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Abstract

Relying on recent advances in the theory of entropy solutions for nonlinear (strongly)
degenerate parabolic equations, we present a direct proof of an L' error estimate for
viscous approximate solutions of the initial value problem for

dw + div(V(z) f(w)) = AA(w),

where V = V(x) is a vector field, f = f(u) is a scalar function, and A’(-) > 0. The
viscous approximate solutions are weak solutions of the initial value problem for the
uniformly parabolic equation

pw® +div(V(z)f(w)) = A(A(w®) + ew®), e>0.

The error estimate is of order /e.

1 Introduction

In this paper we are interested in certain “viscous” approximations of entropy solutions
of the initial value problem

Oyw + diV(V(:c)f(w)) = AA(w), (z,t) € Qr,
w(z,0) = wo(z), r € RY (1.1)

where Q7 = R? x (0, T') with T' > 0 fixed, u : Q7 — R is the sough function, V : R? — R is
a (not necessarily divergence free) velocity field, f : R — R is the convective flux function,
and A : R — R is the “diffusion” function. For the diffusion function the basic assumption
is that A(-) is nonincreasing. This condition implies that (1.1) is a (strongly) degenerate
parabolic problem. For example, the hyperbolic equation dyw + div(V(az) f (w)) =0 is
a special case of (1.1). Problems such as (1.1) occur in several important applications. We
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mention here only two examples: flow in porous media (see, e.g., [8]) and sedimentation-
consolidation processes [3].

Since A(+) is merely nondecreasing, solutions are not necessarily smooth and weak solu-
tions must be sought. Moreover, as is well-known in the theory of hyperbolic conservation
laws, weak solutions are not uniquely determined by their initial data. To have a well-
posed problem we need to consider entropy solutions, i.e., weak solutions that satisfy
a Kruzkov—Vol’pert type entropy condition. A precise statement is given in Section 2 (see
Definition 1). For purely hyperbolic equations this entropy condition was introduced by
Kruzkov [15] and Vol'pert [21]. For degenerate parabolic equations, it was introduced by
Vol'pert and Hudjaev [22].

Following Carrillo [5], Karlsen and Risebro [13] proved that the entropy solution of (1.1)
(as well as a more general equation) is unique. Moreover in the L (O,T; BV(Rd))
class of entropy solutions, they proved an L' contraction principle. Existence of an
L™ (0, T, BV(Rd)) entropy solution of (1.1) follows from the results in Vol’pert and Hu-
djaev [22] or Karlsen and Risebro [12] (the latter deals with convergence of finite difference
methods). The proof in [13] of uniqueness and stability is based on the “doubling of vari-
ables” strategy introduced in Carrillo [5] (see also Chen and DiBenedetto [6]), which in
turn is a generalization of the pioneering work by Kruzkov [15] on hyperbolic equations.
Related papers dealing with the “doubling of variables” device for degenerate parabolic
equations include, among others, Carrillo [4], Otto [19], Rouvre and Gagneux [20], Cock-
burn and Gripenberg [7] Biirger, Evje and Karlsen [1, 2], Ohlberger [18], Mascia, Por-
retta, and Terracina [17], Eymard, Gallouet, Herbin and Michel [11], and Karlsen and
Ohlberger [14].

In this paper we are interested in certain approximate solutions of (1.1) coming from
solving the uniformly parabolic problem

ow® +div(V(z) f(w®)) = AA®(w®), (z,t) € Qr,
w®(z,0) = wo(zx), z € RY, (1.2)

where A%(w®) = A(w®) + ew®, ¢ > 0. We refer to w® as a viscous approximate solution
of (1.1). Convergence of w* to the unique entropy solution w of (1.1) as ¢ | 0 follows from
the results in Vol'pert and Hudjaev [22]. Our main interest here is to give an explicit rate
of convergence for w® as ¢ | 0, i.e., an L' error estimate for viscous approximate solutions.

There are several ways to prove such an error estimate. One way is to view it as
a consequence of a continuous dependence estimate. Combining the ideas in [13] with
those in Cockburn and Gripenberg [7], who used a variant of Kruzkov’s “doubling of
variables” device for (1.1) with V' = 1, Evje, Karlsen and Risebro [9] established an explicit
“continuous dependence on the nonlinearities” estimate for entropy solutions of (1.1).
A direct consequence of this estimate is the error bound [|w® —wl|11)@,) = O(1/), at least
when w®, w belong to L™ (0, T; BV (Rd)) and V is sufficiently regular. Unfortunately the
techniques employed in [9] require that one works with (smooth) viscous approximations
of (1.1). The proof in [9] (as well as the one in [7]) did not exploit the entropy solution
“machinery” developed by Carrillo [5].

The main purpose of this work is to show that one can indeed use the “doubling of
variables” device to compare directly the entropy solution w of (1.1) against the viscous
approximation w® of (1.2). Hence there is no need to work with approximate solutions
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of (1.1). Although our proof is of independent interest, it may also shed some light on
how to obtain error estimates for numerical methods. Most numerical methods (related
to this class of equations) have (1.2) as a “model” problem and, in this context, the
size of ¢ designates the amount of “diffusion” present in the numerical method. A step
in the direction of obtaining error estimates for numerical methods has been taken by
Ohlberger [18] with his a posteriori error estimate for a finite volume method. We will
in future work use the ideas devised herein to derive error estimates a priori for finite
difference methods.

The rest of this paper is organized as follows: In Section 2 we state the definition of an
entropy solution and the main result (Theorem 1). Section 3 is devoted to the derivation of
certain entropy inequalities for the exact entropy solution and its viscous approximation.
Equipped with these entropy inequalities, we prove the error estimate (Theorem 1) in
Section 4.

2 Statement of result

Following [12, 13] we start by stating sufficient conditions on V' = (V1,...,Vy), f, A and
up to ensure the existence of a unique L>(0,T; BV (R?)) entropy solution of (1.1):

Ve (L2(®RY) N (Lip(RY))%  divV € BV (RY);

f € Lipioc(R);  f(0) = 0;

A € Lipjoc(R) and A(:) is nondecreasing with A(0) = 0;

up € L= (RY) N BV (RY). (2.1)
Note that the first condition in (2.1) implies

Ve (Wi (R)"

loc

In (2.1) and elsewhere in this paper the space BV(Rd) is defined as
BV (RY) = {g € L'(R?) : g| y (e < 0},

where |g| ) denotes the total variation of g, i.e., g € BV(Rd) if and only if g € L! (]Rd)

BV (rd
and the first order distributional derivatives of g are represented by finite measures on R
Equipped with (2.1) we can state the following definition of an entropy solution:

Definition 1 (Entropy Solution). A function w(z,t) is called an entropy solution
of (1.1) if

(i) we LYQr) N L>®(Qr)NC (0,T; L' (RY)),
(i) A(w) € L2 (0,T; H' (R)),

(iii) w(z,t) satisfies the entropy inequality

// w0 kloyo -+ sn(w — k) [V (2)(f(w) - £(4) - VA@w)] - V6

— sgn(w — k)divV(:v)f(k)gZ)) dtdz >0, VkeR, (2.2)
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for all nonnegative ¢ € C§°(Qr) and
(iv) flw(-,t) — wOHLl(Rd) — 0 as t | 0 (essentially).

Note that, if we take k > esssupw(z,t) and k < essinf w(z,t) in (2.2), then an ap-
proximation argument reveals that

/ / (wr + [V(@) () ~ VAw)] - V6) dtdx = 0 (2.3)
Qr

holds for all ¢ € H'(Qr). Let (-,-) denote the usual pairing between H~!(RY) and
H'(R?Y). From (2.3) we conclude that

dyw € L*(0,T; H*(RY)),

so that

—/OT<(9tw, #) dt+!/([V(x)f(w) — VAw)] - v¢) dtdr =0, YV ée HY(Qr). (2.4)

In other words an entropy solution w(z,t) of (1.1) is also a weak solution of the same
problem.

In this paper we are interested in comparing the entropy solution w of (1.1) against
the weak solution w® of the viscous problem (1.2). From the results in Karlsen and Rise-
bro [12] or Vol'pert and Hudjaev [22] there exists a weak solution w® € L>(0,T; BV (R?))
of (1.2). Since A®(-) is increasing, the uniqueness result in Karlsen and Risebro [13] (see
also Remark 1 herein) tells us that this weak solution is in fact a unique solution. More-
over from the energy estimate we conclude that w® € L? (O, T;H! (Rd)). Of course, if V,
f, A, up are smooth enough, one can prove that the weak solution w® of (1.2) is actually
a classical (C?1) solution. See, e.g., Vol'pert and Hudjaev [22]. Here it will be sufficient
to know that w® belongs to L(0,T; H' (R?)) (not C*1).

We are now ready to state our main theorem:

Theorem 1 (Error Estimate). Suppose that the conditions in (2.1) hold. Let w €
L>® (0, T, BV(]Rd)) be the unique entropy solution of (1.1) and let w® € L? (0, T;H' (Rd))ﬂ
Le (O,T; BV(Rd)) be the unique weak solution of (1.2). Then there exists a constant C,
independent of €, such that

Jwf — wllpr i) < CVE. (2.5)

3 Entropy inequalities

In Section 4 we follow the uniqueness proof of Carrillo [5] to obtain an estimate of the
difference between w® and w. To this end it will be necessary to derive two entropy
inequalities for the exact solution w and two approximate entropy inequalities for the
viscous solution w®. The purpose of this section is to derive these inequalities. (See
Lemma 2 and Lemma 3 below.)
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Note that, differently from the pure hyperbolic case [15], we need to operate with
one additional entropy inequality (actually an equality for the exact solution w) taking
into account the parabolic (dissipation) mechanism in the equation. Hence we introduce
a set H corresponding to the regions where A(-) is “flat” and (1.1) behaves hyperbolically.
More precisely, let A~ : R — R denote the unique left-continuous function which satisfies
A7 (A(u)) = u for all u € R. Then we define

H = {r €R : A7Y() is discontinuous at r}.

Since A(-) is a monotonic function, H is at most countable. The dissipation mechanism in
the equation is effective only in the (x,t) region corresponding to the complement of H.
To prove Lemma 2 and Lemma 3 below we need the following “weak” chain rule:

Lemma 1. Let u: Qr — R be a measurable function satisfying the four conditions
(1) we LY(Qr) NL®(Qr)NC(0,T; L' (RY)),

(2) u(0,-) = ug € L*(RY) N L (RY),
(3) due L2(0,T; H1(RY)) and
(4) A(u) € L*(0,T; H*(RY)).

For every nonnegative and compactly supported ¢ € C°(Qr) with ¢li—o = ¢|t=7 = 0 we

have
_/(;T<atU¢( dt //</¢ dq;z‘)qﬁtdtdx, k€R,

where 1 : R — R is a nondecreasing and Lipschitz continuous function.

The proof of Lemma 1 is very similar to the proof of the “weak chain” rule in Carrillo [5]
and it is therefore omitted. See instead [13].

The following lemma, which deals with entropy inequalities for the exact entropy solu-
tion w, is a direct consequence of the very definition of an entropy solution.

Lemma 2. The unique entropy solution w of (1.1) satisfies:

(i) For all k € R and all nonnegative ¢ € C3°(Qr) we have
EMP(w, k, ¢) > 0, (3.1)

where

B (k. 6) = [ [ (o= Ko +sgntw — W[V @)(F(w) - £(0)
Qr

— VA(w)] - Vo — sgn(w — k)divV (z) f(k)(;S) dt dz. (3.2)

We refer to (3.1) as a hyperbolic entropy inequality.
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(ii) For all k such that A(k) ¢ H and all nonnegative ¢ € C°(Qr) we have
EP(w, k, ¢) =0, (3.3)

where

Y,k 0) 1= / (1w~ k1o + sen(w — K[V () (7(w) — £()

~ VAw)] - Vo — sgn(w — k)divV (z) f(k)¢) dt da

_nm//}m sgn! (A(w) — A(k))é dt dz. (3.4)

nl0

In (3.4) (and elsewhere in this paper) sgn, is the approzimate sign function defined
by
. >,
sgn, (1) := sen(7) lf 7l >m n > 0. (3.5)
T/n o iflrl<m,
We refer to (3.3) as a parabolic entropy inequality.

Proof. The first inequality (3.1) is nothing but the entropy condition for the entropy so-
lution w. So there is nothing to prove. We turn to the proof of the second inequality (3.3),
which borrows a lot from Carrillo [5] (see also [13]). In what follows we always let k& and ¢
be as in the lemma and the approximate sign function sgnn(~) is always the one defined
n (3.5).

Since w satisfies (2.4) and [sgnn(A(w) — A(k))¢] € L?(0,T; H' (RY)), we have

T
- /0 (00w, sem, (A(w) = A(R)o) dt
" // (V@)(f(w) = F(k)) = VA@w)] - ¥ [sgn, (A(w) — A(k))g]

— divV () £ (k) [san, (A(w) — A(k))d)D dt dz = 0.

Introduce the function v, (2) = sgn,, (z - A(k)) and note that Lemma 1 can be applied so

that
—/0T<8tw,sgnn(A() ) di = //(/ sen, (A(€) — A(k))d§>at¢dtdx.

Hence

// (/kw sgn, (A(§) — A(k)) dé) Oy dt dx

Qr
+ [[(v@) @ - 109) - V@) - ¥ [sgn,(Aw) — AG)e)
Qr
— sgn, (A(w) — A(k))divV (z) f(k)<;$) dt dz = 0. (3.6)
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Note that since A(r) > A(k) if and only if r > k (here we make use of the assumption
that k € “parabolic region”, i.e., A(k) ¢ H), sgn,(A(r) — A(k)) — 1 as n | 0 for any
r > k. Similarly for r < k. Consequently, as 77 L 0 [ sen, (A(€) — A(k)) d€ — |w — k|
a.e. in Qp. Moreover we have ’fk sgn, (A(§) — df’ < |w —c| € LL.(Qr) so that by
Lebesgue’s dominated convergence theorem

%{8//(/ sgn, ( A(k))dg)@tqbdtdx:Q/T/\w—kﬁtgbdtdx.

Next we have

lim / / (k) — VA@w)] - V[sen, (A(w) — AK))d] dt dz

nl0

_ lim / / (k) — VA(w)] - Vsgn, (A(w) — A(k))édt de

nl0

+lim// [V(z)(f(w) — f(k)) — VA(w)] -sgn, (A(w) — A(k))Vodtdx

nl0

—tim [ [ V(@)(7w) ~ £0)sg(Aw) — A®)TA@)S e d

nl0

-~

Iy

— hm//‘VA sgn (w) — A(k))p dt dz

+ léﬂ)l // Sgn?7 (w) — A(k)) [V(w)(f(w) — f(k)) — VA(w)] -Vodtdr.
Qr

I

Note that I; can be rewritten as I; = 1iﬁ)l [ V(2)divQ, (A(w))¢ dt dz, where
TEQr

0,(z) = [ sariy(r = AN (A7) = F(A™ (AGH)))

min(z,A(k)+n)
-/ (AT ) - AT A ) d

1 Jmin(z,A(k)—n)

Surely Q,(z) tends to zero as n | 0 for all z € Range(A). By invoking Lebesgue’s domi-
nated convergence theorem, we conclude after an integration by parts that

_ —hm//QT Q,(A (z) - Vo + Qy(A(w ))divV(x)¢> dt dz = 0.

nl0
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Using that sgn(w — k) = sgn(A(w) — A(k)) a.e. in Qr (since A(k) ¢ H) we have

I = hm // sgn, ( AR) [V (@)(f(w) — f(k) — VA(w)] - Vo dt d

// sgn(w — k) [V(2)(f(w) — f(K)) — VA@w)] - Vo dt da.

For the same reason we have that

hm // sgn,, ( A(k))divV (z) f(k)p dt dz = // sgn(w — k)divV (x) f(k)¢ dt dx.

Consequently, letting 7 | 0 in (3.6), we obtain (3.3). [

Remark 1. Observe that, if A(-) is increasing, then a weak solution is automatically an
entropy solution and hence it is unique.

The next lemma, which deals with approximate entropy inequalities for the viscous
solution w®, is a direct consequence of the definition of a weak solution of (1.2).

Lemma 3. Let E™P and EP* be defined in (3.2) and (3.4) respectively. Furthermore
define
Ryise i= 5/ |Vw5 . V¢| dt dx. (3.7)
Qr
The unique weak solution w® € L? (O,T; H! (Rd)) N L™ (O,T; BV(Rd)) of (1.2) satisfies:
(i) For all k € R and all nonnegative ¢ € C3°(Qr) we have
EMP(w, k, ¢) > —Ryise. (3.8)
We refer to (3.8) as an approximate hyperbolic entropy inequality.
(ii) For all k € R such that A(k) ¢ H and all nonnegative ¢ € C3°(Qr) we have
EP (0, k, &) > — Ruise. (3.9)
We refer to (3.9) as an approximate parabolic entropy inequality.

Proof. In what follows we always let &k and ¢ be as indicated by the lemma. The proof
of the inequality (3.8) follows the proof of (3.1) rather closely. Since w® is a weak solution
and [sgnn(wE — k)] belongs to L2(0,T; H' (R?)), we have

— /0T<8tw€, sgn, (w° — k)¢> dt

[ (V) — 509 - 94w - fsem K1
Qr

— divV () f (k) [sen, (w® — k)¢]) dt dz = 0.
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By the chain rule we obviously have

_/T<8tw sgn, (w° —k:)(b> dt

//Q </ sgn, (€ — k) d§>8t¢dtdx—>//|w Kot dx
so that
Q/T/\wa—klﬁtqbdtd:):

tlim [ [ (V@) - 109) = T4 @) -9 [sgny 0 = 0)g]

nl0

— sgn, (wF — k)divV (z) f(k;)qs) dt dz = 0. (3.10)

Firstly we have
hm//sgn w® — k)divV (z (;Sdtdx—//sgn w® — k)divV (x) f(k)¢p dt dx.

Next we have

17;?8 // (k)) — VA® (w®)] - V[sgnn(wE — k)¢| dt dx
= l'r;ﬁ]l // (k) — VA*(w®)] - Vsgn, (w® — k)¢ dt dz
+ 1;&1 // (2)(f(w®) = f(k)) = VA*(w®)] - sgn, (w® — k)Vo dt dx

~ lim / / V(@) (f(wF) — F(k))senl, (" — k)V A (wF) dt da

nl0

Iy

— lim // (A%) (w® ‘sz‘ngn' (w® — k)pdtdx

710
// sgn(w® — z)(f(w®) — f(k)) — VA (w®)] - Vo dt du.

Note that I; can be rewritten as I; = hfn [V (2)divQ, (w®)¢ dt dz, where
0Qr

Q,(2) == / sgn! (r — K) () — (k) dr

1 min(z,k+n)

:_/ (F(r) — f(K)) dr — 0 as 7 | 0.

1N Jmin(z,k—n)
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From Lebesgue’s dominated convergence theorem we conclude that

I = —lim //Q (QW(A(wE))V(m) Vo + Qn(A(wE))divV(a:)gb) dt dz = 0.

110

In conclusion we have

[ (1 = kion + snwr = [V @) (@) - £09) - T4 @) - 76
Qr
— sgn(w® — k)divV (z) f(k)¢) dt dz

= liﬁ)l //(AE)’(wE)‘VwE‘ngnn(ws —k)pdtdr >0 (3.11)
Qr

for any 0 < ¢ € C§°(Qr) and any k € R. From this we conclude easily that (3.8) holds.

It remains to prove the parabolic entropy inequality (3.9). Let 0 < ¢ € C3°(Qr) and
k € R be such that A(k) ¢ H. Starting off by choosing [sgn, (A(w®) — A(k))¢] as a test
function in the weak formulation and then continuing exactly as in the proof of (3.3), we
obtain

EP*¥(w, k,¢) = 17;?8 // eVus - Vsgn, (A(w®) — A(k))¢] dt du.
Qr

The right-hand side of this equality can be expanded into

lim //<€A/(w5)‘Vw€}28gn§](A(w5) — A(k))o
Qr

nl0
+ esgn, (A(w) — A(k) V' - wa) dt da

> lifrol //5sgnn(A(w6) — A(k))Vw® -Vodtder > —¢ //|Vw8 : V¢| dtdx.
n
Qr Qr
This concludes the proof of (3.9). [

4 Proof of Theorem 1

Following Carrillo [5] (see also [13]) in this section we use Lemma 2 and Lemma 3 to
prove Theorem 1. Let w® = w®(z,t) solve (1.1) and w = w(y,s) solve (1.2). Following
Kruzkov [15] and Kuznetsov [16] we now specify a nonnegative test function ¢ = ¢(t, x, s,y)
defined on Q7 x Q7. To this end let p € C§°(R) be a function satisfying

supp(p) C {oc e R:|o| < 1}, p(c) > 0Veo € R, / p(o)do = 1.
R

s s

For z € R4t € R and 7,79 > 0, let w,(z) = %p (ﬂ)%p (ﬂ) and pr,(t) = %p (%)
Pick any two points v,7 € (0,7, v < 7. For any ag > 0 define

G (1) = Hog (t — 1) — Hop(t — 7), f%m:/pm&m

—00
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With 0 < 79 < min(v,T — 7) and «ag € (O,min(y —ro, T —7— 7“0)) we set
62,119, 5) = Van (D (z — y)prot — 5). (4.1)

Note that supp(¢(z, -, y,s)) C (ro, T —10) for all z,y € R%, s € (0,T) and supp(¢(z,t,y,))
C (0,7) for all z,y € R4t € (0,T). Consequently (x,t) — é(z,t,y,s) belongs to C5°(Qr)
for each fixed (y,s) € Qr and (y,s) — ¢(x,t,y,s) belongs to C§°(Qr) for each fixed

(Iv t) € QT-
Observe that with the choice of ¢ as in (4.1) we have

8t¢ + 85¢ = [poto (t - V) — Pao (t - T)]WT(‘T - y)pT’o (t - S)’
Vi + Vyop =0. (4.2)

Before continuing we need to introduce the two “hyperbolic” sets
Ho={(e.t) € Qr: Aw (@) e B},  H={(s5) €Qr: Alu(y,s)) € H}

and note that

Ve A(w®) =0 ae in H* and V,A(w) =0 a.e. inH, (4.3)
sgn(w® — w) = sgn(A(w®) — A(w))
ae. in [(QT \ H) x QT} U [QT < (Qr \ HY)]. (4.4)

Using the approximate hyperbolic entropy inequality (3.8) for the viscous solution
w® = we(z,t) with k = w(y, s), we get for (y,s) € Qr

[ (1 = wioi6 + sen(w = w) V@) (70) = 1) - VoA @) - Voo
Qr

— sgn(w® — w)diV:CV(x)f(w)gb) dtdx ds dy > —Ryigc- (4.5)

Using the approximate parabolic entropy inequality (3.9) for the viscous solution w® =
we(x,t) with k = w(y, s), we get for (y,s) € Qr \ 'H

[ (1 = wioro + sen(w — ) V@) (70) - fw) - VaAw?)] - Vas
Qr
—sgn(w® — w)diVxV(x)f(w)qzb) dtdx

> lélﬁ)l //‘VxA(wS)‘ngn%(A(wa) — A(w))¢ dt dr — Ryise. (4.6)
Qr

Next we would like to integrate (4.5) and (4.6) over (y,s) € Qr and (y,s) € Qr \ 'H
respectively. To this end we need to know that the involved functions are (y,s) inte-
grable. Consider first (y,s) — [[sgn(v—u)VzA(w®)- Vy¢ dtdz. We denote this function

Qr
by D(y, s).
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To see that D(-,-) is integrable on Q1 we observe that for each fixed (y,s) € Qr
sgn(v — u)V,A(w®) = Vi |[A(w®) — A(w)| for a.e. (z,t) € Qr

and hence

D(y,s) = // [VI|A(wE) —A(w)ﬂ Vb dt da.
Qr

Since the function (x,t) — ¢(z,t,y,s) belongs to C5°(Qr) for each fixed (y,s) € Qr, an
integration by parts in x gives

D(y,s) = — //‘A(wg) — A(w)|Agg dt du.
Qr

Integration over (y, s) € Qr and estimation yield

‘//D(y, 5) dsdy' S////(!A(ws(fr,t))l+|A(w(y,s))y)Ax¢(x,y,t,s) dt dz ds dy.
Qr

QT xQr

By changing the variables (z := x —y, 7 = t — s) and taking into account that w®, w €
L' (Qr) we find that

‘//D(Q,S)dsdy' g/// |A(wE (2, 1)) [ag ()| A swr(2)] pro (T) dt daz dr dz
Qr

+ /// |A(w(x — z,t — 7)) |Vag (£)|Azwr (2)] pro () dt dxz dT dz
< A ) 1@ llAzwrll L gay + [AW) [ L1 [Azwr | L1 (Ra) < 00

Hence we have that D(-,-) is integrable on Q7.
In a similar vein one can also show the integrability of

o)~ [ [ 10 = wlogat
Qr

)~ [ [ senlw — )V @) (1w - fw) - Voot d,
Qr

(y,s) — // sgn(w® — w)div, V(z) f(w)e dt dx, and (y,5) — Ryisc.
Qr

It remains to consider the integrability of the function

Qr\H>(y,s)— lni?ol / / |V, A(wf)|*sgnl (A(w®) — A(w))¢ dt da.
Qr
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This follows from (4.6). We have by Lebesgue’s dominated convergence theorem and the
first part of (4.3)

// <1$frol/ VoA (w) | sgny(A(w) A(w))qbdtdx) ds dy

Qr\H

= lim //// |V A(wf) Psgnly (A(w®) — A(w))édt da ds dy.

(QT\H)xQr

= lim //// |V A(w sgn (A(w®) — A(w))¢ dt dx ds dy. (4.7)

nl0
(QT\H)x(Qr\H)

We now integrate (4.5) over (y,s) € Qr and (4.6) over (y,s) € Qr \ H. Addition of
the two resulting inequalities yields

/ / / / (1 — wlwd + sen(us — w) [V(@) (f () — f(w)) — VoA@wd)] - Vao

QrxQr
— sgn(w® — w)diva(x)f(w)gZ)) dtdx dsdy

//// w® — w0 +sgn(w® — w) [V(2)(f(w°) — f(w)) = Vo A(w)] - Vo

(QT\H)xQr
— sgn(w® — w)diVxV(x)f(wW) dtdzds dy

+ [[]] (10 = wlid + sentu - ) Vi) (7 w) - fw) - TaA@)] - Voo
HXQT
— sgn(w® — w)diva(x)f(w)qﬁ) dtdx dsdy

> lim //// ‘V A(w sgn (A(w®) — A(w))p dt dx ds dy — Ryise, (4.8)

nl0
(QT\H) X (QT\H?)

where Ryige := J[ Ryisc ds dy and we have used (4.7).
Qr
Similarly, using the hyperbolic, parabolic entropy inequalities (3.1), (3.3) for the exact
entropy solution w = w(y, s) with k = w®(x,t) and then integrating over (z,t) € Qr, we
get

JI[[ (0= w106+ sgntw - ) V@) (7w) - £)) - T,400)] - 9,0

QrXQr
—sgn(w — ws)divyV(y)f(we)gb) dtdx dsdy
> 17}%1 //// ‘V A(w sgn (A(w) — A(w®))¢ dt dx ds dy. (4.9)

(QT\H=)x(QT\H)
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Using (4.3) and (4.4) we find that

////Sgn W)V, A(w®) - Vy¢ dt dr ds dy

QrxQr
//// sgn(A(w®) — A(w)) Ve A(w®) - Vyd dt dx ds dy

Qrx(QT\H*)

= —17711&)1 //// sgn, ( — A(w))VzA(w®) - Vypdt de ds dy

Qrx(QT\H*)

= —lim //// VyA(w) - Vi A(w® )sguly (A(w®) — A(w)) dt da ds dy.

nl0
Qrx(QT\H*)

= ~lin / / / / V, A(w) - V. A(wsgut, (A(w®) — Aw))dt d ds dy. (4.10)
n
(QT\H)x(QT\H*)

Similarly, again using (4.3) and (4.4), we find that

_ //// sgn(w — w)VyA(w) - Voo dt dz ds dy

QrxQr

= ~lin / / / / Vo A(w) - ¥y A(w)sgnl, (A(w) — A(w))g dt d ds dy. (4.11)
n
(QT\H)x(Qr\H*)

The use of the second part of (4.2) when adding (4.8) and (4.10) yields

/// (‘wa — w[@t(b + Sgn(wE — w) [V(l‘)(f(ws) . f(w))] V.o
QrxQr
—sgn(w® —w dler(x)f(w)¢) dt dx ds dy

iy [ff] (el s )

(QT\H®)x(QT\H)
x sgny (A(w®) — A(w))¢ dt dz ds dy — Ryise. (4.12)

Similarly the addition of (4.9) and (4.11) yields

// / (Jeo = w1036 + sgn(w — w) [V () (f (w) = f(wF)] - Ty

QrxQr
—sgn(w — wE)divyV(y)f(wa)gzb) dtdxdsdy

ot ] (w5 50

(QT\H)x(Qr\H)
x sgny (A(w) — A(w®))¢ dt dx ds dy. (4.13)
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Following Karlsen and Risebro [13] we write
: )

sgn(w” —w)V(z)(f(w®) — f(w)) - Va¢ —sgn(w® — w)diveV(z) f(w)e
= sgn(w® —w)(V(2)f(w®) = V(y) f(w)) - Vuo
+sgn(w® — w)dive [(V(y) f(w) = V() f(w))¢],
sgn(w — w)V (y)(f(w) = f(w")) - y¢— Sgn(w w®)divy V (y) f(w®)e
= sgn(w® — w)(V(z)f(w®) — w)) - Vyo
— sgn(w*® — w)div, [(V(:c)f(w*f) - V(y)f(ws))qﬁ]-
When adding (4.12) and (4.13), we use the second part of (4.2) and the identities
sgn(—r) = —sgn(r) a.e. in R, sgiy, (—7) = sgn, (r) a.e. in R.

The final result takes the form

_/// |w® — w|(8 + D) dit da ds dy

QrxQr
< Rdiss + Evisc + Rconv < Rvisc + Rconw (414)

where the expression for 0;¢ + 0s¢ is written out in (4.2),

Rconv = //// Iconv dt dx dey,

QT xQr
Leony = sgn(w® — w) (divx [(V(y) F(w) = V(2) f(w))¢]

— div, [(V(2) () — V() F(w"))9)] ).

ety ] -

(QT\H)X(QT\H)
X sgnn(A(wE) — A(w)) ¢ dt dxds dy < 0.

and

Having in mind the first part of (4.2), we get by the triangle inequality

////]w x,t) $)(O¢p + 0sp) dt dzds dy < Ry 4y + Rz + Rut,
QrXQr

where

B //// [ (3, £) = w(@, )| [pag (£ = ¥) = paq (t = 7)]

QrXQr

X wy (T — y)pry (t — s) dt dz ds dy,

/// w(@,8) — (g, )l [paa (t — ¥) — pao(t — 7)]
QrXQr

X wy (T — y)pry(t — s) dt dz ds dy,
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Rus == [[[ [ 100:6) = 0(.5)] oo (¢ = ) = puyt = 7)]

QrXQr

X wp(T — Y)pry(t — s) dt dx ds dy.

Firstly a standard L! continuity argument gives lirﬁ) Ry = 0. Next
7o

lim Rwﬂ&_/ﬂ&d/ﬂ&d |w(z, 7) —w(y ,T)|—\w(az,u)—w(y,y)owr(az—y)d:ﬁdy

apl0

(z:=z—y)

Z / ho(y + 2,7) — wly, 7w (2) dy dz
R4 JRA

< Jolpwaovan [ [Hlor(2)dz < Cur

where C1 := |w| (o 1;5v(ray)- Finally we have

lim Rye o = |w®(x,7) — w(z, 7)|dr — / |w® (z,v) — w(z,v)| d.
Rd

apl0 R4

In summary from (4.14) we obtain the following approximation inequality

jw*(z, 7) — w(z, )| dx
Rd

< | |Jwi(z,v) - wz,v)|dz + Cir + hmw(ﬁvisc + anv). (4.15)

— Jrd 70,00

We start with the estimation of Ryise, which can be done as follows:

Ryise < 82////‘&5,10 | Vo (t)|Oz,wr (x — y) | pro (t — ) dt dz ds dy

= 1QTXQT

agl0 T

o
< EK/T‘Z/ / |6miw5‘ dt dz < eTK/[r|w|poo(o,r;8v(Ray) < C2Te/r, (4.16)
i=17v R

where K := [34]0'(0)| do and Cy := K|w®| (o 7.5y (R))-

Before we continue with the estimation of Reony We write Ieony = I+ I2 where

Lone = sgn(w® = w) | (V(y) f(w) = V(@) f(w)) - Vo
— (V@) () = V() f(w) - V0],
)

Ly = sgn(w® — w)(divyV(y) f(w®) — div,V (z) f(w)) ¢,
so that
RCOHV COI’IV + R(Q:onvv

Conv //// conv dtdx ds dy, Conv //// conv dtdx ds dy

QrxQr QrxQr
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We start by estimating R! .. To this end introduce

F(w®,w) := sgn(w® — w) [f(wf) — f(w)]

and observe that since V,¢ = —V ¢,

R = [ [[[ (V@) = V)P 0)) - Voot do dsdy.

QT xQT

The function F(-,-) is locally Lipschitz continuous in both variables and the common
Lipschitz constant equals Lip(f). Since w® € L>®(Qr) N L>(0,T; BV (R?)), V. F(w, w)
is a finite measure and

/ |00, F(w®, w)| dt d < Lip(f)/ |0, w® | dt dx, i=1,...,d

Qr

Integration by parts thus gives

Ry = = [ [ [ [ (iv2V @) P @0 0) 0 (04 (& =)ot ) t s dy

QTXQr
Reomy
//// -V F(w®, w) e, (t)wr(x — y)pr (t — s) dt dzds dy .
QTXQT
Rebny

For R};()znv we calculate as follows:

RIZ|< Lip()S [ Wi@) = Vi) 0n, 01— )it = 5) dt da sy

=QrxQr
aolO
Z/ [ [ Vi)~ Vit on| o~ ) ey
i Llp Z/ /]Rd Rd‘V y+2z) = Vi(y)| |0y, w" (y + 2, t)|wr(z) dz dy dt

< Lip(V)Lip(f);/: /Rd /Rd |2]|8y,ws (y + 2,t) |wr(2) dz dy dt

< TLip(V)Lip(7) oy | [#lor(z) d:
< rTLip(V)Lip(f)[w®|pee (0,10,8v (Re)) < C3T'T,

where Lip(V') := IrllaXdLlp(Vi) and C3 := Lip(V)Lip(f)|w®| e (0,7;Bv (re))- Note that we

have used the Lipschitz regularity of the velocity field V' (see (2.1)) to get the desired
result.
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Regarding the term R? we firstly rewrite it as

conv?

RZony / / / / div, V (z) F(w®, w)thag (t)wr (z — ) pro (t — s) dt dz ds dy

QrxQr
//// sgn(w® — w) (divyV (y) — divyV (@) f(w®)thay (O)wr (z — y)pry (t — s) dt dw ds dy .
QrxQr
We set

D(z) = divV (x),
and keep in mind that D € BV(Rd) by (2.1). Now we estimate R%2. as follows:

B2, | < 11/ ()| / / / / D() — D)o (B (& — 9)pro (¢ — 5) dit d s dy

QT xQT
apl0 T
RN Niian [ [ [P0 = D@~y dady i
=) Hf(ws)”Lw(QT)/ /Rd Rd!D(y)— (y + 2)|wy(2) dz dy dt

S T”f(wE)HLOO(QT)‘D‘Bv(Rd) \/Rd ’Z‘WT(Z) dZ S Cyzljj’f'7

where Cy := || f(w®) | Lo (0y) |D|BV(Rd)‘ Note that we have used the BV regularity of divl’

to get the desired result. Since R(lxﬁw = Rgo}m,, we have

Reony = Rionv + Rgonv < C5TT‘, Cs = maX(Cg, 04) (4.17)

Set Cs = max(C1, Cq,C5). Then from (4.15), (4.16) and (4.17) we get

(@ T) —wle, T do < /d [w (2, v) —w(x,v)| dz + Co <(1 + T+ %)

e — Cg ((1 +T)r + i) . (4.18)
T
By choosing r = vVT'c we immediately obtain

\we(x,7) — w(z, 7)|de < C7V/Te (4.19)

R4

for some constant C7 independent of €. To obtain (2.5), we simply integrate (4.19) over
€ (0,7).
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Added in process

After the main result of this paper was obtained, we became aware of a paper by Eymard,
Gallouet and Herbin [10] which also proves an error estimate for viscous approximate
solutions. They, however, deal with a certain boundary 1value problem with a divergence
free velocity field and obtain an error estimate of order 5. As is the case herein, the proof
in [10] does not rely on a continuous dependence estimate.
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