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Abstract. Assume that the underlying asset price follows the fractional jump-diffusion process, the
financial market model is built by the stochastic analysis theory for fractional Brownian motion.
Using physical probabilistic measure of price process and the principle of fair premium, the pricing
formulafor reload option is obtained.

I ntroduction

The reload option is a kind of exotic option. Feng, Liu and Hou (2003) [1] assumed that
underlying asset price follows jump-diffusion process in which jumps are constant, and obtained the
pricing formula of reload option by martingale method. Wang and Du (2007) [2] assumed that
underlying asset price satisfies jump-diffusion process in which the jump process is Poisson process
and the height of jump satisfies lognormal distribution, and obtained the pricing formula of reload
option by martingale method.

Bladt and Rydberg (1998) [3] proposed the actuarial approach of option price. Using physical
probability measure of price process and the principle of fair premium, they deal with the problems
of options pricing under the unbalance, arbitrage existing and incomplete circumstance, and
transform option pricing into a problem of equivalent and fair insurance premium. Jiao, Liang and
Jang (2009) [4] assumed that the underlying asset price obeys jump-diffusion process, and
established the improved reload option pricing model, and obtained the pricing formula of the
improved reload option by actuarial approach. Fang, He and Wang (2011) [5] assumed that
underlying asset price follows the fractional jump-diffusion process, and obtained the European
compound option pricing formula by actuary method.

In this paper, we assume that the underlying asset price follows the fractional jump-diffusion
process, and build the financial market mathematical model. Using the stochastic analysis theory for
fractional Brownian motion and method for actuarial mathematics, we obtain the reload option
pricing formula.

Financial Market Model

In the financial market, there aretwo kinds of assets, oneis risk-less asset M, which satisfies

dM, =Mt Q)
Where r is risk-less interest rate; the other is risky asset sit) which satisfies stochastic
differential equation

dS = S[udt+odB, (t) + (€' -1)dQ] (2
where the expected rate x and the voldtility rate o>0 are constants, {B,(t).t>0 Iis the
fractional Brownian motion on the complete probability space (©,.#,pP), Q is the random jump
times of the underlying asset price at the time [o,t], which follows the Poisson process with
intensity 1. -1 istherelative jump height of the underlying asset price, and J(t) ~ N(-0?/2,5?).
We assumethat {B,t),t>0, {J(t),t>0 and {Q,t>04 areindependent.
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Lemma 1[5] The solution of the stochastic differential equation (2) is

S= S)exp{,ut—%azt”' +0B, (t)+§3(i)}.

Definition 2[6] The expectation return rate A(u) of the {S.t=0 on [t.T] isdefined by
exp{:[ B(u)du} = %

Lemma 3[5] The expectation return rate Au) of the {S.t20 on [tT] satisfies Au)=x,
uelt,T].

Reload Option Pricing Formula

Definition 4[7] Consider that the option is reloaded only once before maturity time T, the value
of reload option at the reloaded time T.(0<T,<T) is

V =max(S; -K,0) |
and the value of reload option at maturity time T is

—max{Sr Sr 0, S >K, [Kmax{Sr -10, S >K,
V, =15 ' or V= S; '

max{S; - K,0}, Sy, <K, max{S; —K,0}, S; <K,
where K isdtrikeprice, S; isstock priceatreloadtime T., S isstock priceattime T .
Definition 5 The actuarial price of reload option is defined by

Vy = E({S, exp{—[ U} - K exp{~rT}}1 J+KE((S, epl-] AL)d}) / (S, ep{=[ AU} - ep{-ITH1 o}

1

FE({S; exp{~[ A(u)du} - K exp{~[r (u)du}}1 o},
where
A=(S, exp{~[ B > Kexp(-rT3},  B={(S ep([ A)du}} /{S, epl-[ A > exp{~rT}},

c={s, exp{—fﬁ(u)du} <Kexp{-rT}}, D={S exp{-[Au)du} > Kexp{-rT}}.
Theorem 6 The actuarial price of reload option is given by

= e /ﬂ-) m . (m (m

Z SO(-d'™ +0;") - Kexp{ —rT}&(-d™)}
o 7/” ﬂT ﬂ -T, " m,n n m n m m,n m; n m,n,

5y ( 1)m[lnla— B (KB(pMMol — M, G0 g™, 5my _ K exp{~rT}d(-d™,—a™, p™)}

m=0n=0
S - ﬂ’T ﬂ’ T m mrl m,n m,n m,n m,n m m,n, m,n

+3 5 O g g piroigion i) o ) K expf-1Tb(@™, <", ("),
m=0n=0

where
d(m) :{ln(K/S))_rTl_’_}O_ZTZH +m2/2} O-(m)n a(n) :{_rT+%o.2(T2H _T12H)+no_§} O.él‘l)l

(m) —
™ ={In(K/]) - rT, + = asz” +(m+ n)aJ/Z}/ o) 07" =0T + Mol
ol” _\/O'Z(TZH -T")+no?, o™ =/c* T + (m+n)o?,

pmV={o? (T -T2 — (T -T)* )} 20"}, PV ={ o (T2 + T2 — (T -T)™) + 2mo7} {20{" ™"},
o(u) =Y 2z exp{-1*/2, P(u.v, p) =Y {271- p?} exp{ ~{U? - 2pwv + v} /{201~ p2)}},
X Y
O(x) = I p(u)du, o(x,y.p) = | [ plu.v,p)dudv.
Proof: Let

V, = E({S, epl-] A)d} - Kem(-TI}}, v, = E({S ep(-] S} / (S, exp{~] AU)d} —exp{~1T}}1 o},
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V, = E{{S; exp{~[ A(u)du} - K exp{~rT}}I o}

Assumetherearethejump J.().i=12--m at [0 T], and thejump J.().i=12-.n a [T.T].
(i) CaculateV:. Because

S, = SeQUT- S0 - /2eo" . E=(oB, W)+ 300+ Mo/ flof") - N,

A=(S, expl—] AU > K ep{—1T}} =(£>d ™).
Hence
v, = E{{s, exp{—f fu)du} - K exp{~rT}}1,} = E{E({S, exp{—f Au)du} - K exp{~rT}},|Q; )}

o T & e (AT,
-3 U gs, expi- Iﬁ(u)du} Kep{-rTIL [, =m & 2 v, -V},

m=0

where

Vi = E(S, (-] AU [Q, =M = E(S ep{- 20T ~mo?/24 0" 1,0}

=E{80Texp{—(o-(m))2/2+g<m exp{— 7}du} _SOJ‘ expf (u_o-l(m))z}du:soq)(—d(m)+O-(m))’
1 1 \/— N 2 1

Vo = B{Kexp{—rT}H ,[Q; =m} = Kexp{-IT}E(l, . [Q; =m} =Kexp{-rT}P{S>d "} = Kexp{—T}a(-d™).
(i) Caculate V.. Because
S /S, =ep(u(T ~T) - 30 (T ) =003 /240 1). n=(0(8, (1)~ B, (T) + 3.3,() +1%/2 ot ~ N0,

P, =EEm) =p™ .

B ={%exp{—m T > exp{—rT}} ={5>a"},

1

Hence
v, = E{{%exp{— [ B - exp{-1TH 1} = Ef E{{%ap{— [ B} - exp{-rTH1,o|Q;. Q]

S5 €T AT AT =T
= mzz‘)g min!

E{{%eXP{—ﬂ(T ST e TH oo | =MQr Ly =1

< e TUT) AT -T)"
Where
V,, = E{%eXp{_ﬂ(T -T)} |{§>d<'“>,q>a‘”))

1

IV21 - sz} ’

1 "
Q =mQ . =n} =E exp{—EO'Z(TZH ~T) =003 /240 ym ooy}

1 n T n m,n; T m,n; n n m,n;
=ep{-2(01")} | [ exp{oip(uv.p")dudv = | [ p(u=pi™oi’,v-0f", pi)dudv
dm g(m g(m g(m

— n T (p(u,vpm“))dudv q)(p(mn)o-(n) d(m) o-(ﬂ) a(m) (mvn))’

dm oMo o~ pm

Voo = E{&XP{—ITH, .y oy |Q =M Qg =1} = eXp{—ITHE{l ;o .y} =EXP{—IT}D(=d™,—a", p{™").
(iii) Calculate V:. Because

(m,n)

C=(S, exp(-] AU} < Kep{-TH =(E<d™), S =S ep(uT - 20T ~(m+ o 2+0™" 7,
y={0B, M+ 4,0)+ D L0 +(m+no3/3 /o™ - N,

D ={S, exp{~[ Au)d} > Kexp{-IT}} ={y>c™},  p,, =E()=pi"",
then
V, = E{{S; exp{~[ A(u)du} — K exp{~rT}}| o}
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oo oo AT m _ n
-3y & UL s expp—pm)

e AT AT -TI" :
4 ( 1)m[!n!(T 1)] {V31_V32}

—Kexp{-rT}}I

QTl = lerle =n}

{&<d™ y>cmm}

on

II
o

M i
M

on:

3
I

where
V31 = E{ Sr eXp{ _IUT} |(5<d('") Ly>cmny

QTl = m’QT—T1 =n} _ E{(S, exp{—%(a(m'"))z +o™Mp

{E<d™ ,y>c('“'")}}

d™ e d™ e

:S,exp{—%(a(m’”))z} [ | eplo™ oy, p")dudv =S, [ [ pu=p{"Ve™ v-c™, pi"")dudv
)

Zeo (M) Zeo (man

g(m —,D(zm'n)o'(m‘") oo

=S, [ | puv")dudv= S0 - pnIo™ oM - My

e c(mn) _ (mn)
Vi, = E(K&P{=TTH, __ym_om; [Q =MQry =1} =Kexp{-rT}P{S < d™,y>c™} =K exp{-rT}®(d™,—c™",—p{™")

Remark 7 When the jump intensity4=0, we get the actuarial price of reload option in the
fractional Brownian motion environment
V, = §0(-d +0,) - Kexp{-rT}®(-d) +Kd(p,0,—-d,0,—-a,p,) - Kexp{-rT}d(-d,-a,p,)
+§®(d - p,03,0; - C,—p,) - Kexp{—rT}®(d,—¢,—p,),
where

d={|n(K/So)—rT1+%02'l'12H} o, a={—rT+%02(T2H ~T2Y /o, c={|n(K/So)—rTl+%02TfH} .

o,=oT", 0,=0\J(T =T, o,=oT",
p={TH =T — (T -T)™} {2r T -1}, P =T + T — (T -T2 "T"}.
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