Ell %, |12 -2C [ (EE(s) p(EE(S)) +[EE(9))ds.
Due to the inequality (8), we have

n(t) = Ellx, IF =4C[. (7(9) p(r(s) +Dds.
By Lemma 1(ii), we get
Ell X(t,%,) |P=n(t) > G(G(EI| %, |I*) - 4Ct),Vt > 0,

which shows that EH|”||m Ell X(t,%,) |l=+e= by the
Xl =40
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property of the function G(:) in (10). Thus, the proof of
theorem is complete.

IV. CONCLUSION

In rea world, we are often faced with random
experiments whose outcomes are not exact but are expressed
in inexact linguistic variables which change with the time
parameter. The fuzzy stochastic differentia systems can be
used to describe a large class of physicaly important
problem. On the other hand, the fuzzy stochastic systems are
often disturbed by a Borwnian noise. In this paper, we
investigate the behavior of solutions to the FSDEs driven by
aWiener process under the non-Lipschitzian coefficients.

The lifetime of solutions to the FSDEs of 1t6 type is
characterized through using the support function and Bihari's
inequality. Furthermore, the dependence of solutions to
FSDEs with respect to the initial data is analysed. The other
related properties of the solutions to FSDEs driven by a
Wiener process will be discussed in future.
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