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Abstract - We studied the Diophantine equation x? +4" = y°.

By using the elementary method and algebaic number theroy, we
obtain the following concusions: (i) Let X be an odd number, one
necessary condition which the equation has integer solutions is that
28" —% contains some square factors. (ii) Let X be an even

number, when n=9k(k>1) all integer solutions for the equation
are(x, y) = (0,4k), when p, =9k +4(k >0), all integer solutions are
(x, y):(i29k+4'22k+1), when n=1,2,3,5, 6,7,8(mod 9) the equation

has no integer solution.
Index Terms - Higher Diophantine equation, integer solutions,
integer ring, algebraic number theroy

| . Introduction

Let Z, N be the sets of integers and positive integers
respectively. In this paper, we deal with the solutions(x, y)of

diophantine equation
A +B=y"(x,y,meN,m=1(mod2),m>1) (1)

where A, B €N and A is nonsquare. Some special cases of (1)

have been settled. When A=1,B=1 lebsgue [1] has proved that
(1) has no integer solution, when A=2 B =1 m=5, Nagell

[2] has proved that (1) has only integer
solutions(x, y)=(%113)- When A=1B=4% m=7, and k=1,

2, 3, 4 (see [3]-[6]) it has been proved that (1) has no integer
solution.
Here, we study the solution of x? +4™ =y, and give the

following conclusions:

Theorem When A=1,B=4",m=9, the conclusions will be
established:

(i) Let X be an odd number, one necessary condition which
the equation (1) has integer solutions is that 2°" —%

contains some square factors.
(ii) Let X be an even number, when n = 9k(k 21), all integer
(x,y)=(0,4)
when n=9%+4(k>=0) , all integer solutions are
(x,y)=(+2°4,2%"), when n=1,2,35,6,7,8(mod9),

the equation has no integer solution.

solutions for the equation are

I1. Preliminaries

Lemma 1[7] Let M is a unique factorization domain, k is a
positive integer, kK >2 , and o, BeM, (a,B)=1, SO

ifaff =77 M, then a=gu,p=ev* u,veM, and
g, =&, where &, £, , £are units in M.

Lemma 2 For the diophantine equation x* +1=2"y®, there
are following conclusions:

(i) If k=0 ,the equation only has integer soution
(xy)=(0.1),

(i) If k=1 the equation only has integer soutions
(xy)=(+11),

(iii) If k=2,3,4,56,7,8 ,all equations have no integer
solutions.

proof: (i) (ii) By lemma 1, it is easy to prove, (iii)
Obviously, X is an odd number, then Xzzl(m0d4), and

x2+152(mod4). Butif k =2,3,4,5,6, 7,8 then
X +1=2"y*=0(mod4), ~ This is
x* +1=2"y*(k=2,3,4,5,6,7,8)
has no integer solutions.

a contradiction. So

1. Proof of Theorem

(i) First, suppose x =1(mod2), inz[i], x*+4" =y°can
be decomposed into as follows (x+2"i)(x—2”i):y9,x,yez-
Let§:(x+2"i,x_2”i), be aware of 5|(2x,2”+1i):2,5 can
only be 1,1+1i,2. But x=1(mod2), so x+2"=1(mod2),
then §#2. If §=1+i, then 2=N(L+i)|N(x+2i)=x"+2" .
However le(mod 2), So the integer X does not exist. As a
result, & =1.Thus by lemma 1,  x+2'i=(a+hi)’,xabeZ
x=a’ —36a’b’ +126a°h* —84a’h® +9ab®
2" =b(9a’ -84a"b’ +126a‘b* —36a’h° +b°).
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So b=+1+2'(1<t<n-1),+2".

When b=+1, 9a’-84a°+126a‘-36a’+1=12", that
is 9a® —84a° +126a" —36a° =+2" -1, so a is odd, Thus
x=a’—36a’ +126a° —84a’+9a is even, this contradict
with x =1(mod 2),

Whenb=12'(1<t<n-1),
9a® -84a°h’ +126a’h* —36a’b° +b* =+2"", so a is even. Thus
x=a’-36a’h’ +126a°h* ~84a*h® +9ab® is
contradict with X = 1( mod 2) ,

even, this

When b =2", 9a° -84a°h* +126a’b* —36a%0° +b° =1,
that is 9a®—84a’v®+126a’h* —36a’h® =1-2°" , so
a’(3a° —28a'b? + 42a%h* ~12b° ) =1—2‘% , thus, only when
2% —% contains some square factors, the equation may have
integer solutions,

Whenb =—-2",9a® -84a°h? +126a’b" —36a%° +b° = -1,
that is 9a°-84a’b’ +126a'h* -36a’h’ =-1-2"", so
2" +1=0(mod3) , however, 2" +1=2(mod3), this is a
contradiction.

So, when XEl(mOd 2), one necessary condition

which the equation has integer solutions is that 2°" —%

contains some square factors.

(ii) Second, suppose X = O(mod 2), thus y =0(mod2).
Now make X =2X,,Yy = 2Y,, then the equation can be turned
into x?+4""=2"y,° , obviously x =0(mod2) , then
make X, =2X, , it can be x7+4"2=2%y° , also
make X, = 2X, again, it can be x>+4"°=2%y°, also
make X, =2X, again, it can be x,”+4"*=2y°, now
make x, =2x,,Y, =2y, , it can be x’+4"°=2%y°, then
make x,=2x, , it can be x>+4"°=2%y° , also
make x, = 2x, again, it can be x,? +4"7 =2*y.?, also make
X, =2X, again, it can be x?4+4"%=2%y° (finally,

make X, =2%, it can be x +4"°=y,°

where X1;X21X31X41x51x6!x7! yl’ y2 EZ'

According to such substituted method, it can be

concluded:

When n El(mod 9), the original equation is equivalent

to solving x* +4 = y°, and according to the above-mentioned
regularity, it is finally equivalent to solving x? +1=2"y?,

When n=2(mod9), it is equivalent to solving x* +4° = y°,
and according to the same regularity, it is finally equivalent to
solving x? +1=2°y°,

When n 53(m0d9) , it is equivalent to solving
x?+4°=y°, and according to the same regularity, it is
finally equivalent to solving x* +1=2%y°,

When n z4(mod9) , it is equivalent to solving
x?+4* =y°, and according to the same regularity, it is finally
equivalent to solving x* +1=2y°,

When n =5(mod9) . it is equivalent to solving
x2 +4° = y°, and according to the same regularity, it is finally
equivalent to solving x? +1=2%y’,

When =6(mod9) it is
x2 +4° = y®°, and according to the same regularity, it is finally
equivalent to solving x2 +1=2°y?,

When n=7(mod9) it is
x? +47 = y®, and according to the same regularity, it is finally

equivalent to solving

equivalent to solving
equivalent to solving x? +1=2%y°,

When n Eg(mod 9) , the original equation is equivalent to
solving x* +4° = y°, and according to the same regularity, it
is finally equivalent to solving x* +1=22y°,

When n =0(mod9) . it is equivalent to solving
x? +4° = y°, and according to the same regularity, it is finally
equivalent to solving x* +1=y°.

Therefore, by lemma 2,

when n=1,2,3,5,6,7,8(mod9) , the equation has no
integer solutions,

when n50,4(mod9), the equation has integer solutions,
and when n=0(mod9) that is n=9k(k>1), solutions of the
equation will must be (x, y):(0,4"), when n=4(mod9) that
is n:9k+4(k 20) , solutions of the equation will must
be(x, y) _ (i29k+4, 22k+1) )

IV. Conclusions

When x is an even number, all integer solutions of the
mentioned equation are given, but when x is an odd number,
the equation has not yet been thoroughly solved. And, in this
paper, we only give one necessary condition which the



equation has integer solutions. However, the methods using in
this paper has important reference significances.
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