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Abstract - Independent spanning trees (ISTs for short) in
networks have applications such as reliable communication
protocols, the multi-node broadcasting, one-to-all broadcasting,
reliable broadcasting, and secure message distribution. However, it is
an open problem whether there are n ISTs rooted at any node in any
N — connected network with N >5. In this paper, we consider the
construction of ISTs in a family of hypercube variants, called
conditional BC networks. A recursive algorithm based on two
common rules is proposed to construct n ISTs rooted at any node in

any n -dimensional conditional BC network X . We also show that
our constructive method is adaptive to not only the existing
hypercube variants, but also some other ones.

Index Terms - Conditional BC network, independent spanning
trees, node-disjoint paths, recursive algorithm.

| . Introduction

Interconnection networks play an important part in the
parallel computing systems and an interconnection network
can be denoted by a graph G with the node set V (G) and the
edge set E(G) [1-5]. A path Q from u to v is also denoted
as <u,v >-path. We use V(Q) and E(Q) to denote the node
set and the edge set in Q, respectively. Two spanning trees T,
and T, rooted at a node u in G are independent if for each
node veV(G)\{u}, the <u,v>-path P in T, and the
<u,v> -path Q in T, , then V(P)NV(Q)={u,v} and
E(P)NE(@Q)=¢ . A set of spanning trees in G are
independent if they are pairwisely independent. We use ISTs
to denote independent spanning trees.

Recently, the problems to construct multiple ISTs in given
graphs have received a lot of attention. Researchers have
proved that ISTs has many applications such as reliable
communication protocols [1], the multi-node broadcasting [5],
one-to-all broadcasting [6], reliable broadcasting, and secure
message distribution [7]. Nevertheless, there exists a key
problem on ISTs in networks:

If a network is n-connected for n>1, whether are there
n ISTs rooted at any node in this network [8]?

It was proved to be true [8-10] for n <4, while it remains
open forn>5. Thus, researchers studied the existence of ISTs
in special networks. This problem has been solved for some

restricted classes of networks, such as product networks [11],
hypercubes [12], [13], and some hypercube variants such as
locally twisted cubes [14], crossed cubes [15], [16], M&hius
cubes [17], [18], HCH cubes [19], twisted cubes [20].
However, there has so far been no work reported on a
general method to construct ISTs in hypercube variants. In this
paper, we study the construction of n ISTs rooted at any node
in BC networks with a condition, called conditional BC
networks. Our major contributions in this paper are as follows:
1. We give the definition of n -dimensional condition BC
network X and discussed the domain of X .

2. We develop an algorithm to construct n ISTs T, T,, ...,
and T, rooted at any node u in X for n>2.

3. We prove that our algorithm adapts to not only the existing
hypercube variants such as Q_, LTQ,, TQ,, CQ,, MQ, .

HCH,, , but also some other ones such as HMH , .

Il . Preliminaries
A. Graph Terminologies

Given a simple graph G and a nonempty subset
V' cV(G), we use G|V to denote the subgraph of G
induced by V' . The address of each node in graph G is
represented by a unique binary string. Nodes and their
addresses in G will be used alternatively in this paper. A
binary string s with length n will be written as s_;s ,...S,,
where s, is the most significant bit and s, is the least
significant bit.

B. Definitions and Basic Lemmas

Now we adopt the definition of bijective connection (BC
for short) networks with addresses in their nodes from [21].
Definition 1. The 1-dimensional BC network X, is a

complete network with two nodes 0 and 1. The family of the 1-
dimensional BC network is defined as L, ={X,}. A network

G is an n-dimensional BC network, denoted by X , if there
exist vV, —V(G) such that the following conditions hold:

(1) v,=ov," and v, =1v,", where v, '=v, '={0,3"*
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(@) V(G)=V,UV,, V, #¢,V, #¢,and V,NV, =¢, and
(3) There exists a bijective connection between V, and V,,
GlVole L, and GVi]eL,,-

The family of the n-dimensional BC networks is defined
as L, ={G|G is an n -dimensional BC network } . Fig.1

shows two types of 3-dimensional BC network X, .

010 011 010 011

111 101

110 110

100 100

101 111

000 001 000 001

Fig. 1 (a) and (b) are two types of X3.

If u=u,_,u_,..U, and V=u_,U ..Uy UV, Vy ..V, IN
a BC network X are two adjacent nodes, then we say that v
is the d -neighbor of u. For this purpose, let N(u,d) denote
the d -neighbor of u in X_  for any integer d with
0<d<n-1. Furthermore, if WcV(X,), NW,d)=
{ueV (X, | There exists veW , such that u=N(w,d)}.
That is, N(w,d) is a set of the d -neighbors of all the nodes
in the set W . We define parent(v,T) as the parent of node v

in a tree T . In order to facilitate this discussion, we can also
use decimal number to denote the nodes in X .

We also adopt the definition of dimension-backbone tree
from [18] to construct isomorphic trees.

Definition 2. Suppose that T is a spanning tree rooted at node
uin X, . Copy T to T'. For each node y eV (T)\{u}, if

parent(y,T)=N(y,m), we replace y in T'with m. Then,
the tree T ' is called the dimension-backbone tree of T .

We give the definitions of ENS and ENSP as follows.
Definition 3. For any integer n>2, suppose that T, is a

Una

spanning tree in XM

rooted at node u and graph T, is a

spanning tree rooted at node N(u,n-1) in XE If there

exists a nonempty set W <V (T,) \{u} such that

(1) if veW, then ancestor (v,T,)\{u} =W , and

2) T,EN@un-DIUNW,n-1)] is a tree rooted at
N(u,n-1),

then we call W an extendable node set with the abbreviation

ENS with respect to the spanning tree T,.

Definition 4. For any integer N> 2, let Tarr Tazr oo Tana
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be n—1 ISTs rooted at node uin X+ and T,,, Ty, ...\

T, , be n—1 ISTs rooted at N(u,n—1) in X" . If the
following conditions hold:

B,n-1

(1) W, W,, ..., and W, are ENSes with respect to T, ,
Tazr - Tana respectively,

(2) For any two integers i,j with 1<i<j<n-1,
W, MW, = ¢, and

®)

then we call {{u},W,,W,,...,W,,} an extendable node set
partition of \/ (X ;') with the abbreviation ENSP.

Uw Uty =v ).

I1l. Algorithms to construct ISTs in conditional BC

networks

In this section, firstly, we give the definition of
conditional BC networks by providing two common rules.
Then, we design an alogorithm to construct independent
spanning trees in the conditional BC netwoks.

For any n>2, given a spanning tree T, rooted at u in

X+, we will provide a rule to construct a graph T, ', which is
actually called by Rule 2.

Rule 1. Suppose that T, is a spanning tree rooted at node u in
Xt T, ' is constructed by the following steps.

Step 1:Let N(u,n—1) be the rootof T, '.

Step 2: Construct T, ' such that T, ' has the same dimension-
backbone tree with T, .

Based on Rule 1, we will give Rule 2 to transform the
problem of constructing I1STs in X, into the problems of
constructing ISTs in X "+ and XE To note that Rule 2 is a
sub-procedure called by Algorithm XIST.

Rule 2. Suppose that T , Tan, are n=11STs

AL’ TA,Z’
and T, in X

rooted at node u in X o
using Rule 1 based on Tai for i =1 to n—1. If the following

. are obtained by

conditions hold:
(1) TB,l’ TB,Z’

in Xt

, Ty, are n—11STs rooted at N(u,n-1)

(2) There exists an ENSP {{u},W,,W,,....W, .} onV (X "),
Then, n ISTs T, T,,

following steps.
Step1l: for i=1to n-1do

V(r.) :V(TA,i)UV(TB,i)'
E(Tu) = E(TA,i)U E(TB,i) :

..., T, can be constructed by the



E(T) =E,) VE[e;[N(W,n-1)])-
E(T) = EM)U{(w, N(w,n-1))|weW}

end for
step2: 7, = UT, INW, Uful,n-1)].

V(Tn) =V(TB,n)U N(\/(TB,n)’ n_l)'
EM)=E ) U{(v,N(v.n-1)[veV(T;,)}-

Lemma 1. Let T , Tynq D& N=1ISTs rooted at

Al’ -r/\,z ot
node u in X~ and Te, in XE be obtained by using Rule
1 based on T, fori=1ton-1. IfT,,, T, ..., Ty, are
n-1 ISTs N(u,n-1) X o

{{u}W,W,,...W, ,} is an ENSP in V(XE , then T,
T,,..., T, constructed by Rule 2 are n ISTs.

rooted at in and

Definition 5. For any BC nework X _, if n independent

n L
spanning trees in X can be constructed in recursive fashion
by Rule 2, then we call X an n-dimensional conditional BC

network.

Now we provide a recursive algorithm to construct n
ISTs in conditional BC networks.
Algorithm XIST (k,u, ,u, ,...u,)
Input: An integer k with k<nand u=u_,u, ,..u, inan-
dimensional conditional BC network X, where n>2.
Output: k trees T, T,, ..., T, rooted at node u in X .
Begin

Step 1: if k =1returnatree T, rooted at node u with

V(1) ={u,N(u,0)} and E(T,) ={(u,N(u,0))}-
else XIST (k—1,u, U, ,...Uy).
Step2: T,, =T, fori=1to k-1.

Construct T,; by Rule 1 based on T,; for i=1to n-1.
Step 3: Construct T,, T,,

Rule 2.
end

By Lemma 1 and Algorithm XIST, we can verify the
following theorem hold.
Theorem 1. Algorithm XIST constructs n independent
spanning trees rooted at any node u in n -dimensional BC
network X = with n>2.

..., T, rooted at node u in X by

1V . Domain of Conditional BC networks

In [15], we present a recursive algorithm to construct
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ISTs in crossed cubes, which is based on the transformation of
the addresses between two adjacent nodes. Since any node u
and its (n—1)-neighbor N(u,n—1) are similar nodes (that is,
there is an automorphism that maps N(u,n—1) to u), we can

easily verify that we can also use Algorithm XIST to construct
ISTs rooted at u in the n-dimensional crossed cube CQ, . By

[19] and [20], we can verify that Algorithm XIST can solve
the IST problems in the n -dimensional HCH cube HCH , and

the n -dimensional twisted cube TQ, , respectively. Similarly,

we can verify Algorithm XIST can be applied to the n -
dimensional hypercube Q. and the n -dimensional locally

twisted cube LTQ, . Thus, we have the following lemma.

Lemma 2. Let T' ={X, | X, is an n-dimensional conditional
BC network} for n>1. Then,

r,o{Q,.LTQ,,TQ,.CQ,,MQ,,HCH }.

In the following, we will show that our constructive
method is adaptive to not only the existing hypercube variants
such as LTQ,, TQ,, CQ,, MQ,, HCH,, but also some

other ones. For this purpose, based on the definitions of
hypercubes [12] and M&bius cubes [17], we propose HMH
cubes as follows.

Definition 6. The N -dimensional HMH cube HMH, is Q,
for any integer N with 1<n<3. For n>4, HMH_ is
constructed by Q, , and 0—M,_; as follows.

(1) Let QL denote the graph obtained by prefixing the value

of each node of one copy of Q, , with 1 and Mr?fl

denote the graph obtained by prefixing the value of each
node of the other copy of 0—M_ , with 1.
(2) For two nodes X=1X ,X ...X, €V(Q.,) ,
Y=0Y, Y0 sYo EV(Mr?—l) , (x,y) e E(HMH,) if

and only if X, 5X, 3---Xo = Y5 2Yn 3---Yo-

In what follows, we use Algorithm XIST to construct
ISTs in the network HMH, . Fig. 2 shows HMH, .

1010 1011 0010 011

1111 |
0110

1110

1100 0100

1101 0101

1000 1001 0000 0001

Fig.2 HMH,



If root u is in Q' ,, for i=1 to n-1, we let

W, =, U, ..U X_ % .. % €V (QL,)} . Otherwise, we let
W, ={0u__U_,..UX % ,.% €V(MC )} . It is easy to
a1» Tap» and T, rooted at 1 in M, . By

Algorithm XIST, we can obtain T,

construct ISTs T

810 Voo and Tes rooted at

node 9 in Q. Fig. 3(a) shows how to construct four ISTs T,,
T,, T;, and T, rooted at node 1 or 9 in HMH, based on
three ISTS T,,, T

Al’
ISTs Tg,, Ty, and Ty, rooted at node 9 in Q;, and an
ENSP {{0},{2,3}.{4,5,6,7},{1}} on M. Fig. 3(b) illustrates

the forward direction example which shows the four ISTs
rooted at 1. Similarly, the four ISTs rooted at 9 with the
backword direction are shown in Fig. 3(c).

A2 and Tas rooted at node 1 in Mf, three

=
B Gl e
e ofo!
B mod M6 ums 86 o
o &

(a)
Forward

efclujalaf-folo=Tafo eyl
BE O HEE @

(b)
Backword

Fig. 3 Construction procedures of ISTs in HMH, -

Based Definition 5 and the above discussion, we have the
following lemma.

Lemma 3. HMH, eI, .

Based on Lemma 2, Lemma 3, and the above discussion,
we have the following theorem.

Theorem 2. T o{HMH,,Q,,LTQ,,TQ,,CQ,,MQ,, ,HCH}-
V . Conclusions

In this paper, we have proposed a more general apporoch
to construct n ISTs in a family of of hypercube variants——
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conditional BC networks, which not only include the existing
hypercube variants such as Q,, LTQ,, TQ,. CQ,, MQ, .

HCH _, but also include some other ones such as HMH .
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