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Abstract. In this paper we give a new canonical form of square matrices over arbitrary number 
field. We also give several applications. 

SOME FAMOUS CANONICAL FORM 

A. Frobenius canonical form 
Suppose   is arbitrary number field， n n×∈A ， nI  is the identity matrix of order n . nλ −I A  

has invariant factors group 1 2{ ( ), ( ), , ( )}nd d dλ λ λ . 

,n nλ λ⇔ − −A B I A I B  have the same invariant factors group. 

Suppose 1
1 1 0( ) [ ]( 1)m m

md a a a mλ λ λ λ λ−
−= + + + + ∈  ≥ ，then we call the matrix 
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is the Frobenius block with respect to ( )d λ . 

The invariant factors group of ( )m d λλ −I F  is {1, ,1, ( )}d λ . 

Suppose the degree 1≥  invariant factors of nλ −I A  are ( ), , ( )i nd dλ λ ，then 

( ) ( )diag( , , )
i nd dλ λ= A F F F . 

F  is called the Frobenius canonical form[1] or rational canonical form of A . 

B. Jacobson canonical form 
In [ ]λ ，take the standard factorization of the degree 1≥  invariant factors ( ), , ( )i nd dλ λ  of 

nλ −I A ，then the greatest power of the irreducible factors are called the elementary factors. 

,n nλ λ⇔ − −A B I A I B  have the same elementary factors group. 

For any 1 1 2 2
1 2,n n n n× ×∈ ∈ A A ，the union of the elementary factors group of 

1 21 2,n nλ λ− −I A I A  is 

just the elementary factors group of 
1 2 1 2diag( , )n nλ + −I A A . 

Suppose 1
1 1 0( ) [ ]m m

mp a a aλ λ λ λ λ−
−= + + + + ∈   is irreducible， 1
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 is the order m  

fundamental matrix，then we call the order km  square matrix 
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is the Jacobson block with respect to ( )kp λ . 
( )kkm p λλ −I J  has the unique elementary factor 

( )kp λ . Over ，
( )kp λJ  can not be similar to a quasi diagonal matrix consisting of two blocks of 

square matrices of smaller order. 

Suppose n n×∈A  ，and nλ −I A  has the elementary factors group 1 2
1 2{ ( ), ( ), , ( )}skk k

sp p pλ λ λ ，

then 

1 2
1 2 ( )( ) ( )

diag( , , , )k k ks
spp p λλ λ

= A J J J J . 

J  is called the Jacobson canonical form[2-4] of A . 

C. Jordan canonical form 
When = ，we only have linear irreducible factors. The matrix 

0 00
0( )

( )k kλ λ
λ

−
=J J  is also called 

the order 0k  Jordan block with respect to the eigenvalue 0λ . 

Suppose n n×∈A  ，and nλ −I A  has the elementary factors group 1 2
1 2{( ) , ( ) , , (k kλ λ λ λ λ− − −  

) }sk
sλ ，then 

1 21 2diag( ( ), ( ), , ( ))
sk k k sλ λ λ= A J J J J . 

J  is called the Jordan canonical form[5] or complex similar canonical form of A . 

D. Real similar canonical form 
Suppose n n×∈A  ，and nλ −I A  has the elementary factors group  1 2

1{( ) , , ( ) ; (skk
sλ λ λ λ λ− − +  

1 2
1 1) , , ( ) }tll

t tp q p qλ λ λ+ + + ，then A  has the real similar canonical form[5-6] 

2 211 1 1
1 ( ) ( )

diag( ( ), , ( ); , , )l lts t t
k k s p q p qλ λ λ λ

λ λ
+ + + +

 J J T T ， 

where ( )
ik iλJ  is the order ik  Jordan block with respect to the eigenvalue iλ ( 1, ,i s=  )， 
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22 ( )
l jj j j

l p qλ λ
λ

+ +
−I T  has the unique elementary factor 2( ) ( 1, , )jl

j jp q j tλ λ+ + =  . 

When 1l > ， 2( )lp qλ λ+ +
T  is not a Jacobson block. So the Jacobson canonical form is not the 

generalization of the real similar canonical form. 

A NEW CANONICAL FORM 

Let 1
1 1 0( ) [ ]m m

mp a a aλ λ λ λ λ−
−= + + + + ∈   be irreducible，we introduce the order km  square 

matrix 
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which has similar properties as the Jacobson block 
( )kp λJ ，and is more useful. 

Theorem 1  
( )kkm p λλ −I T  has the unique elementary factor ( )kp λ . 
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Proof：Suppose ( )p λ  has roots 1 2, , , mλ λ λ ∈ ，then the order m  square matrix ( )p λF  has m  

distinct complex eigenvalues，and there exists an invertible matrix m m×∈S  ，such that 
1

( ) 1 2diag( , , , )p mλ λ λ λ− = S F S [6]. 

Then 
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Thus the unique elementarty factor of 
( )kkm p λλ −I T  is ( )kp λ .    □ 

Corollary 1  
( ) ( )k kp pλ λJ T .    □ 

Corollary 2  Over ，
( )kp λT  can not be similar to a quasi diagonal matrix consisting of two 

blocks of square matrices of smaller order.    □ 

Theorem 2  Suppose n n×∈A  ，and nλ −I A  has the elementary factors group 1 2
1 2{ ( ), ( ),k kp pλ λ  

, ( )}sk
sp λ ，then 

1 2
1 2 ( )( ) ( )

diag( , , , )k k ks
spp p λλ λ

= A T T T T .    □ 

T  is just the best similar canonical form of A . When = ，T  reduces to  the complex 
similar canonical form of A . When = ，T  reduces to the real similar canonical form of A . 
The new similar canonical form is a common generalization of both complex and real similar 
canonical form. 

INVARIANT SUBSPACE 

Ler V  be a n  dimensional vector space over ，and EndV∈A  has matrix representation 

1 2
1 2 ( )( ) ( )

diag( , , , )k k ks
spp p λλ λ

= J J J J  or 
1 2

1 2 ( )( ) ( )
diag( , , , )k k ks

spp p λλ λ
= T T T T ， 

then V  is decomposed as the direct sum of s  −A invariant subspaces. These invariant 
subspaces are called the Jacobson subspaces of A ，they can not be decomposed as the direct sum 
of two smaller dimensional invariant subspaces. 

The invariant subspace with respect to the invariant factor is called the Frobenius subspace of 
A ，it can be decomposed as the direct sum of the Jacobson subspaces. 

Theorem 3  Ler V  be a n  dimensional vector space over ， EndV∈A ，and 
1

1 1 0( ) m m
mp a a aλ λ λ λ−

−= + + + +  

is an irreducible factor of ( ) det( ) [ ]f λ λ λ= − ∈A E A ，then A  must have a m  dimensional 

invariant subspace W ，and |WA  has matrix representation ( )p λF . 

Proof：From theorem 2， A  has matrix representation 
( )

diag( , )kp λ= T T  under certain basis of 

V . Denote by W  the subspace generated by the last m  vectors in this basis，then W  is a m  

360



 

dimensional −A invariant subspace，and |WA  has matrix representation ( )p λF .    □ 

Remark  W  is a minimal nonzero −A invariant subspace. In fact， ( )p λ  is  the characteristic 

polynomial of |WA . Assume U W⊂  is a smaller dimensional −A invariant subspace， ( )q λ  is 

the characteristic polynomial of |UA ，then ( ) | ( )q pλ λ . This contradicts the fact that ( )p λ  is 
irreducible. 

Theorem 4  Let 1
1 1 0( ) [ ]m m

mp a a aλ λ λ λ λ−
−= + + + + ∈   be irreducible， EndV∈A  has matrix 

representation 
( )kp λJ  or 

( )kp λT ，then A  has exactly 1k +  invariant subspaces. 

Proof：Suppose W  is an −A invariant subspace，then 

( ) det( ) ( )kf pλ λ λ= − =A E A ， | ( ) | ( )
W

f fλ λA A ，
| ( ) det( | | ) ( )
W

i
W Wf pλ λ λ= − =A E A ， 0,1, ,i k=  . 

Denote by Ker ( )i
iW p= A ，then 

0 1{ } kW W W V= < < < =0  ， ( ) { }i
ip W W W=  ⊂0A ， dimW im= ， 0,1, ,i k=  . 

From the proof of theorem 1 we see that both 
( ) ( )

,k kp pλ λJ T  are similar to 

1 2diag( ( ), ( ), , ( ))k k k mλ λ λ= J J J J  

over ，where 1 2, , , mλ λ λ ∈   are all the roots of ( )p λ . Hence 

dim [ ( )] dimi
iW km r p im W= − = =J ， iW W= ， 0,1, ,i k=  . 

Therefore A  has 1k +  invariant subspaces： 0 1{ }, , , kW W W V= =0  .    □ 

By theorem 2 and 4 we have the following result. 

Theorem 5  Ler V  be a n  dimensional vector space over ，the characteristic polynomial of 
EndV∈A  has the standard factorization 1 2

1 2( ) det( ) ( ) ( ) ( )skk k
sf p p pλ λ λ λ λ= − = A E A ，then 

1 2
1 2{det( | | ) : , } { ( ) ( ) ( ) : 0 }sll l

W W s i iW V W W p p p l kλ λ λ λ− < ⊂ = E A A ≤ ≤ ， 

1

{dim : , } deg ( ) : 0
s

i i i i
i

W W V W W l p l kλ
=

 < ⊂ =  
 
A ≤ ≤ .    □ 
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