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Abstract--This paper discusses the dynamical model of the
Forest Evolution System, and the Existence and Uniqueness of
the equation are have been proved by applying the theory of
integral equation. Furthermore, we discussed the stability of
the solution by applying the stability theory of Lyapunov.
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l. INTRODUCTION

Using mathematical models to study the Forest Evolution
System has become a worldwide research hotspot in recent
years, especially on considering the forest age factor and
studying the forest evolution model described by partial
differential equations. Reference [1] has discussed stationary
forest development system and its properties, as well as the
existence and uniqueness of the solution has been proved by
using semigroup theory, reference [2] has given a kind of
nonlinear forest development equations and discussed the
properties of its solution, reference [3] has discussed the
existence and uniqueness of solutions of a class of
nonstationary forest development equations by using
functional analysis and the fixed point principle of integral
equation theory, reference [4-6] have discussed the existence
and uniqueness of solutions of a class of stationary nonlinear
development system with environmental impact factors. This
article discusses the nonstationary forest evolution equations
with growth functions, proves the existence and uniqueness
of solutions of the nonstationary forest development system
above by using the operator theory and integral equation
theory , and discusses the stability of the equation in the
sense of Lyapunov to get the stability and asymptotic
stability sufficient conditions of the system.

This article mainly studies the nonstationary forest
development system model as follows:

%+§(rp(r)n(r,t»=7u(r,t)p(r,t), tr>0

r

p(r,0) = py(r), (20 (1)
pO.t) = V()W) [ w(r.t) p(r.tydr, (50

Where, p(r,t), which is called age-dependent forest area
distribution, denotes the area of forest age r at time
t, o(r) denotes growth function, p,(r)is the initial condition.
B(t) denotes the ratio of the area of afforestation updating
and mining (natural death elimination and artificial cut) at
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time t, v(t) denotes survival rate, u(r,t) denotes dissipation
rate, Q, is the max age.

Il.  THE EXISTENCE AND UNIQUENESS OF SOLUTIONS

In order to prove the existence and uniqueness of the
solutions of system (1), we have to make the assumptions for
the parameters of the system as follows (H):

(1). v)pt)ecClo,T], where T is an arbitrary fixed
positive integer;

(2). o(r)eC[0,Q,]is a Monotone continuous function;

(3). py(r) €CI0,Q, ] and py(0) = v(0)(O)]" se(r,0) p(r, O)dr

(4). pu(r,t) e C([0,TIX[0,Q,]), 4(r,t) >0.

Here we used the operator theory and integral equation to
prove the existence and uniqueness of the solutions of
system (1).

First of all, we used the characteristic line method in
reference [4] to get the following solution of equation (1) :

@ (Ne(r —o(r)t) py(r — p(r)t)
expl-[ ulpnr+r—p(rto)de, >t
0 o(r)
= 2
PO =1 (0 (0t - ) @
o(r)
expl-[ , wlp(nr+r—pto)de],  — <t
o) o(r)
We assume that the value of the functions

p(0,1), p(r,0), u(t,r) is zero outside the domain, then we can
get the general form of solution as follows:

p(r.t) = ¢ (N (r — (1)) Polr — p(r)t)
-expl-[, ()7 + 1 - p()t, 1)d ]

= r

+9 (PO POt~ ——) @)
o(r)
t
cexp[-[ . pulp(r)z+r —p(Nt,7)de]
o(r)

Second, we convert system (1) to integral equation and

discuss the existence and uniqueness of solutions.

From the boundary conditions of the system(1),
p(O.t) = V() AW [ 4(r.) p(r tydr |

we can get



p(O, —ﬁ)— v(t —m)ﬁ( —m)

) st Splsit=—yds

Putting the (4) into (3) we can get the following integral
equation;

4)

p(r) = [ K(r.ts)p(s.t———)ds + £ (r.1) ©)
o(r)
Where,
K(rt,s) = co*(r)(p(O)v(t——)ﬂ(t——)u( t———)

() o(r) o(r)

-expl- [ ulp(r)r +1 = p(1)t, )07,
F(r0) =07 ((r = o)D) po(r - (1))

t
-exp[-[ u(p(r)z +1 - p(nt,7)dz].

So the existence and uniqueness of the solutions of
system (1) is equivalent to that of integral equation (5), we
only need to prove that the solution of the integral equation
(5) is existence and uniqueness.

We define operator as follows:

A:C[0,T]—C([0,Q,]x[0,T])

Ap(s,t) = p(s,t———
p(s,t) = p(s, (r))

Easy to know |A| =1, so A is a bounded linear operator.
To define the integral operator

K :C[0,T]— C[0,T]

Kp(r,t) = JW() K(r,t,s)Ap(s,t)ds

So the integral equation (5) can be represented the form
of operator equation as the following:
p(r,t) =Kp(r,t)+ f(r,t)
From the assumptions (H), we know that K(r,t,s) is
bounded and continuous, so there is constant M, |,

making|K (r,t,s)| <M, ,for ¢(r) is a Continuous and bounded
function, so there is constant M,, making|p(r)| <M, .so0 ,we
can get the following results:

r( ! K(r,t,s)Ap(s, t)ds‘ < Jw()

<M. ol ;"

J“”() K(r,t,s)AKp(s, t)ds‘

J“”() |t _[ Kp(s,t)ds‘
202+1),
<M2 ol p(r)sds < M2 p| £t
2(2+1), 2(2+1),
<M, [plt® <M, Ip[T*,

By mathematical induction, we can get the following
general form:

‘ds < M, [|p[le(rt < MM, |p[t<M,M,|
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n(n+1),

<mfp L
n(n+1),
<m Mo Zppje
n<n+l)
smp Mo i

So, the following formula is establlshed
n(n+1),
|

For M,,M, T are constant, when n is large enough,

n(n+1),

K'[l< M," T

2
K"|l<M," MZ7T" <1 is established. so the spectral radius

of the operator is y (K)=Ilimg

K"|<1 ,s0 (I-K)™

existence.
So we can obtain the solution of integral equation (5) as

following form:
p(r,t)=(1-K)*f(r,1) (6)

From Hypothetical conditions, we know f(r,t) is
continuous, so (6) is the only solution of integral equation (5).
So we can get the following theorem:
Theorem 1 Assume that the forest development system (1)
satisfies the condition (H), Then the positive solutions of
system (1) is existence and uniqueness, And the solutions
p(r,t) can be represented by (2) and (6).

I1l.  STABILITY ANALYSIS

Here we discussed the stability of the system (1) mainly
by constructing Lyapunov function.

When growth function ¢(r) is differentiable, the
equivalent form of forest development system (1) is as
follows:

op(r,t) ap(r t)

P +o(r) —u(r.t)yp(r,t)—g(r,t), tr>0
p(I’,O) - po(r)! r= 0 (7)
PO, =v(OAW],” (r.)p(r Hdr, t20

Where g(r,t) = p(x) p(r,t) .
sl (Lyapunov stability theorem) If there is a
posmve definite function denoted by V (X) in some areas,

<0 ,the solution of system (7) is stable; when

dv
when —
dt @

av

t (@]
where § is any constant which is less than zero.

According to the Lyapunov stability theory, by
constructing Lyapunov function, to analyze the stability of
the system, we can get the following conclusion.

Theorem 2 (the stability conditions of forest
development system ) If the Lyapunov function is selected

for V(p) = [ o (n)p*(r.dr + 2] ([ 7 (r) p(r.9)a(r, s)ds)ar

<5 <0, Solution of system (7) is asymptotically stable,




So when (v(t),B(t))ZJ'OQ” w5 (r,t)dr =24, <0, the solution of

system (7) is stable;when (v())A()° [ 4*(r,t)dr - 244, <5 <0,
Solution of system (7) is asymptotically stable, where is any

constant which is less than ZEro and
= inf [ (Du(r.n].

(r,t)e[0,Qn 1x[0,T]

Proof:  Lyapunov  function is selected for

V(p)=[" o (np?(rtdr + 2] ([ o () p(r,s)g (r s)ds)ar
Obviously Vv(p)>0 , so V(p) is a positive definite
function.

When calculating directly, we get the results as
follows:

dv Qn
il =

= [ 9™ (r)-2p(r.t) - [p(r.t) + g(r,t)dr

- @ (r)-2p(r,t)-[p(r,t) - (. t) p(r,t)
¢ = p(rt)—ge(r)p,(r.t)]dr

= [0 )-2p(r) [, D PO, (1) py (DT
[ 9 (r)- 2 (r.t) - pa(rt) + 2p(r 1) p, (r D)
o, &XP[-2[ ¢ (D)uu(z,t)d7]
7 gepl2]] o (ute,de]- p(r. 0, r
= 0.0~ [ 97 (r)-2p*(r,t) a(r tydr
= (OBO) ([ w(r.)p(r.tydry?
7 ) 20%(r 1) u(rtydr
<@OAWY [ w(rodr- [ p*(ryr
&) 20%(r 1) u(rtydr
= [ BOF [ 1 (rdr - 207 (0 u(r ] p(rt)dr
< [ OB@) [ 1 (r ydr — 241 p(r t)dr.
Where s, = jnf [ (Nw(r0].

(r,1)€[0,Q, Ix[0.T]
So from the Lyapunov stability theory.we can know

P7(r)-2p(r,0) p,(r.dr + 2] 9 (1) p(r D (r

when (v(t)ﬁ(t))z_[fmyz(r,t)dr—2;10SO , ‘2—\: <0 , the
(@]
solution of system (7) is stable and when

<6 <0, Solution
o
of system (7) is asymptotically stable, where & is any
constant which is less than zero.

(VOBOY [ 1 (1 )dr - 24,55 <0 , (iT\t/

89

IVV. DISCUSSING THE EXISTENCE AND UNIQUENESS OF THE
SOLUTIONS BY USING THE OPERATOR SEMIGROUP THEORY

Reference [1] has discussed the properties of the
solutions of stationary forest evolution equations by using
semigroup theory, we can study the existence and uniqueness
of solution of non-stationary forest evolution equations by
defining time-varying operator and using the methods of
semigroup theory in reference [7].

Set X is a Banach space, defining the operator A(t) on
X as following:

D(A®) ={p e X| —(/)E(r)%[wg(r) p(r) —pu(r.t)p(r)] e X

p(O) =2 OV OAM)| " u(r.t)p(r)dr, vt}

A(t)p(r) = —;ﬂ(r)%[qﬁ(r) p(r) = pu(r,t) p(r)]: p e D(A®).

From reference [1], we can get the following two
properties of operator A(t) for arbitraryt [0,7]:

(i) A@t) is a dense and closed linear operator for
arbitraryt :

(if) A(t) Generated C,semigroup for arbitraryt .

So the system (1) can be represented by the form of the
following initial value problem:

dp(t) _
at =AOP(t)
p(0)=p,

So we only need to discuss the existence and uniqueness
of solution of system (8), the initial condition of System (8)
ist=0, we put special into general, discussing the existence
and uniqueness of solutions of the system at an arbitrary
initial time s<[0,f] . Then the general situation is easy to

draw, rewriting the system (8) for the following form:

dp(t) _
at ADp(t)
p(s)=g(s), 0<s<t
At this point we can convert to use the semigroup theory
methods in literature [7] to discuss the existence and
uniqueness of initial value problem (9),while the existence
and uniqueness of solution of the original system was also
proved.
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