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Abstract - The problem of robust mean-square exponential
stability for a class of stochastic interval cellular neural networks
with time-delays is investigated. Firstly, a kind of equivalent
description of this stochastic interval delayed cellular neural
networks is presented. Then by using the I1t6 formula, Razumikhin
theorems, Lyapunov function and norm inequalities, several simple
sufficient conditions are obtained which guarantee the robust mean-
square exponential stability of the stochastic interval cellular neural
networks. and some recent results reported in the literatures are
generalized.

Index Terms - Robust Mean Square, Neural Networks, Time-
delays.

| . Introduction

In recent years, neural networks have been extensively
investigated, and successfully applied in many areas such as
combinatorial  optimization, signal processing, pattern
recognition and many other fields. However, all successful
applications are greatly dependent on the dynamic behaviors
of neural networks. As is well-known now, stability is one of
the main properties of neural networks, which is a crucial
feature in the design of neural networks. On the other hand,
axonal signal transmission delays often occur in various neural
networks, and may cause undesirable dynamic network
behaviors such as oscillation and instability. Up to now, the
stability analysis problem of neural networks with time-delay
has been attracted a large amount of research interest and
many sufficient conditions have been proposed to guarantee
the asymptotic or exponential stability for the neural networks
with various type of time delays such as constant, time-
varying, or distributed. see for example [2], [4], [12-20] and
[24], and the references therein.

Though the theoretical research on neural network has
made great progress since it was born, but in many networks,
such as in electronic neural networks, time delay can not be
avoided. In fact, the stochastic perturbations can not be
avoided either & 7101112211 O the other hand, the system is
unavoidable uncertainty, which is due to the existence of
modeling errors, can also destroy the stability of the neural
networks. So it is very important to discuss the stability and
robustness of cellular network against such error and
fluctuation®®2 To overcome this difficulty, we will discuss
the stability problem for a kind of stochastic interval cellular
neural networks with time-delays (SICNND), and derive
several exponential stability criteria for the cellular neural
networks(SICNND).

This paper is organized as follows. In section 2, model
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description of the stochastic interval cellular neural networks
with time-delays (SICNND), nomenclatures and lemma are
given. In section 3, a kind of equivalent description of this
stochastic interval delayed cellular neural networks and the
idea for mean-square exponential stability are presented, and a
set of some sufficient conditions is derived for the exponential
stability of the stochastic interval cellular neural networks
system. Finally, the conclusion is provided in section 4.

I1. Problem Formulation and Preliminaries

Consider an SICNND state equation as follows:
a(0) =[-t)+ 4 00O + Bo(t—r )+ fEx@O.t—n))dd) (1)
where X0 = %0 %O €R" js the state vector, and
D =diag(d; ), €R™",0<d;,i=12,--n,
(2)
3)

are nxn interval matrices. Where Pii (i) and %i ( fi) are

R=()na , F=(fy)n

A ={A| A= (@) nxns Pij <& <00, j=12,--n}

B) ={BIB=(bjj)nn, Fij by < f

i ij,i1j:1,2|"’n}

exactly known, so that P=(Pidna, Q=(i)nn,
are constant matrices. % €(R.[0.7D).i=12.2>0 zre time lags.
a(x) =(0,(x).30%). ()" satisfies () =3 (% +1-|x ~1ha<i<n

f(t,x(t), x(t—7,))dw@) denote  random-perturbation.  Where
w(t) = (w, (1), w, (0., ) (M<n) js an m-dimensional Brownian motion
which defined on a complete probability space ©F.R.P)with a
natural filtration {Fleo (&= =o{W(s):0<s<t}), gpd o0) js
non-linear activity function, f:R xR"xR">R™ js an |ocal

Lipschitz continuous which satisfy linear growth condition[3].
that is, for any t >0, there exists constants c¢;(d;) [0, ) such

that

v VX #Y;
X=X|+|y-9)

{O-i(xi)_o-i(y|)<(l/\ci)xi _Yi (4)

[Tt y) - F R, 7)|<@nd)

where (x|v|X|v|y|v|¥]) <1l. And assume system (1) satisfy the
initial condition X(®)=¢(s)-r<s<0.¢eL (-2.0LR") | where

L, (-=.0LR") is a stochastic process ¢() with R" value
(—r<s<0), and €6 is R~ measurable, | El&e)Nds<» . We

know that the system (1) has a unique solution by the paper
[3], and it is denoted by X(t.€) =X(®) jt is also square integrable.
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In order to discuss the stability of system (1), assume, in
the whole paper, vt e R : f(t,0,0) =0, and there exists a ,a, >0,

such that v(t, x,y) e R, xR" xR", We have trace

()

Particularly, 7, x(t). x(t—7) f (t.x(), x(t -7,)) <& [x@) +3,[x(t-7)[ ON
the other hand ,we can rewrite the interval matrices A~ and
Biin the following equivalent form:

1% ) f(txy) <a X’ +a, |y

A=A +aA (6)

BI = Bo + AB (7)
where

A=2(P+Q) ®)

B, = % (R+F) 9)

AA = Zgu ij? - pij )uij y uij = eie]T (10)

AB = Zg‘k E‘k E = tk tk)utkvutk =€ ek (11)

the uncertaln parameters\gu\gl,ei and ®iare unit vectors with
only the ith and jth elements, being unity, respectively. Uiis a
matrix with all entries being zero except its (i, j) entry, which

is unity. Also, we denote that (the case of ¢ =1, i,j=1,2,...n):
E= Z E; =1(Q-P) (12)
i,j=1
n
= Y Ey =1 (F-R) (13)
t,k=1

And it are called as maximum perturbation matrix of A,
and B, respectively. Obviously, the E>o(E’'>0). Using the
matrices A(B)and g, the interval matrix A andg, can be
represented by

A =[P.Ql=[A ~E A +E]=A +2A|A<E

B, =[R,F1=[B,—E',B, + E']=B, +AB,|AB| <E'

(14)
(15)

Where AA and AB are called as the bias matrices
between A,, Ajand B,, By, respectively. Also, we define

Mlz(mij)nxn:Q_AO'le(nij)nxn:F_BO (16)
Obviously, the M, >0(N, >0),and we have
AN <|M,|=M; <E , |AB <|N| =N, <E’' (17)

The following notations and engagements are used
throughout this paper:

Given a square complex matrix A=(a;)eC™
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[Al=(&;j Do denotes the modulus matrix of A , where

la; | denotes the modulus (absolute value) of . For a real
matrix A= (@) <R™

2; =0 (3;>0) and A>B>0(A>B>0) means that the entriesof

is nonnegative (positive) if its entries

A and B satisfy o >b; >0 (a; >b; >0),i,jeN= {1,2,--,n}, Of
A-B>0(A-B>0). p(A) the spectral radius of matrix A, and | the
identity matrix., ,(a) denotes any eigenvalue of A. the
operator norm or spectral norm of A is denoted by | A||.

Lemma 1%4 If A and B are quadratic matrices with
nonnegative entries (some of the entries are positive) and
B<A, then | B| < All, (p=L2.0) -

Note that the equivalence of the norm, which can be
written as || All,=ll All (p=1,2,0) .

Associated (1), the following system is considered,
() =[~Da0lr )+ Ao (el )+ Bor el — sy et + f (2. (), x(t — )l 2)

Ae 4 BeE,

(18)

I1l1. Main Results

In view of the above section , a equivalent description of
the systems (1) can be written as follows

abolf) =[—Duol£)+ (4, + Ao (x(1)) +(B, + AB)a(x(t — )Nt
+f(tx(t), 22—, ) )edw(?)
X(s) = £(8), -7 <5<0,é e LZFO (—7,01,R")

(19)

Definition 2.1
The stochastic interval cellular neural networks
with time-delays (1) is said to be robust mean-square

exponential stable, if for any VAe A, vB e B,, the system

(18) is mean-square exponential stable or (19) is mean-square
exponential stable.

Theorem 2.1
If there exists positively definite matrix G such that

o 6D+ D7) > G4y 1+ [ 634, b+ o0

+2||GE, ||+ [law, padio im0 i )G e + Al (EE (G

Then the trivial solution of systems (1) is robust mean-
square exponential stable and almost surely exponential stable.
Proof For v(t,x,y,.y,) eR, xR"xR"xR", VAc A , and vBeB, ,
(obviously A=pA,+AA B=B,+aB ), define the lyapunov
function as follows: v (x) = x"Gx

In terms of Lemma 1 and It6 inequality, we have the
following

LF(=() =V (xN—Dx + Ag (x)+ Ba(p, )
+rtracel (£, y W (x) fE,x, 57)
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=" o{-Dn+ (4, +Ad )7 () + (B, + AR (30D
+racef” (1,x,y,)Gf (1, x.¥,)

< (=45 (GD+ D7 G)+ 264, + 0|+ 615, + AB)| 5+ 6l a) b

+ 6B, < 28] 57 [ + lella, ||
2 (A (GD+D7 Gy + 2|l | +lle, b+ (a8, |+ &, 5+ ]2 ) =
+(leE, [+ 6, D87 | F + sl e, [

£ AT+ AT, + LT,

(21)
Where % = (i (@D +D70) - 2(IIG/\)||+IIGM -
f(IIGB I+1IGN, )5 + 611 8,) A (G
= (6B, ]| +llon, D5~ A (G
2 =168, Ay, @), B =\ i (B (@)
By the condition (20), it is easy to show that , 2, >4, +4,.

Thus, by virtue of Razumikhin-type theorem in [3,5], we know
the trivial solution of system (18) is mean-square exponential
stable and almost surely exponential stable. Thus the theorem
2.1 is proved by the arbitrariness of A, B and Definition 2.1.

Theorem 2.2
If there exists positively definite matrix G such that

Ai_(GD+D Gy G4, + B, )|+ e, + N b+ 2|es, |

63, bof Hi_ G0 (3 + |6l (a, + @i (Gh__ (GD

(22)

Then the trivial solution of systems (1) is robust mean-square
exponential stable and almost surely exponential stable. Where

H =[T(||D||+||AU||+||BO||)+a/r(a1+a2)]2

Proof Let X(t) be a solution of systems(1), then Vi
the Holder inequality, we have

(23)

=12, by

Elxtey—x0e -7 =(llollz + |14, + 24| e+ ||, + 25|

|||m + e -)(—E”

ECE|

m £ |.1- o+ Ahe {:{::-:-.«_r:r

o i |j'_."_ (B + AB)o(x(a- :t[

[, sawcnee| ),

They

278

+;E|jt (A +AA) (x(s))ds|2+

[R+aAfe = [l (o + AN

+;EUt (B, + AB)o(X(s - 7 ))ds|2
|Bo+aBJr ~ [t-z * 70 i

—V:T(aﬁaz U de(s))ds‘ ),

By employing the Holder inequality go on, we can get

Elxy-x¢ -1 (It + 14+ Adlc
N 1 > .Y 5
+ AB|r+ . oy +a o & sp Elxir+&
13 Iz =+ ol '}E-F'.'F" I _:;Pi xie+ &l
L 4+ i P osmp E|meesf
feo- 2 —arge

+

1 1 —— @ -\.I 2
=k _;1%}_1{:({: EJJ['

_ll_';‘n_

(24)

e .. racenas] ),

By virtue of lemma2.3 in [7] and note that (5), we have

Ex) - x(t—7,)|" < (Iolz +IIA +AAll7

+||BO+AB||T+«fr(al+a2))||D||T sup E|x(t+0)|

—27<60<0

+|A +aA|z sup E|(x(t+O)[ +

—27<0<0

+||B, + AB||z sup E|(x(t+49)|2

—27<60<0

1
+Wf(a +a )725:;1210 E|(X(t + 9)|

< (lollz+ 1A+ AA| 2 +[[B, + 48[ 7 + 7 (e, + ,))

+(lloll 7 sup E|X(t+c9)|2+||A0 +AA||z sup E|(x(t+6’)|2

-27<0<0 -27<0<0
+||B, + AB||z sup E|(x(t+6)|’
-27<0<0
(e +a,) sup E|(x(t+¢9)|)

S (P + 4o + At + |3, + 22|

+ofea+ a))Plr +]4 + adle
+1B, + a8l + fe(ay + )X sup Efxte+6))

< (||D||T+||A) +AA||1+||B0 +AB||1+
+,fr(a +a,))(Ipll 7+ || A, + AA|| 7 +||B, + AB||z +
—hfr(a +a,))( sup E|(x(t+6)*)

_r<0<0



= [||D||‘r+||A0 +AA||T+||B0 +AB||T+ (e, +052)]2 .

(sup EJ(x(t+ 0)|2)

-27<0<0
<TABI+ A+ l1Bo I+ Myl + N, D7 + /7 (e + ;)T -

( sup E|(x(t+6)[),

-27<0<0
ie, E|x@) - Xt —ri)|2 <

< QD] +1 A+ 186 1+ M 1N, D7 + e + )T -

( sup E|(x(t+ 9)|2)
-27<60<0

2H( sup E|(xt+6)[),
-27<60<0

Now, For VAe A , VBeB, ( obviously A=A +AA
B =B, +AB), define lyapunov function as follows: V/(x)=x"Gx
by using the I1t6 inequality, and notice that (5),we have

LV (X(t)) = 2X' (1)G(—-DX(t)) + (A+ B)o(X(t)) +

+2X" ()GB(a(X(t —7,) — o (X(1))) +tracef 'Gf

=2X" (t)G(~DX(t)) + (A, + AA+ B, + AB)a(X(t))
+2X' (t)G(B, + AB)(o(X(t — 7,)) — o(X(t))) + tracef 'Gf

<[4, (GD+D'G)-2|G(A +B,)| -

-ll68, Iy HA,, (©)2,,(®) -llell ][]

[GBy|
H e (G) Auin (G)

by the (22) we have

[xt—7,) - x| +[clle, |xt-7,) (26)

A

mi

i (GD+D'G)>2[G(A, +B,)| +

-1
‘min

Jr2"GBO " H;“max (G)j' (G) +||G||(a1 +azlr;i1n (G);{’max (G))’ (27)

Thus, by virtue of (25),(27), from the (26) we can get

Ev(x(1)) S{i__ (GD + D"G)-2[|G(4, + B, )|

(28)

+E|eyil (e mup Plx +£))

—2rEfed

From the (27),it is easy to see that there is exist q>1
such that

(29)
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thus, as the inequality Ev(x(t+6)) < qEV(X(t)),~2r <6<0
holds, by the (28),(29), we can obtain

ELV(X(t))< —ABV (X)), (30)

Thus, by virtue of Razumikhin-type theorem in [3,5],
we know that the trivial solution of system (18) is robust
mean-square exponential stable and almost surely
exponential stable. Thus the Theorem 2.2 is proved by
the arbitrariness of A, Band Definition 2.1.

IV. Conclusions

The above we have discussed the robust mean-square
exponential stability problem for a class of stochastic interval
cellular neural networks with time-delays. by means of the 1t6
formula, Razumikhin theorems, Lyapunov function and norm
inequalities, several sufficient conditions are obtained which
guarantee the mean-square exponential stability of the
stochastic interval cellular neural networks with time-delays.
and some recent results reported in the literatures are
generalized.
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