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Abstract. In this paper we give a new canonical form of square matrices over arbitrary number
field. We also give several applications.

SOME FAMOUS CANONICAL FORM

A. Frobenius canonical form
Suppose F is arbitrary number field, Ae F™, | is the identity matrix of order n. Al —A

has invariant factors group {d (1), d,(4),---,d (1)}.

A~Bo Al - A, Al ,—B have the same invariant factors group.

Suppose d(A)=A"+a, A" +---+al+a,eF[A](m=1), then we call the matrix

0 —g,
1 . -,
Fooy = 0 :
1 —a,,

is the Frobenius block with respect to d(A).
The invariant factors group of Al —F,, is {I,---,1,d(4)}.
Suppose the degree =1 invariant factors of Al ,—A are d.(4),---,d (1), then
A~F =diag(Fy ), Fy ) -
F s called the Frobenius canonical form!!! or rational canonical form of A.

B. Jacobson canonical form
In F[A], take the standard factorization of the degree =1 invariant factors d,(4),---,d (1) of

Al,,— A, then the greatest power of the irreducible factors are called the elementary factors.
A~B o Al,— A, Al,—B have the same elementary factors group.
Forany A eF"™™, A e F*™,the union of the elementary factors group of Al, —A, Al —A, is
Just the elementary factors group of A1, —diag(A, A,).
0 1
Suppose p(A)=A"+a, A" +---+al+a e F[A] is irreducible, E, = {O 0} is the order m

fundamental matrix, then we call the order km square matrix

F
E

p(4)

Im

J =
P (A

T

p(4)

m

Im P(A)
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is the Jacobson block with respect to p“(4). Al —J .

p(2)
p“(4). Over I, J 4, can ot be similar to a quasi diagonal matrix consisting of two blocks of
square matrices of smaller order.

has the unique elementary factor

Suppose Ae F™, and Al,—A has the elementary factors group {pf(A), p&(4), -, p(A)}
then

A~ J = diag(J

PR (A)’ Jp?w’ B Jp§$(/1))'
J s called the Jacobson canonical form?>* of A.

C. Jordan canonical form

When F=C, we only have linear irreducible factors. The matrix J =J, (4) isalso called

(A=A
the order k, Jordan block with respect to the eigenvalue 4, .

Suppose Ae C™, and Al,—A has the elementary factors group {(A-4)%,(1-4)%, -, (1-
A)<}, then
A~ J =diag(d, (4), I (), Iy (A)) -
J s called the Jordan canonical form! or complex similar canonical form of A.

D. Real similar canonical form
Suppose Ae R™, and Al,—A has the elementary factors group {(A-A4)",---,(A—A)"; (A* +
pA+q)" - (A +pA+q)}, then A hasthe real similar canonical form®*

diag(‘]k] (ﬂl)ﬁ ) ‘]kS (ﬂ’s);T(]}erI,prql)'l H “.’T(12+p[,1+qt)|t) 4

where J, (4) isthe order k Jordan block with respect to the eigenvalue 4 (i=1, -, s),

22+ A+q;

I 2
A+ pjA+q; )‘j

12+p11+qj
|2 Fﬂz+pjﬂ+qj
/1I2Ii T oiea) has the unique elementary factor (1> + pj/1+qj)" (j=L -, 1).
When |1>1, T , 1s not a Jacobson block. So the Jacobson canonical form is not the

(A*+pA+q)
generalization of the real similar canonical form.
A NEW CANONICAL FORM

Let p(A)=A"+a, A™" +---+al+a,e F[A] be irreducible, we introduce the order km square
matrix

Fo
I
T, ="
P Foy
ln Foa
which has similar properties as the Jacobson block J s andis more useful.

Theorem1 Ail,, “Tow has the unique elementary factor p“(4).
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Proof: Suppose p(4) hasroots A, 4,,---, 4, € C,then the order m square matrix F_, has m

distinct complex eigenvalues, and there exists an invertible matrix Se C™™, such that

S—le(ﬂ)Szdiag(A, A, ‘”’ﬂ’m)[6]-

Then
Al =Foi o (A1~ Fo I
—I -1 - :
A =T . = " : = " .
kmo TP - ﬂlm—Fp(i) . 0 [/1Im—Fp(,1)]2
=l Al =Fo -l A =F
_ ) Al —Fo I _ |l ectym @) _ L ieiym )
1y o) O [Al,-F,,K O [A,-S'F,,SI
= diag (1 j_pm: (A= A) S (A=), (A= A) ) = diag (1 4y Vis (A=) (A= 24) (A= 2)")
= diag( | . P*(2)).
Thus the unique elementarty factor of Al T is p“A). i
Corollary 1 I~ T - O
Corollary 2 Over F, T, can not be similar to a quasi diagonal matrix consisting of two
blocks of square matrices of smaller order. o

Theorem 2 Suppose Ae F™, and Al,—A has the elementary factors group {p{ (1), pi(A),
o, PS(A)), then A~T =diag(T o T T..). O

o )’ P

T is just the best similar canonical form of A. When F=C, T reduces to the complex
similar canonical form of A. When F=R, T reduces to the real similar canonical form of A.
The new similar canonical form is a common generalization of both complex and real similar
canonical form.

INVARIANT SUBSPACE

Ler V bea n dimensional vector space over F, and A € EndV has matrix representation

J =diag(J ,

P () ‘]pzkzw’ Jpw)

p§2<1>"“’Tp§S<ﬂ>) ’

)y or T =d1ag(Tplk1M),T

then V is decomposed as the direct sum of s A —invariant subspaces. These invariant
subspaces are called the Jacobson subspacesof A , they can not be decomposed as the direct sum
of two smaller dimensional invariant subspaces.

The invariant subspace with respect to the invariant factor is called the Frobenius subspace of
A , it can be decomposed as the direct sum of the Jacobson subspaces.

Theorem3 Ler V bea n dimensional vector space over F, A € EndV, and
p(A)=A"+a, A" +-+al+a,
is an irreducible factor of f, (A)=det(AE — A)e F[1], then A must have a m dimensional
invariant subspace W, and A |, has matrix representation F

p(4) *

Proof: From theorem 2, A has matrix representation T =diag(---, T . ) under certain basis of

P (A
V. Denote by W the subspace generated by the last m vectors in this basis, then W isa m
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dimensional A —invariant subspace, and A |, has matrix representation F_, . O

Remark W isa minimal nonzero A —invariant subspace. In fact, p(1) is the characteristic
polynomial of A |,. Assume U cW is a smaller dimensional A —invariant subspace, (A1) is
the characteristic polynomial of A |,, then q(4)| p(4). This contradicts the fact that p(4) is
irreducible.

Theorem4 Let p(A)=A"+a, A™' +---+al+a,eF[A] beirreducible, A € EndV has matrix

representation ka w Or T

» oy then A hasexactly k+1 invariant subspaces.

Proof: Suppose W isan A —invariant subspace, then
fo(AD)=det(AE — A)=p"(D), o, DIf (D f, (D=det(AE |, -A |)=p' (D) 1=0,1,---,K.
Denote by W =Ker p'(A), then
O =W, <W <---<W, =V, p(AW={0=>WcW, dimW=im, i=0,1,---K.

From the proof of theorem 1 we see that both J b Tpk o are similar to

J =diag(J, (4), I (L), -+ I (4y)
over C, where 4,4,,---,4,€C are all the roots of p(4). Hence

dimW =km-r[p' (J)]=im=dimW, W=W, i=0,1,---,k.

Therefore A has k+1 invariant subspaces: W, ={0},W,,---,W, =V . m
By theorem 2 and 4 we have the following result.

Theorem5 Ler V bea n dimensional vector space over F , the characteristic polynomial of
A € EndV has the standard factorization f, (1)=det(AE — A)=p(A)p(A)---p(1), then

{det(AE |y, — A |,): W<V, AW W} ={pl (D)p: (A pt(d): 0=<I, <k},

(dimW: W <V, AWCW}:{ZS:Iidegp,(/l): 0<I <|g}. .

i=1
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