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Abstract. The object of the present paper is to obtain certain sufficient conditions for
close-to-starlikeness and close-to-convexity of order £.

Introduction
The function, for which the equation f(z)=w has p rootsin D for every complex number

w, is said to be p-valent (or multivalent) function, where D is a domain in the extended
complex plane C. Let H be the class of analytic functionsin U ={ze C:|z|<T}, and A, be
the subclassof H consisting of functions of the form
f(2=2"+a,,z""+a,,z"*+ -, pe N,zeU @)

with A =A.

A function f(z)e A, is consist as starlike of order a(0<a<p) in U (see [1]), that is,
f(2)e S (@), if and only if
z’(2)

Rel f(2)

)>a,0<a< p,ze U 2

with §(0):=S
A function f(2)e A, isconsist as p-valently strongly close-to-star of order S(0< #<1) in
U withrespectto g(2),thatis, f(z)e CS,(f),if andonly if
f(z T
(@), r
9(2)" 2
for somerea B(0< <1) and for some starlike function g(z)e A, (see[2]). For g(2)=2z" in

condition (3), we have that f(z)e A, is p-valently strongly close-to-star of order S(0< <1
in U if

|arg(——= ,zeU ®

1@y A7 ey,
9(2) 2

A function f(2)e A, isconsist as p-vaently strongly close-to-convex of order S(0< f<1)
in U withrespectto g(z),thatis, f(z)e CC,(f),if andonly if
A (Z))|< pr ,zeU (5)
9(2) 2
for somerea S(0< <1 and for some starlike function g(z)e A, (see[3]). For g(2)=2" in

condition (5), we have that f(z)e A, is p -valently strongly close-to-convex of order
BO< <Y in U if

| arg( )

larg(——=
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412y P7 ey, ©)
92" 2

In proving our main theorem, we need the following lemma due to Owa, Nunokawa, Saitoh and
Fukui.
Lemma 1.1. (see [4])Let Let p(z) be anaytic, p(z)#0 in U and p(0)=1. Suppose that

there existsapoint z,eU such that

| arg(

B

larg p(2) |< 5 for [ z|<| 7 | (7)
and
jarg plz) ®
where >0 . Thenwe have
where
k 2%(7/+1) >1whenarg p(z,) :ﬁ (20)
¥ 2
and
ks-%(y+1) < -lwhenarg p(z,) :—ﬁ (11)
14 2
where
p(z,)"” =+iyandy > 0. (12)
Main Result
Theorem 2.1. If f(2)e A, satisfiesthe condition,
1+2 D _ o ze U (13)
f'(2)
where
2 2
a=% (14)
and 0<fB<1 ,then f(2)ecCC,(f).
Proof. Let us put
f'(z
F(2)= pz(p_f- (15)

By logarithmic differentiation of (15), we have
F'(2) 14 z’(2)

= 16
£ 2 p (16)
or
ZF—(Z)+ :1+m (17)
F(2) f'(2)
Suppose there exist apoint z,e U such that
|agF(2)|< 7 Blor| 2|3 | (18)

and
|argF(zo)|=%ﬁ, (19)
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then from Lemma 1.1, we have

zF'(z) _.
=ipk (20)
F(%)
where
kzl(;/+1)21whenarg p(zo)zﬁ (21)
2 14 2
and
ks-l(;/+1) <-lwhenarg p(z,) :—ﬁ (22
2 Y 2
where
p(z,)"” =+iyandy > 0. (23)
At firgt, let ussuppose p(z,)"” =iy , then we have
L(ZO)+ p=ipk+p (24)
F(z)
where
kzi(y+1) >1. (25)
A
From this, we have
ZF(z) 4 P P
R = < 26
Tr) P TR s =

Since |w-a|<a < Re(l/w) >, this contradicts the assumption of this theorem.

For the case p(z,)"” =—-iy , applying the same method as the above, we have the condition

(26). Therefore we complete the proof.
Theorem 2.2.1f f(2)e A, satisfiesthe condition,

2@ cazeu 27)
f(2)
where
B p2+ﬁ2
a——zp (28)
and 0< <1 ,then f(2)e SSZ(ﬂ).
Proof. Let us put
f(2)

By logarithmic differentiation of (15), we have
ZF'(2) _7'(2)

F 1@ <0
or
zF’(z)+ _7#'(9 (31)
F(2) f(2)
Suppose there exist apoint z,e U such that
|argF(2)|< 7 Bfor| zI< % | (32)

and
|argF(zo>|=§ﬂ, (33)
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then from Lemma 1.1, we have

zF'(z) _.
=ipk
F(z%)
where
kzl(y+1) >1whenarg p(z,) =ﬁ
2 14 2
and
k< —1(7/+1) <-lwhenarg p(z,) =—ﬁ
2 Y 2
where
p(z,)"” =+iyandy > 0.
At firgt, let ussuppose p(z,)"” =iy , then we have
zF'(z) .
22+ p=ifk+p
F(z)
where
k ZE(}/'FE) >1.
27 vy
From this, we have
zF'(z) 4 p p
Re(—— = <
e Y T S

Since |w-a|<a < Re(l/w) >, this contradicts the assumption of this theorem.
For the case p(z,)"” =—-iy , applying the same method as the above, we have the condition

(26). Therefore we complete the proof.
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