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Abstract

In this paper, we develop a fuzzy tri-level decision
making (FTLDM) model to deal with decentralized
decision making problems with three levels of de-
cision makers. Based on the λ-cut of fuzzy set,
we transform an FTLDM problem into a multi-
objective tri-level decision making problem. Based
on the linear tri-level Kth-best algorithm, the glob-
al optimal solution can be obtained. A case study
for third-party logistics decision making in supply
chain is utilized to illustrate the effectiveness of the
proposed algorithm.

Keywords: Fuzzy tri-level decision making, Kth-
best algorithm, Supply chain

1. Introduction

Multi-level decision making models, initiated by
Von Stackelberg [1], are used to character decen-
tralized decision making problems where decision
makers are in a hierarchical organization. Many
real-world decision making problem, such as decen-
tralized resource planning [2], highway pricing [3],
electronic power market [4] and logistics planning [5]
can be formulated as multi-level decision making
models. In the last decades, multi-level decision
making problems have received more and more at-
tentions [6–8].

Most of the research on multi-level decision mak-
ing has focused on the bi-level version. In a bi-level
decision making model, decision makers in the top
level are called the leader and decision makers in
the bottom level are called the follower. Decision
makers in each level try to optimize their objective
functions with partially or without considering the
objective of the other level, but the final decision
of each level will affect the objective of the other
level [9]. In order to get a global optimal solution,
a lot of algorithms have been developed, such as
the Kth-best algorithm [10], the branch and bound
algorithm [11], the Kuhn-Tucker condition-based al-
gorithm [12] and heuristics algorithms [13]. Howev-
er, many decision making problems sometimes in-
volve decision entities at three levels instead of two
levels, i.e. the top level, the middle level and the
bottom level. For instance, when making a decision
in a university, the objectives of the university, the

faculty and the department need to be considered,
but the three decision entities are in a hierarchical
organization. Each decision entity independently
optimizes his/her objective, but is affected by the
decision of the other two decision entity through
external influences [14].

For decision making problems within a tri-level
hierarchical organization, Bard and Falk [15] first
proposed the necessary conditions for tri-level de-
cision making (TLDM) problems based on Stackel-
berg game theory and then developed rational re-
action sets for each of the decision entities and a
cutting-plane algorithm to solve the TLDM prob-
lems. Followed by their research, some other stud-
ies, such as the penalty-function approach [16], the
satisfactory solution-based approach [9] and inter-
active balance space approach [17], are developed to
deal with TLDM problems. In a recent work, Zhang
et al. [14] presented a general tri-level decision mak-
ing model, defined the solution concept of the mod-
el and developed a Kth-best algorithm to solve the
TLDM model. Considering that multiple decision
entities may be involved in the middle level and the
bottom level for a tri-level decision making prob-
lem, Lu et al. [18] proposed a multi-follower tri-level
(MFTL) decision making framework, in which 64
standard MFTL decision situations and their possi-
ble combinations are identified. The previous stud-
ies have significantly advanced the field of tri-level
decision making. However, in most situations the
coefficients of the optimization problems are often
imprecisely known to the decision makers and can’t
be provided by precise values [19]. For such situ-
ations, it may be more appropriate to denote the
coefficients of the optimization models with the use
of fuzzy sets [20] and optimization problems with
fuzzy coefficients have received much attentions in
the last few decades [21–24]. The fuzzy coefficients
may also appear in a TLDM problem, therefore,
there is a need to develop efficient algorithms to deal
with the fuzzy tri-level decision making (FTLDM)
problems.

In order to do so, the rest of this paper is or-
ganized as follows. In section 2, some preliminar-
ies related to fuzzy sets are reviewed. Afterwards,
section 3 develops a fuzzy tri-level decision making
model and proposes a Kth-best algorithm to solve
the model based on the λ-cut of fuzzy sets. In sec-
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tion 4, a case study of third-party logistics decision
making is utilized to illustrate the proposed model
and algorithm. Finally, some conclusions are pro-
vided in section 5.

2. Preliminaries

Let R denote the set of all real numbers and Rn be
n−dimensional Euclidean space, and the following
definitions are given.
Definition 1. [25] A fuzzy number ã is defined
as a fuzzy set on R, whose membership function µã

satisfies:
(1) µã is a mapping from R to the closed interval

[0, 1];
(2) It is normal if there exists x ∈ R such that

µã(x) = 1;
(3) For any λ ∈ [0, 1], the λ-cut of ã is defined

as aλ = {x : µã(x) ≥ λ}, which is a closed interval,
denoted by [aL

λ , aR
λ ].

Let F (R) be the set of all fuzzy numbers. By
the decomposition theorem of fuzzy set, we have
ã =

∪
λ∈[0,1]

λ[aL
λ , aR

λ ], for every ã ∈ F (R). A fuzzy

number ã is called finite if its λ-cut is a closed in-
terval when λ = 0. Let F ∗(R) denote the set of all
finite fuzzy numbers on R.

For any ã, b̃ ∈ F (R) and α ≥ 0, we have [25]
(1) ã + b̃ =

∪
λ∈[0,1]

λ[aL
λ + bL

λ , aR
λ + bR

λ ],

(2) ã− b̃ =
∪

λ∈[0,1]
λ[aL

λ − bR
λ , aR

λ − bL
λ ],

(3) αã =
∪

λ∈[0,1]
λ[αaL

λ , αaR
λ ].

Definition 2. [25] Let ãi ∈ F (R), i = 1, 2 . . . , n.
We define ã = (ã1, ã2, . . . , ãn)

µã : Rn → [0, 1]

x 7→
n∧

i=1
µãi(xi),

(1)

where x = (x1, x2 . . . , xn)T ∈ Rn and ã is called an
n-dimensional fuzzy number on Rn. If ãi ∈ F ∗(R),
i = 1, 2, . . . , n, ã is called an n-dimensional finite
fuzzy number on Rn.

Let F (Rn) and F ∗(Rn) be the set of all n-
dimensional fuzzy numbers and the set of all n-
dimensional finite fuzzy numbers on Rn, respective-
ly.
Definition 3. [25] For any n-dimensional fuzzy
numbers ã, b̃ ∈ F (Rn), we define

(1) ã≻ b̃ iff aL
iλ = bL

iλ and aR
iλ = bR

iλ, i = 1, 2 . . . , n,
λ ∈ [0, 1];

(2) ã ≽ b̃ iff aL
iλ ≥ bL

iλ and aR
iλ ≥ bR

iλ, i =
1, 2 . . . , n, λ ∈ [0, 1];

(3) ã ≻ b̃ iff aL
iλ > bL

iλ and aR
iλ > bR

iλ, i =
1, 2 . . . , n, λ ∈ [0, 1].

We call ≻, ≽ and ≻ a fuzzy max order, a stric-
t fuzzy max order and a strong fuzzy max order,
respectively.

3. The proposed algorithm

Let’s consider the following fuzzy tri-level decision
making (FTLDM) problem:

For x ∈ X ⊂ Rn, y ∈ Y ⊂ Rm, z ∈ Z ⊂ Rp,
fi : X × Y × Z → F ∗(R), i = 1, 2, 3,

min
x∈X

f1(x, y, z) = c̃1x + d̃1y + ẽ1z

s.t. Ã1x + B̃1y + C̃1z ≤ b̃1

min
y∈Y

f2(x, y, z) = c̃2x + d̃2y + ẽ2z

s.t. Ã2x + B̃2y + C̃2z ≤ b̃2

min
z∈Z

f3(x, y, z) = c̃3x + d̃3y + ẽ3z

s.t. Ã3x + B̃3y + C̃3z ≤ b̃3,

(2)

where c̃i ∈ F ∗(Rn), d̃i ∈ F ∗(Rm), ẽi ∈ F ∗(Rp),
b̃i ∈ F ∗(Rqi), Ãi = (ãjk,i)qi×n, ãjk,i ∈ F ∗(R),
B̃i = (b̃jk,i)qi×m, b̃jk,i ∈ F ∗(R), C̃i = (c̃jk,i)qi×p,
c̃jk,i ∈ F ∗(R), i = 1, 2, 3. In the FTLDM prob-
lem (2), x, y, z denote the decision variables of the
top-level, middle-level and bottom-level, respective-
ly, and f1(x, y, z), f2(x, y, z) and f3(x, y, z) denote
the objective functions of the top-level, middle-level
and bottom-level, respectively.

Associated with the FTLDM problem, we con-
sider the following multi-objective tri-level decision
making (MOTLDM) problem:

For x ∈ X ⊂ Rn, y ∈ Y ⊂ Rm, z ∈ Z ⊂ Rp,
fi : X × Y × Z → F ∗(R), i = 1, 2, 3,
min
x∈X

(f1(x, y, z))L
λ = c1

L
λ x + d1

L
λ y + e1

L
λ z, λ ∈ [0, 1]

min
x∈X

(f1(x, y, z))R
λ = c1

R
λ x + d1

R
λ y + e1

R
λ z, λ ∈ [0, 1]

s.t. A1
L
λ x + B1

L
λ y + C1

L
λ z ≤ b1

L
λ , λ ∈ [0, 1]

A1
R
λ x + B1

R
λ y + C1

R
λ z ≤ b1

R
λ , λ ∈ [0, 1]

min
x∈X

(f2(x, y, z))L
λ = c2

L
λ x + d2

L
λ y + e2

L
λ z, λ ∈ [0, 1]

min
x∈X

(f2(x, y, z))R
λ = c2

R
λ x + d2

R
λ y + e2

R
λ z, λ ∈ [0, 1]

s.t. A2
L
λ x + B2

L
λ y + C2

L
λ z ≤ b2

L
λ , λ ∈ [0, 1]

A2
R
λ x + B2

R
λ y + C2

R
λ z ≤ b2

R
λ , λ ∈ [0, 1]

min
x∈X

(f3(x, y, z))L
λ = c3

L
λ x + d3

L
λ y + e3

L
λ z, λ ∈ [0, 1]

min
x∈X

(f3(x, y, z))R
λ = c3

R
λ x + d3

R
λ y + e3

R
λ z, λ ∈ [0, 1]

s.t. A3
L
λ x + B3

L
λ y + C3

L
λ z ≤ b3

L
λ , λ ∈ [0, 1]

A3
R
λ x + B3

R
λ y + C3

R
λ z ≤ b3

R
λ , λ ∈ [0, 1],

(3)
where ci

L
λ , ci

R
λ ∈ Rn, di

L
λ , di

R
λ ∈ Rm, ei

L
λ , ei

R
λ ∈ Rp,

bi
L
λ , bi

R
λ ∈ Rqi , Ai

L
λ , Ai

R
λ ∈ Rqi×n, Bi

L
λ , Bi

R
λ ∈

Rqi×m, Ci
L
λ , Ci

R
λ ∈ Rqi×p, i = 1, 2, 3.

Theorem 1. Let (x∗, y∗, z∗) be the solution of the
problem (3), then it is also a solution of the FTLDM
problem (2).

Proof. The proof is obvious from Definition 3.

Lemma 1. If there is a (x∗, y∗, z∗) such that cL
αx+

dL
αy+eL

αz ≥ cL
αx∗ +dL

αy∗ +eL
αz∗, cR

α x+dR
α y+eR

α z ≥
cR

α x∗+dR
α y∗+eR

α z∗, cL
β x+dL

β y+eL
β z ≥ cL

β x∗+dL
β y∗+
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eL
β z∗, and cR

β x+dR
β y+eR

β z ≥ cR
β x∗+dR

β y∗+eR
β z∗ for

any (x, y, z) (0 ≤ β ≤ α ≤ 1), and the coefficients c̃,
d̃ and ẽ have trapezoidal fuzzy membership function
as

µã(t) =



0 t < aL
β

α − β

aL
α − aL

β

(t − aL
β ) + β aL

β ≤ t < aL
α

α aL
α ≤ t < aR

α

α − β

aR
α − aR

β

(t − aR
β ) + β aR

α ≤ t < aR
β

0 aR
β ≤ t

, (4)

where ã denotes c̃, d̃ and ẽ, respectively, then cL
λ x +

dL
λ y + eL

λ z ≥ cL
λ x∗ + dL

λ y∗ + eL
λ z∗ and cR

λ x + dR
λ y +

eR
λ z ≥ cR

λ x∗ + dR
λ y∗ + eR

λ z∗, ∀λ ∈ [β, α].

Proof. By the definition of λ-cut, we have

cL
λ =

cL
α − cL

β

α − β
(λ − β) + cL

β , dL
λ =

dL
α − dL

β

α − β
(λ − β) + dL

β ,

eL
λ =

eL
α − eL

β

α − β
(λ − β) + eL

β .

Thus we have

cL
λ x + dL

λ y + eL
λ z = (

cL
α − cL

β

α − β
(λ − β) + cL

β )x + (
dL

α − dL
β

α − β

(λ − β) + dL
β )y + (

eL
α − eL

β

α − β
(λ − β) + eL

β )z

=
λ − β

α − β
(cL

αx + dL
αy + eL

αz) + (1 −
λ − β

α − β
)(cL

β x + dL
β y + eL

β z)

≥
λ − β

α − β
(cL

αx∗ + dL
αy∗ + eL

αz∗) + (1 −
λ − β

α − β
)(cL

β x∗ + dL
β y∗

+ eL
β z∗)

= (
cL

α − cL
β

α − β
(λ − β) + cL

β )x∗ + (
dL

α − dL
β

α − β
(λ − β) + dL

β )y∗

+ (
eL

α − eL
β

α − β
(λ − β) + eL

β )z∗

= cL
λ x∗ + dL

λ y∗ + eL
λ z∗, ∀λ ∈ [β, α].

Similarly, we can prove cR
λ x+dR

λ y+eR
λ z ≥ cR

λ x∗ +
dR

λ y∗ + eR
λ z∗, ∀λ ∈ [β, α].

Lemma 2. If there is a (x∗, y∗, z∗) such that
AL

αx∗ +BL
α y∗ +CL

α z∗ ≤ bL
α, AR

α x∗ +BR
α y∗ +CR

α z∗ ≤
bR

α , AL
β x∗ + BL

β y∗ + CL
β z∗ ≤ bL

β , AR
β x∗ + BR

β y∗ +
CR

β z∗ ≤ bR
β for trapezoidal fuzzy number matrices

Ã, B̃ and C̃, then AL
λ x∗ + BL

λ y∗ + CL
λ z∗ ≤ bL

λ and
AR

λ x∗ + BR
λ y∗ + CR

λ z∗ ≤ bR
λ , ∀λ ∈ [β, α].

Proof. Let Ã = (ãij)q×n, B̃ = (b̃ij)q×m,
C̃ = (c̃ij)q×p and b̃ = (b̃i)q×1. By the definition
of λ-cut, we have aij

L
λ = aij

L
α−aij

L
β

α−β (λ − β) + aij
L
β ,

i = 1, 2, . . . , q, j = 1, 2, . . . , n; bij
L
λ =

bij
L
α−bij

L
β

α−β (λ − β) + bij
L
β , i = 1, 2, . . . , q,

j = 1, 2, . . . , m; cij
L
λ = cij

L
α−cij

L
β

α−β (λ − β) + cij
L
β ,

i = 1, 2, . . . , q, j = 1, 2, . . . , p; bi
L
λ =

bi
L
α−bi

L
β

α−β (λ− β) + bi
L
β , i = 1, 2, . . . , q. Then we have

aij
L
λ x∗ + bij

L
λ y∗ + aij

L
λ z∗ = (

aij
L
α − aij

L
β

α− β
(λ− β)+

aij
L
β )x + (

bij
L
α − bij

L
β

α− β
(λ− β) + bij

L
β )y + (

cij
L
α − cij

L
β

α− β
·

(λ− β) + cij
L
β )z = λ− β

α− β
(aij

L
αx∗ + bij

L
αy∗ + cij

L
αz∗)

+ (1− λ− β

α− β
)(aij

L
αx∗ + bij

L
αy∗ + cij

L
αz∗) ≤ λ− β

α− β
bi

L
α

+ (1− λ− β

α− β
)bi

L
β = bi

L
λ .

Thus AL
λ x∗ + BL

λ y∗ + CL
λ z∗ ≤ bL

λ , ∀λ ∈ [β, α].
Similarly, we can prove AR

λ x∗ + BR
λ y∗ + CR

λ z∗ ≤
bR

λ , ∀λ ∈ [β, α].

Theorem 2. Let (x∗, y∗, z∗) be the solution of the
following MOTLDM decision making problem (5):

min
x∈X

(f1(x, y, z))L
α = c1

L
αx + d1

L
αy + e1

L
αz

min
x∈X

(f1(x, y, z))R
α = c1

R
α x + d1

R
α y + e1

R
α z

min
x∈X

(f1(x, y, z))L
β = c1

L
β x + d1

L
β y + e1

L
β z

min
x∈X

(f1(x, y, z))R
β = c1

R
β x + d1

R
β y + e1

R
β z

s.t. A1
L
αx + B1

L
αy + C1

L
αz ≤ b1

L
α

A1
R
α x + B1

R
α y + C1

R
α z ≤ b1

R
α

A1
L
β x + B1

L
β y + C1

L
β z ≤ b1

L
β

A1
R
β x + B1

R
β y + C1

R
β z ≤ b1

R
β

min
x∈X

(f2(x, y, z))L
α = c2

L
αx + d2

L
αy + e2

L
αz

min
x∈X

(f2(x, y, z))R
α = c2

R
α x + d2

R
α y + e2

R
α z

min
x∈X

(f2(x, y, z))L
β = c2

L
β x + d2

L
β y + e2

L
β z

min
x∈X

(f2(x, y, z))R
β = c2

R
β x + d2

R
β y + e2

R
β z

s.t. A2
L
αx + B2

L
αy + C2

L
αz ≤ b2

L
α

A2
R
α x + B2

R
α y + C2

R
α z ≤ b2

R
α

A2
L
β x + B2

L
β y + C2

L
β z ≤ b2

L
β

A2
R
β x + B2

R
β y + C2

R
β z ≤ b2

R
β

min
x∈X

(f3(x, y, z))L
α = c3

L
αx + d3

L
αy + e3

L
αz

min
x∈X

(f3(x, y, z))R
α = c3

R
α x + d3

R
α y + e3

R
α z

min
x∈X

(f3(x, y, z))L
β = c3

L
β x + d3

L
β y + e3

L
β z

min
x∈X

(f3(x, y, z))R
β = c3

R
β x + d3

R
β y + e3

R
β z

s.t. A3
L
αx + B3

L
αy + C3

L
αz ≤ b3

L
α

A3
R
α x + B3

R
α y + C3

R
α z ≤ b3

R
α

A3
L
β x + B3

L
β y + C3

L
β z ≤ b3

L
β

A3
R
β x + B3

R
β y + C3

R
β z ≤ b3

R
β .

(5)
If the coefficients of the FTLDM problem (2) have
trapezoidal membership functions as Eq. (4), the
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solution is also the solution of the FTLDM problem
(2).

Proof. By Lemma 1, if (x∗, y∗, z∗) satisfies

min
x∈X

(f1(x, y, z))L
α = c1

L
αx∗ + d1

L
αy∗ + e1

L
αz∗,

min
x∈X

(f1(x, y, z))R
α = c1

R
α x∗ + d1

R
α y∗ + e1

R
α z∗,

min
x∈X

(f1(x, y, z))L
β = c1

L
β x∗ + d1

L
β y∗ + e1

L
β z∗,

min
x∈X

(f1(x, y, z))R
β = c1

R
β x∗ + d1

R
β y∗ + e1

R
β z∗,

then we have

min
x∈X

(f1(x, y, z))L
λ = cL

1λx∗ + dL
1λy∗ + eL

1λz∗,

min
x∈X

(f1(x, y, z))R
λ = cR

1λx∗ + dR
1λy∗ + eR

1λz∗, λ ∈ [β, α].

Similarly, we have

min
y∈Y

(f2(x, y, z))L
λ = cL

2λx∗ + dL
2λy∗ + eL

2λz∗,

min
y∈Y

(f2(x, y, z))R
λ = cR

2λx∗ + dR
2λy∗ + eR

2λz∗, λ ∈ [β, α];

min
z∈Z

(f3(x, y, z))L
λ = cL

3λx∗ + dL
3λy∗ + eL

3λz∗,

min
z∈Z

(f3(x, y, z))R
λ = cR

3λx∗ + dR
3λy∗ + eR

3λz∗, λ ∈ [β, α].

By Lemma 2, if (x∗, y∗, z∗) satisfies

Ai
L
αx + Bi

L
αy + Ci

L
αz ≤ bi

L
α,

Ai
R
α x + Bi

R
α y + Ci

R
α z ≤ bi

R
α ,

Ai
L
β x + Bi

L
β y + Ci

L
β z ≤ bi

L
β ,

Ai
R
β x + Bi

R
β y + Ci

R
β z ≤ bi

R
β , i = 1, 2, 3,

then
AL

iλx∗+BL
iλy∗+CL

iλz∗ ≤ bL
iλ, and AR

iλx∗ +BR
iλy∗ +

CR
iλz∗ ≤ bR

iλ will hold, ∀λ ∈ [β, α], i = 1, 2, 3.
To summarize, the proof of Theorem 2 is com-

pleted.

By Theorem 2, solving the FTLDM problem (2) is
equivalent to solving the MOTLDM problem (5). In
order to solve the problem (5), the linear weighted
method can be used. Therefore, the problem (5)
can be transformed into the problem (6).

The problem (6) is a TLDM problem. According
to the theorem provided by [14], the solution to a
TLDM problem occurs at a vertex of the constraint
region, thus the linear tri-level Kth-best algorithm
[14] can be used to solve the problem.

Let S = {(x, y, z) : x ∈ X, y ∈ Y, z ∈ Z, Ai
L
αx +

Bi
L
αy + Ci

L
αz ≤ bi

L
α, Ai

R
α x + Bi

R
α y + Ci

R
α z ≤

bi
R
α , Ai

L
β x + Bi

L
β y + Ci

L
β z ≤ bi

L
β , Ai

R
β x + Bi

R
β y +

Ci
R
β z ≤ bi

R
β , i = 1, 2, 3}, S(x) = {(y, z) ∈ Y × Z :

Ai
L
αx + Bi

L
αy + Ci

L
αz ≤ bi

L
α, Ai

R
α x + Bi

R
α y + Ci

R
α z ≤

bi
R
α , Ai

L
β x + Bi

L
β y + Ci

L
β z ≤ bi

L
β , Ai

R
β x + Bi

R
β y +

Ci
R
β z ≤ bi

R
β , i = 2, 3}, S(x, y) = {z ∈ Z : A3

L
αx+

min
x∈X

g1(x, y, z) = (c1
L
α + c1

R
α + c1

L
β + c1

R
β )x + (d1

L
α + d1

R
α

+ d1
L
β + d1

R
β )y + e1

L
α + e1

R
α + e1

L
β + e1

R
β )z

s.t. A1
L
αx + B1

L
αy + C1

L
αz ≤ b1

L
α

A1
R
α x + B1

R
α y + C1

R
α z ≤ b1

R
α

A1
L
β x + B1

L
β y + C1

L
β z ≤ b1

L
β

A1
R
β x + B1

R
β y + C1

R
β z ≤ b1

R
β

min
y∈Y

g2(x, y, z) = (c2
L
α + c2

R
α + c2

L
β + c2

R
β )x + (d2

L
α+

d2
R
α + d2

L
β + d2

R
β )y + (e2

L
α + e2

R
α + e2

L
β + e2

R
β )z

s.t. A2
L
αx + B2

L
αy + C2

L
αz ≤ b2

L
α

A2
R
α x + B2

R
α y + C2

R
α z ≤ b2

R
α

A2
L
β x + B2

L
β y + C2

L
β z ≤ b2

L
β

A2
R
β x + B2

R
β y + C2

R
β z ≤ b2

R
β

min
z∈Z

g3(x, y, z) = (c3
L
α + c3

R
α + c3

L
β + c3

R
β )x + (d3

L
α

+ d3
R
α + d3

L
β + d3

R
β )y + (e3

L
α + e3

R
α + e3

L
β + e3

R
β )z

s.t. A3
L
αx + B3

L
αy + C3

L
αz ≤ b3

L
α

A3
R
α x + B3

R
α y + C3

R
α z ≤ b3

R
α

A3
L
β x + B3

L
β y + C3

L
β z ≤ b3

L
β

A3
R
β x + B3

R
β y + C3

R
β z ≤ b3

R
β .

(6)

B3
L
αy + C3

L
αz ≤ b3

L
α, A3

R
α x + B3

R
α y + C3

R
α z ≤

b3
R
α , A3

L
β x + B3

L
β y + C3

L
β z ≤ b3

L
β , A3

R
β x +

B3
R
β y + C3

R
β z ≤ b3

R
β } and P (x) = {(y, z) :

(y, z) ∈ arg min{g2(x, ŷ, ẑ) : (ŷ, ẑ) ∈ S(x), ẑ ∈
arg min{g3(x, ŷ, z̃) : z̃ ∈ S(x, ŷ)}}}, then the algo-
rithm can be described as follows:

[Algorithm 1]

Step 1: Transform the FTLDM problem (2) into
problem (6).

Step 2: Set i ← 1. Solve the linear programming
problem min{g1(x, y, z) : (x, y, z) ∈ S} by
the simplex method to obtain the optimal
solution (x[1], y[1], z[1]), and then let W =
{(x[1], y[1], z[1])} and T = ϕ.

Step 3: Let x = x[i] and utilize the bi-level Kth-
best algorithm [10] to solve the bi-level de-
cision making problem

min{g2(x, y, z) : (y, z) ∈ P (x[i])} (7)

Let (ŷ, ẑ) be the optimal solution to (7).
If ŷ = y[i] and ẑ = z[i], (x[i], y[i], z[i]) is the
global optimum of the FTLDM problem
(2) and K∗ = i, go to Step 6; otherwise,
go to Step 4.

Step 4: Let W[i] denote the set of adjacent ex-
treme points of (x[i], y[i], z[i]) such that
g1(x, y, z) ≥ g1(x[i], y[i], z[i]). Let T =
T∪{(x[i], y[i], z[i])} and W = (W∪W[i])\T .
Go to Step 5.
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Step 5: Set i ← i + 1 and choose {(x[i], y[i], z[i])}
from W such that g1(x[i], y[i], z[i]) =
min{g1(x, y, z) : (x, y, z) ∈ W}. Go to
Step 3.

Step 6: Output the solution of the FTLDM prob-
lem (2). [End]

4. A case study on third-party logistics
decision making

For the purpose of this research, a case study on
third-party logistics decision making is developed
based on the FTLDM model. Nowadays companies
are focusing on enhancing their competitive advan-
tage in order to meet the economy globalization.
One effective way is developing their core business-
es in the supply chains, while outsourcing non-core
businesses, among which logistics is the main opera-
tion to be outsourced [26]. Especially with the rapid
development of the Internet of Things techniques,
companies can grasp the information of the prod-
ucts in real time online and more and more com-
panies have begun to outsource their main logistics
operation to third-party logistics (3PL) companies
in recent years. In this case, the vendor, the logis-
tics company and the distributor form a hierarchical
organization. The three decision entities have their
own objectives, for instance, maximize the profits
or minimize the production costs. In addition, each
decision entity has its own constraints and variables.
When making a decision in the supply chain, the l-
ogistics company fully considers the decision of the
vendor and the distributor also considers the deci-
sion of the logistics company. At the same time, the
vendor also takes into account the reaction of the lo-
gistics company and the logistics company likewise
considers the reaction of the distributor. Due to
the uncertainty of judgments, the coefficients of the
three entities cannot be expressed with exact nu-
merical numbers. For instance, the unit profit of a
product may be “about $10". Therefore the deci-
sion making problem faced to the decision entities
is usually with fuzzy coefficients. In order to make
an optimal decision, the FTLDM models can be u-
tilized.

In a supply chain, a high-tech product vendor
wants to minimize its production cost (represented
by min f1(x, y, z)) and x (the number of orders
on the planning horizon) is the decision variable.
The logistics company needs to determine the
number of trucks to be rent for the distribution
(y), with the objective of minimizing the overall
transportation costs (min f2(x, y, z)). The distrib-
utor has the objective “maximizing the overall
profit” (max f3(x, y, z)) and z (the order quantity
per lot-size) is its decision variable. The objectives
at the three levels are subject to their particular
constraints, for instance, the cost of inventory and
the supply of materials. We simplify the fuzzy
tri-level decision making problem of the supply

chain as follows:
min
x∈X

f1(x, y, z) = 1̃x− 4̃y + 2̃z + 2̃

s.t. − 1̃x + 3̃y + 1̃z ≤ 4̃
min
y∈Y

f2(x, y, z) = 1̃x + 1̃y − 1̃z + 2̃

s.t. 1̃x− 1̃y − 2̃z ≤ 0̃
max
z∈Z

f3(x, y, z) = −1̃x + 2̃y + 1̃z + 3̃

s.t. − 1̃x− 1̃y + 3̃z ≤ 0̃,

(8)

where

µ0̃(t) =


0 t < −1
t + 1 −1 ≤ t < 0
1− t 0 ≤ t < 1
0 1 ≤ t

,

µ1̃(t) =


0 t < 0
t 0 ≤ t < 1
2− t 1 ≤ t < 2
0 2 ≤ t

,

µ2̃(t) =


0 t < 1
t− 1 1 ≤ t < 2
3− t 2 ≤ t < 3
0 3 ≤ t

,

µ3̃(t) =


0 t < 2
t− 2 2 ≤ t < 3
4− t 3 ≤ t < 4
0 4 ≤ t

,

µ4̃(t) =


0 t < 3
t− 3 3 ≤ t < 4
5− t 4 ≤ t < 5
0 5 ≤ t

.

Now, we present a detailed procedure to solve
the above fuzzy tri-level decision making problem
in supply chain.

Step 1: We transform the problem into
min
x∈X

g1(x, y, z) = (0 + 2 + 1)x + (−5 − 3 − 4)y

+ (1 + 3 + 2)z + (1 + 3 + 2) = 3x − 12y + 6z + 6
s.t. − 2x + 2y + 0z ≤ 3, 0x + 4y + 2z ≤ 5

− 1x + 3y + 1z ≤ 4
min
y∈Y

g2(x, y, z) = (0 + 2 + 1)x + (0 + 2 + 1)y

+ (−2 + 0 − 1)z + (1 + 3 + 2) = 3x + 3y − 3z + 6
s.t. 0x − 2y − 3z ≤ −1, 2x − 0y − 1z ≤ 1

1x − y − 2z ≤ 0
max
z∈Z

g3(x, y, z) = (−2 + 0 − 1)x + (1 + 3 + 2)y

+ (0 + 2 + 1)z + (2 + 4 + 3) = −3x + 6y + 3z + 9
s.t. − 2x − 2y + 2z ≤ −1, 0x + 0y + 4z ≤ 1

− x − y + 3z ≤ 0.
(9)
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Step 2: Let i = 1, solve the following linear pro-
gramming problem (10) using the simplex method:

min
x∈X

g1(x, y, z) = 3x− 12y + 6z + 6

s.t. − 2x + 2y + 0z ≤ 3, 0x + 4y + 2z ≤ 5
− 1x + 3y + 1z ≤ 4, 0x− 2y − 3z ≤ −1
2x− 0y − 1z ≤ 1, 1x− y − 2z ≤ 0
− 2x− 2y + 2z ≤ −1, 0x + 0y + 4z ≤ 1
− x− y + 3z ≤ 0.

(10)

The solution to the problem (10) is
(x[1], y[1], z[1]) = (0, 1.25, 0). Let W = {(0, 1.25, 0)}
and T = ϕ.

Step 3: Let x = 0, utilize the bounded simplex
method to solve the following model:

min
y∈Y

g2(x, y, z) = 3x + 3y − 3z + 6

s.t. − 2x + 2y + 0z ≤ 3, 0x + 4y + 2z ≤ 5
− 1x + 3y + 1z ≤ 4, 0x− 2y − 3z ≤ −1
2x− 0y − 1z ≤ 1, 1x− y − 2z ≤ 0
− 2x− 2y + 2z ≤ −1, 0x + 0y + 4z ≤ 1
− x− y + 3z ≤ 0, x = 0.

(11)

The solution is (y′
[1], z′

[1]) = (0.5, 0).
Let x = 0, y = 0.5, utilize the bounded simplex

method to solve the following model:

max
z∈Z

g3(x, y, z) = −3x + 6y + 3z + 9

s.t. − 2x + 2y + 0z ≤ 3, 0x + 4y + 2z ≤ 5
− 1x + 3y + 1z ≤ 4, 0x− 2y − 3z ≤ −1
2x− 0y − 1z ≤ 1, 1x− y − 2z ≤ 0
− 2x− 2y + 2z ≤ −1, 0x + 0y + 4z ≤ 1
− x− y + 3z ≤ 0
x = 0, y = 0.5.

(12)

The solution is z′′
[1] = 0. Since z′′

[1] = z′
[1] and

y′
[1] ̸= y[1], go to Step 4.
Step 4: The set of the adjacent ex-

treme points of (x[1], y[1], z[1]) is W[1] =
{(0, 0.5, 0), (0.5, 1.25, 0), (0, 1.125, 0.25)}, thus
we have T = {(0, 1.25, 0)} and W =
{(0, 0.5, 0), (0.5, 1.25, 0), (0, 1.125, 0.25)}.

Step 5: Update i = 2, choose (x[i], y[i], z[i]) =
(0.5, 1.25, 0) and go to Step 3. The algorithm stop-
s after 8 iterations, i.e. K∗ = 8. Details of the
algorithm implementation are omitted.

Step 6: The optimal solution to the fuzzy tri-
level decision making problem (8) is (x∗, y∗, z∗) =
(0.625, 0.125, 0.25). The objective function values of
the three levels are as follows: f̃∗

1 = 1̃x∗−4̃y∗+2̃z∗+
2̃, f̃∗

2 = 1̃x∗+1̃y∗−1̃z∗+2̃, f̃∗
3 = −1̃x∗+2̃y∗+1̃z∗+3̃.

The results shows that when x = 0.625, y = 0.125
and z = 0.25, the vendor can obtain the minimized
production cost, the logistics company can have a
minimized transportation cost and the distributor
can get the maximized profit.

5. Conclusions

Many organization decision making problems can
be formulated as tri-level decision making models.
When formulating a tri-level decision making mod-
el, the coefficients of objective functions and con-
straints are sometimes in the form of fuzzy number-
s. In this paper, we first present a tri-level decision
making model with fuzzy parameters and transfor-
m the model into a multi-objective tri-level decision
making problem based on the λ-cut, which can be
solved by the tri-level Kth-best algorithm.

In terms of future research, we will consider fuzzy
tri-level decision making problems with multiple ob-
jectives and multiple followers. A web-based fuzzy
tri-level decision support system will be also devel-
oped to support the third-party logistics decision
making.
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