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Abstract:
In this paper, we discuss the solution of interval linear equa-

tions from the point of view of the vector components. Toler-
ance solutions, control solutions, algebraic solutions and local-
ized solutions are defined based on the relationship of two vec-
tors as a whole, this paper detailed considerate the relationship
of components between the two vectors. A new type of solutions,
tolerance-control solutions, to interval linear equations are pro-
posed, and the characteristics of the new solutions are described,
which is similar to the well-know Oettli-Prager inequality.
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1. Introduction

In recent years, a lot of uncertainty problems have been pro-
posed,interval often be used as a special method to deal with
these problems[2]. Owing to this,many scholars [3,6,8,10,11]
have made some results about the methods for the interval lin-
ear equations Ax = b, especially the solutions to Ax = b.
The united solutions were introduced from different viewpoint
[3,5], and M.Hladı́k [9], S.P.Shary [14], J.Rohn [16] give some
methods to bound the solution set. Some research has initially
applied to practical problems, such as bounding roundoff errors
in scientific computing.

As is know to all of us, tolerance solutions are defined based
on Ax ⊆ b, control solutions are defined based on Ax ⊇ b,
algebraic solutions based on Ax = b. These solutions focus
on the relationship of Ax and b, in this paper, the relationship
of (Ax)i and bi are considered. And this paper divided the
solution set of weak solution set. Through the division, we see
that tolerance solutions, control solutions and algebraic solu-
tions are weak solutions with special, neat form. This paper

introduced another solution of Ax = b, based on the relation-
ship of (Ax)i and bi. And the characterizations of the new
solution is given, which is similar to Oettli-Prager inequality.

2. Preliminaries

Throughout this paper, we follow the definitions and nota-
tions given in [20].
X,X ∈ R,X = [X,X] is called an interval number, where X
and X are referred to as its lower and upper bounds. Similarly,
if A,A ∈ Rm×n, andA ≤ A, A = [A,A] = {A|A ≤ A ≤ A}
is called an interval matrix, andA,A are referred to as its lower
and upper bounds. If A = (aij), A = (aij), then we have

A = {A = (aij)|aij ≤ aij ≤ aij , i = 1, · · · ,m, j = 1 · · · , n}.

The center and radius matrices are denoted by Ac and A∆

Ac =
1

2
(A+A), A∆ =

1

2
(A−A).

An interval vector b can be defined as an one-column interval
matrix. Similarly,

b = {b|b ≤ b ≤ b}, b, b ∈ Rm.

The center and radius vectors are defined as

bc =
1

2
(b+ b), b∆ =

1

2
(b− b).

Let
Ym = {y ∈ Rm||y| = e},

where e = (1, · · · , 1)T . For each x ∈ Rn,we define its
diagonal vector as

(sgnx)i =

{
1, xi ≥ 0;
−1, xi < 0.
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Figure 1.

For a given vector y ∈ Rm,we define

Ty = diag(y1, · · · , ym) =


y1 0 · · · 0
0 y2 · · · 0
...

...
. . .

...
0 0 · · · ym

 .

Then we can write |x| = Tzx, where z = sgnx.
For a given matrix A = [Ac−A∆, Ac +A∆] and y ∈ Ym, z ∈
Yn, we introduce the following matrices:

Ayz = Ac − TyA∆Tz.

Lemma 1 For two interval vectors a = (a1, · · · ,an)T ,b =
(b1, · · · ,bn)T , a ∩ b 6= φ is equivalent to a ≤ b, b ≤ a.
Proof. If a ∩ b 6= φ, then ∃c ∈ Rn,c ∈ a, c ∈ b, which means

a ≤ c ≤ a, b ≤ c ≤ b

We have
a ≤ c ≤ b, b ≤ c ≤ a

so
a ≤ b, b ≤ a

Conversely, if a ≤ b, b ≤ a, then ai ≤ bi, bi ≤ ai. We have the
following four cases:
(1)ai ≤ bi ≤ bi ≤ ai, (2)ai ≤ bi ≤ ai ≤ bi,
(3)bi ≤ ai ≤ bi ≤ ai, (4)bi ≤ ai ≤ ai ≤ bi.
Figures 1 is more clearer to explain the four inequality.
For case (1), (bc)i ∈ ai ∩bi; for case (2),

bi+ai

2 ∈ ai ∩bi; for

case (3),
ai+bi

2 ∈ ai∩bi; for case (4), (bc)i ∈ ai∩bi. No mat-

ter what case, one of the four numbers (bc)i,
bi+ai

2 ,
ai+bi

2 , (bc)i
belongs to ai ∩ bi, we denote it with ki(i = 1, · · · , n). so we

have ki ∈ ai∩bi, which implies k = (k1, · · · , kn)T ∈ a∩b. 2

For two interval vectors a ∩ b 6= φ, i.e. a ≤ b, b ≤ a. if
we consider the sequence relationship of their components, we
can get some results. Let

U = {1, 2, · · · , n}

Ω1 = {i|ai < bi},Ω2 = {i|ai = bi},Ω3 = {i|ai > bi}

Γ1 = {j|bj < aj},Γ2 = {j|bj = aj},Γ3 = {j|bj > aj}

We can see that for every subscript i, there are c13c
1
3 cases. So

if the weak solutions are divided by component, there are 9n

cases.
Lemma 2 If interval number a = [a, a], x ∈ R, then (ax)c =
acx.
Proof. (i) If x ≥ 0, we have ax ≤ ax, which gives ax =

[ax, ax], (ax)c =
ax+ax

2 =
(a+a)x

2 = acx. (ii) If x < 0, then
ax = [ax, ax], we have (ax)c =

ax+ax
2 =

(a+a)x
2 = acx. We

can conclude that (ax)c = acx.
Lemma 3 For interval vector a, x ∈ R, we have (ax)∆ =
a∆|x|.
Proof. When x ≥ 0, we have ax = [ax, ax], (ax)∆ =
ax−ax

2 = a∆|x|; When x < 0, we have (ax)∆ =
ax−ax

2 =
−a∆x = a∆|x|. So we conclude that (ax)∆ = a∆|x|.
Lemma 4 Interval matrix A, x ∈ Rn, then there holds
Ax = [Acx−A∆|x|, Acx+A∆|x|] = [Aezx,A−ezx], where
z = sgnx.
Proof. Firstly, we prove The first equation, Ax = (Ax)c −
(Ax)∆ = Acx−A∆|x|. Similarly, Ax = (Ax)c + (Ax)∆ =
Acx+A∆|x|.
Now we prove the second equation, for |x| = Tzx,we have
Acx − A∆|x| = Acx − A∆Tzx = (Ac − A∆Tz)x = Aezx.
Similarly, Acx+A∆|x| = Acx+A∆Tzx = (Ac +A∆Tz)x =
A−ezx.
we have (Ax)i = [(Ax)i, (Ax)i] = [(Acx)i −
(A∆|x|)i, (Acx)i + (A∆|x|)i] = [(Aezx)i, (A−ezx)i]

3. Division of the weak solution

x is a weak solution of interval linear equations Ax = b is
equivalent to Ax ∩ b 6= φ. The set of weak solution is∑

∃∃(A,b) = {x ∈ Rn|Ax ∩ b} 6= φ

If x is a weak solution of Ax = b, then according to lemma 1,
there holds Ax ≤ b, b ≤ Ax, that is Aezx ≤ b, b ≤ A−ezx.
For interval linear equations Ax = b, the set of weak solution
has the maximum range. If we consider based on components
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of vector, the set of weak solution can be divided into many
parts. Let
U = {1, · · · ,m},
Ω1 = {i|(Ax)i < bi}, Ω2 = {i|(Ax)i = bi},
Ω3 = {i|(Ax)i > bi}.
Γ1 = {j|bj < (Ax)j},Γ2 = {j|bj = (Ax)j},
Γ3 = {j|bj > (Ax)j}.
So we have:
(1)Ω1 ∪ Ω2 = U,Γ1 ∪ Γ2 = U ⇔ Ax ≤ b ≤ b ≤ Ax⇔ b ⊆
Ax, which implies x is a control solution.
(2)Ω2 ∪ Ω3 = U,Γ2 ∪ Γ3 = U ⇔ b ≤ Ax ≤ Ax ≤ b ⇔
Ax ⊆ b, which implies x is a tolerance solution.
(3)Ω2 = U,Γ2 = U ⇔ Ax = b ≤ b = Ax ⇔ Ax = b,
which implies x is an algebraic solution.
In addition, if Ax ≤ b,b ≤ Ax, we have
Ω1 ∪ Ω2 = U,Γ2 ∪ Γ3 = U ⇔ Ax ≤ b ≤ Ax ≤ b, which
implies x is a L-localized solution.
Ω2 ∪ Ω3 = U,Γ1 ∪ Γ2 = U ⇔ b ≤ Ax ≤ b ≤ Ax, which
implies x is a R-localized solution.
These are just some special form of weak solutions, there are
also a lot of weak solution which has not be discussed.
For example, x = (1, 3)T is an weak solution of(

[1,2] [4,6]
[-1,3] [2,5]

)
x =

(
[12,21]
[6,20]

)
We can see that(

[1,2] [4,6]
)
x = [13, 20] ⊆ [12, 21]

(
[-1,3] [2,5]

)
x = [5, 18] ∩ [6, 20] 6= φ.

x isn’t a tolerance solution, nor is it a control solution, it is just
a weak solution with Ω1 = {2},Ω2 = φ,Ω3 = {1},Γ1 =
φ,Γ2 = φ,Γ3 = {1, 2}.
For another example, x = (−1, 2)T is a weak solution of(

[-1,3] [2,5]
[1,2] [-2,1]

)
x =

(
[0,11]
[-4,0]

)
We can see that(

[-1,3] [2,5]
)
x = [1, 11] ⊆ [0, 11](

[1,2] [-2,1]
)
x = [−6, 1] ⊇ [−4, 0]

x is a weak solution with Ω1 = {2},Ω2 = φ,Ω3 = {1},
Γ1 = {2},Γ2 = {1},Γ3 = φ.
Based on the examples, we know that tolerance solutions, con-
trol solutions and algebraic solutions are weak solutions of spe-
cial type. Different combinations of Ω1,Ω2,Ω3 and Γ1,Γ2,Γ3

Figure 2.

make up difference types of weak solutions. Next, we introduce
another type of weak solution.

4. The definition of tolerance-control solution to in-
terval linear equations

For interval linear equations Ax = b, let T = {i|(Ax)i ⊆
bi}, C = {i|(Ax)i ⊇ bi}, U = {1, · · · ,m}.

A vector x ∈ Rn is called a tolerance-control solution of
interval linear equations if there holds T ∪ C = U . Especially,
if T = U , x is a tolerance solution; if C = U , x is a
control solution. We can see the differences between tolerance
solution, control solution, L-localized solution, R-localized
solution and the new solution, tolerance-control solution in the
two-dimensional case(see figure 2 and figure 3).

The introduction of tolerance-control solution make solu-
tions of interval linear equations more perfect, what’s more, it
has important significance and application value, take “black
box” (see Figure4) for example. x ∈ Rn is the input data,
the input-output relationship is y = Ax, where A ∈ Rm×n,
A = (aij). Suppose that we don’t know the precise data of
the element aij , but we know it is within a interval aij , i.e.
aij ∈ aij , which constitutes an interval matrix A = (aij).

In this case, the “black box” has been transformed into inter-
val linear equations. Sergey P.Shary use this model to introduce
the tolerance solution and the control solution. For the required
tolerance b and any values of the parameters aij ∈ aij . if the
input signals x satisfies Ax ⊆ b, x is called a tolerance solu-
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Figure 3.

tion. If the input signal x satisfies Ax ⊇ b, x is called a control
solution. But for a input signal x, if some components satisfy
(Ax)i ⊆ bi, the rest components satisfy (Ax)i ⊇ bi, we call
this x is a tolerance-control solution.

5. The characterizations of tolerance-control solu-
tion of interval linear equations

Theorem 1 A vector x ∈ Rn is called a tolerance-control
solution of interval linear equations Ax = b if and only if
there holds

|(Acx)i − (bc)i| ≤ −(A∆|x|)i + (b∆)i, i ∈ T

|(Acx)i − (bc)i| ≤ (A∆|x|)i − (b∆)i, i ∈ C

where T ∪ C = U.
Proof. If x is a tolerance-control solution, there holds ∃i ∈ T,
satisfies (Ax)i ⊆ bi.∃i ∈ C satisfies (Ax)i ⊇ bi. We have

(Ax)i = [(Acx)i − (A∆|x|)i, (Acx)i + (A∆|x|)i].

(Ax)i ⊆ bi (i ∈ T ) implies

bi ≤ (Ax)i ≤ (Ax)i ≤ bi(i ∈ T ),

i.e.

(bc)i−(b∆)i ≤ (Acx)i−(A∆|x|)i ≤ (Acx)i+(A∆|x|)i ≤ (bc)i+(b∆)i

Figure 4.

where(i ∈ T ). which implies

|(Acx)i − (bc)i| ≤ −(A∆|x|)i + (b∆)i, (i ∈ T ).

Similarly, (Ax)i ⊇ bi, (i ∈ C) can deduced

|(Acx)i − (bc)i| ≤ (A∆|x|)i − (b∆)i, (i ∈ C).

we also have
T ∪ C = U

Conversely, if there holds

|(Acx)i − (bc)i| ≤ −(A∆|x|)i + (b∆)i, (i ∈ T )

then it can deduced that (Ax)i ⊆ bi, (i ∈ T ).
Similarly,

|(Acx)i − (bc)i| ≤ (A∆|x|)i − (b∆)i, (i ∈ C)

can deduced that (Ax)i ⊇ bi, (i ∈ C). In addition,

T ∪ C = U,

which gives that x is a tolerance-control solution.2
Theorem 2 A vector x ∈ Rn is called a tolerance-control

solution of interval linear equations Ax = b if and only if
there holds

−(Aezx)i ≤ −bi, i ∈ T
(A−ezx)i ≤ bi, i ∈ T
(Aezx)i ≤ bi, i ∈ C

−(A−ezx)i ≤ −bi, i ∈ C
where T ∪ C = U.
Proof. According to lemma 6, there holdsAx = Aezx,Ax =
A−ezx, then we have

(Ax)i = (Aezx)i, (Ax)i = (A−ezx)i, (i ∈ T )

So (Ax)i ⊆ bi, (i ∈ T ) is equivalent to

−(Aezx)i ≤ −bi, (A−ezx)i ≤ bi, (i ∈ T )

(Ax)i ⊇ bi, (i ∈ C) is equivalent to

(Aezx)i ≤ bi,−(A−ezx)i ≤ −bi, (i ∈ C).

21



6. Conclusions

In this paper, we have divided weak solutions of interval lin-
ear equations based on vector components, we know that tol-
erance solutions, control solutions and algebraic solutions are
weak solutions with special form. In addition, there are many
other types of weak solutions we haven’t discussed. Another
important solution, the tolerance-control solution is introduced,
the paper described the characterizations of the new solutions.
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