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Abstract

In this paper we present a general framework to
face the problem of evaluate fuzzy quantities. A
fuzzy quantity is a fuzzy set that may be non normal
and/or non convex. This new formulation contains
as particular cases the ones proposed by Fortemps
and Roubens [7], Yager and Filev [12, 13] and fol-
lows a completely different approach. It starts with
idea of “interval approximation of a fuzzy number”
proposed, e.g., in [4, 8, 9].
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1. Introduction

Several authors have faced the problem to evaluate
fuzzy numbers in order to define ranking methods
that are essential in optimization problems. The
problem to associate a real number to a fuzzy set
is crucial even for defuzzification problems, but in
these cases we are up against fuzzy set that are not
fuzzy numbers as they are usually not normal and
not convex. We call these fuzzy sets, “fuzzy quan-
tities”. This problem has been debated by other
authors [1, 5, 6, 7, 12, 13] following different ap-
proaches. Fortemps and Roubens in [7], propose a
particular figure and a numerical result, without a
general formula, but this result can be interpreted
as a generalization of “area compensation method”.
Yager and Filev in [12, 13] propose general proce-
dure for particular fuzzy sets defined by the union of
subsets of an interval. Facchinetti and Pacchiarotti
in [5] propose a geometrical approach that is co-
herent with Fortemps and Roubens particular re-
sults. These three ideas appear to be completely
different. Anzilli and Facchinetti in [1] propose the
introduction of “ambiguity” of a fuzzy quantity to
have a more detailed evaluation. Another approach
based on total variation of bounded variation func-
tion is introduced by Anzilli and Facchinetti in [2].
In this paper we try to find a general formulation
in which the results obtained in [7, 12, 13] are par-
ticular cases and that offers the possibility to define
other methods changing the parameters included in
its formulation. The main idea we have followed is
connected with methods of interval approximation
of fuzzy numbers (see, e.g., [4, 8, 9]). We introduce
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a suitable functional and define the approximation
interval for a fuzzy quantity by the nearest interval
with respect to the chosen functional. Following this
idea we introduce a new evaluation that let us the
possibility either to find the weakness of the classi-
cal methods or to show its more generality and ad-
vantages. In Section 2 we give basic definitions and
notations. In Section 3 we introduce our definition
of fuzzy quantity. In Section 4 we present a review
of the evaluation methods proposed by Fortemps
and Roubens [7] and Yager and Filev [12, 13]. In

section 5 we introduce our general framework.

2. Preliminaries and notation

Let X denote a universe of discourse. A fuzzy
set A in X is defined by a membership function
ta s X — [0,1] which assigns to each element of X a
grade of membership to the set A. The height of A is
ha = height A = sup,c x pa(z). The support and
the core of A are defined, respectively, as the crisp
sets supp(A) = {z € X;pa(x) > 0} and core(A) =
{z € X;pa(z) =1}. A fuzzy set A is normal if its
core is nonempty. The union of two fuzzy set A and
B is the fuzzy set AU B defined by the membership
function paup(xz) = max{pa(z),pus(x)}, z € X.
The intersection is the fuzzy set A N B defined by
wang(z) = min{pa(x), pp(x)}. A fuzzy number A
is a fuzzy set of the real line R with a normal, convex
and upper-semicontinuous membership function of
bounded support. From the definition given above
there exist four numbers aj,as2,a3,a4 € R, with
a1 < as < az < a4, and two functions fa,g4 :
R — [0, 1] called the left side and the right side of
A, respectively, where f, is nondecreasing and g4
is nonincreasing, such that

0 T < ay
fa(z) a1 < x < as

palz) =4 1 ag < x < ag
ga(z) a3 < x < ay
0 ag < T.

The a-cut of a fuzzy set A, 0 < o < 1, is defined as
the crisp set Ay = {z € X;ua(z) > a}if0<a<1
and as the closure of the support if a = 0. Every
a-cut of a fuzzy number is a closed interval A, =
[ar (@), ar(a)], for 0 < @ < 1, where ar, () = inf A,
and ag(a) = sup A,.



A fuzzy number A is said to be a trapezoidal fuzzy
number if its membership function is given by

0 T < ap
xr —ap
_ a1 <z <as
as — aq
palz) =< 1 az <x < ag
ay — I
az < x < ay
a4 — ag

ayg < T.

If as = a3 the trapezoidal fuzzy number reduces to
a triangular fuzzy number.

3. Fuzzy quantities

The paper’s aim is to evaluate a general (non-
convex) fuzzy quantity with N humps, being N a
positive integer. Such a fuzzy quantity can be ob-
tained as the union of N convex fuzzy sets.

Definition 3.1. Let N be a positive integer and
let a1, as,...,asn be real numbers with a1 < ag <
a3 < ag < az3 < ag < a7y < ag L ag < - <
agN—2 < agn—1 < aqn. We call fuzzy quantity

A =(ay,az,...,a4N;
h17h27"'ahNa (1)
hi2,ha3,...,hAn—1,n)

where 0 < hj < lfOI'j:L...,NaHdOSth_A,_l <
min{h;, hjy1} for j = 1,...,N — 1, the fuzzy set
defined by a continuous membership function p :
R — [0,1], with u(x) = 0 for < a1 or > agp,
such that for j =1,2,...,N

(i) p is strictly increasing in [asj_3,asj—2], with
p(asj—3) = hj_1; and p(agj—2) = hy,
(ii) w is constant in [a4j_2, a4j—1], With p = hy,
(iii) p is strictly decreasing in [a4;j_1,as;], with
p(asj—1) = hy and plas;) = hj 1,

and for j=1,2,... ., N -1
(iv) p is constant in [a4;, asj41], with p = hj 41,
where ho1 = hy n+1 = 0. Thus the height of A4 is

ha=

max h;.
j=1,...N

Remark 3.2. When N = 1 the fuzzy quantity
A = (a1, az,a3,a4;h1) defined in (1) is fuzzy con-
vex, that is every a-cut A, is a closed interval, with
a continuous membership function of bounded sup-
port and with height h4 = h;. Note that if h; =1
then A is a fuzzy number.

When N > 2 the fuzzy quantity A defined in (1)
is a non-convex fuzzy set with N humps and height
ha =max;—1 .~ hj. Such a fuzzy quantity can be
obtained as the union of N convex fuzzy quantities.
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Figure 1: Fuzzy quantity with N = 2.

Definition 3.3. For j =1,..., N we let

zi(a) = pyt a4 o(@)  hi1; <a<hy,

where pu4j-345-2 = I|{ay,_5,a,,_,) 18 the restriction
of pt to the interval [a4;_3,as;_2], and
-1
yi(a) = pyj_q 45(c) hjjr1 <a<hy

where fia5-1,45 = I[ay;_ 1 a4
to the interval [a4;_1, a4 ).

] is the restriction of p

X,(0) y @)

Figure 2: Example of a-cut.

If N =1, that is if A is a convex fuzzy quantity
with a-cuts A, = [ar (@), ar(a)], we have z1(a) =
ar (o) and y1 (o) = ar(a) for 0 < a < hy.

Proposition 3.4. Let A be the fuzzy quantity de-
fined in (1) with height ha. Then each a-cut Ag,
with 0 < a < hga, is the union of a finite number
of disjoint intervals. That is there exist an inte-

ger ng = na, with 1 < ny < N, and AT, AL
disjoint intervals such that
Aa =J 47 = laf (@), af ()] (2)
i=1 i=1

Thus ne, is the number of intervals producing the
a-cut A, .

For example, in the case N = 2 with hy < ho (see
Fig. 2)

o for 0 < o < h; o we have n, =1 and
[af (@), af'(a)] =

Ay = A = [21(e), ya(@)],



o for hy o < o < hy we have n, =2 and

Ay = AT U AS = [a1 (@), a1 (a)] U [ay (), a5 (@)
= [z1(a), y1 ()] U [22(a), y2()]
e for h1 < a < hy we have n, = 1 and
Ay = AT = [a7 (), a7 (a)] = [z2(a), ya(@)].

Proof. For each 0 < a < hy let

Cz

“({eh)n

lasj—3,asj_2]

.
Il
-

“({ahn

[agj—1, as;].

Cz

.
I
—

Since p in continuous, strictly increasing in
[@4—3,a4j_2] and strictly decreasing in [a4;—1, a4;]
we have card(L*) = card(R*) and we let

ne = card(L®) = card(R%) . (4)

By defining fori=1...,n
a¥(a) = min L*

“(a) = min (L™ — L

a;_q

{af(a)....,

a;

(@)})
and

af(a) = min R®

al’(e) = min (R* —

{af'(a),....q]

we have

= {af(a),...,
R* = {af(a),...

Taking into account the properties of the member-
ship function p it follows that the following inequal-
ities must be satisfied al(a) < afi(a) < af(a) <
a¥(a) < -+ <ak (o) <af (a) and, moreover,

AQQA;?‘

where A% = [aF(a), al(a)].

O

In the following we denote the middle point of the
interval A® = [al(a),af ()] by

mid(A7) = 5 (ab(0) + af'(@))
and the spread of A by

spr(AT) = 5 (afi(@) = ab ()
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4. Evaluation of fuzzy quantities

In this section we analyse the evaluation defined
by Fortemps and Roubens [7] and Yager and Filev
[12, 13] and propose a unique method that realizes
to unify the two approaches even if they seem so
different. In particular the Fortemps and Roubens
evaluation is a weighted average of the arithmetic
means of the midpoints of each interval that pro-
duces each a-cut where the weights are connected
with the number of those intervals. The Yager and
Filev evaluation is different and is the mean value of
the weighted average of the midpoints of the inter-
vals producing every a-cut with weights connected
with their spreads. An example is furnished to show
how the method works.

4.1. The Fortemps and Roubens evaluation

Definition 4.1. Let us consider a fuzzy quantity
A defined in (1). We denote

N rhy

Sp = Z/ zj(a)da
j=17hj-1
N hj

Sy = Z/ yj (o) da
j=1"hii+1

We define the value of A as
S1+ S5
v .
hy =Y hj,j+1)

Wi (A) - (6)

2 (2

Applying (6) to the particular fuzzy quantity con-
sidered in [7] we obtain the same result.

Proposition 4.2. Let A be the fuzzy quantity de-
fined in (1) with a-cuts given by (2). Then

ha Na
fo nada/ Zmsz

Nhj.

Vi(A) (7)

where hq = max;j—_y

Proof. Let L* and R® be as defined in (3). Re-
calling that u(a4j_3) = hj_Lj, u(a4j_2) = hj,
,UJ(CL4j_1) = h,j and ,UJ(CL4J') = hj,j+17 we have

N
= (Hzi(@); a

j=1

= U{yj(a); a

€lhj-1,5,hjl}

€lhj 1, b4}

Then, since p is strictly increasing in [a4;—3, a4j—2],
from (4) it follows that

Ng = card(LY)

ZX]hJ 1]1h‘ ]



where X)p,_, , n,] is the characteristic function of the
interval |hj_1 ;, h;]. Then, taking into account that
ho1 =0, we obtain

N

ha
/ Ny da = Z(hj — hj—l,j)
0

j=1
and thus

ha N N-1
/ Nea da = E hj — E hj)j+1 .
0 j=1 j=1

Furthermore, from (5) and (8) we get

(9)

Ne N

> ai(a Z zj(
i=1
and thus

/ S 4k () da

=1

X]hJ 1J1h ]( )

N

_/Oh’*z

Jj=1

() Xjh,_ 1 4.0y (@) da
N

>

j=1 i—1,3

zj(a)da=51.

In a similar way, from (5) and (8) we obtain

Za Zyj X]h] ]+17h ]( )
i=1
and thus
ha na
/ a)da = Z/ a)do =S, .
hji+1
Then from (6)
S1+ 52
Vi(4) = N N-1
2 (ijl hj - ijl hj j+1)
h
:fOAZzl z( dO[+f 1la’f(a)da
2f0 N do
ha 2o L R
> ( (a) +a! <a>> o
Jo  nadaJo i 2
O
Remark 4.3. From (7) we get
1 ha
Vi(A) = Vi(An) ng da

fohA N da Jo

where
Z mid(A$)
na i=1

Thus the evaluation Vi(A) is a weighted average
of a-cuts values V;(A,), where the weights are con-
nected with the number of intervals producing every
a-cut. Furthermore the value Vi (A,) of each a-cut
A, is the arithmetic mean of the midpoints of its
intervals.
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4.2. The Yager and Filev evaluation

Yager and Filev [12, 13] define the value of a fuzzy
quantity A

ha Soie, mid(A$)spr(AS)
> ooy spr(Ad)

Vo(A) = — da

ha
(10)
This evaluation can be also expressed as

1 [ha
Vald) = 5 [ Valda) da
hA 0
where
‘/Z(Aa) — Znal mzd(Af‘)spr(A?) .

Zj:l spr(Aa)

Thus the evaluation V5(A) is the mean value of
V2(Ay) that are a weighted average of the mid-
points of intervals producing every a-cut, where the
weights are connected with the interval spreads.

4.3. An application

We now apply the above methods to evaluate a
fuzzy quantity as in Fig. 3 that is the typical output
of a fuzzy control system.

Example 4.4. Let T and S be two symmetric tri-
angular fuzzy numbers with centers ¢, s and spreads
dy, dsa, respectively. Thus the a-cus of T and S are,
respectively,

[

=[t— (l—a)dl,t—i—(l—a)dl] 0<a<l
Sa = [sL(a), sr(a)]

=[s—(1—a)ds,s+ (1 — a)dy] 0<a<l.

Let us consider the fuzzy quantity A shown in Fig. 3
defined by the membership function

a(x) = max{min{jir (z), by} min{us(2), ho}}

where pp and pg are the membership functions of
T and S, respectively, and h; < hg. Then haq = ho
and the a-cuts of A are given by, for 0 < a < ha,

(tr(a), sr(a)] 0<a<his
Aa = [tL(Oé),tR(Oé)] U [SL(Oé),SR(Oé)] h1,2 S (0% S hl
[s(e), sp()] hy <a<hy.

Now we evaluate V1 (A) and V5(A). Observing that
from (4)

ha
/ Ngdo=hy +hg —hy o
0



we obtain from (7)

ha Na
fo nada/ Zmsz =

B 1 {/h”t—f—s—f—(dg—dl)(l—a)
hi+hy —hi o 2

hl h2
+/ (t+s)da+/ sda}
hi,2 h1

Vi(A) =

1 t+s
= ————Jthy + shy — h
h1—|—h2—h172{ 1T SN 12+
dy — d
+ 24 1(2h1,2h?,2)}
and thus

Vvl(A) = tO’l + s02

t+s+dy —ds do — dy
- + hia o1
( 2 4 ’ ’

(11)
where o1 = hy o9 = ha and 019 =

1 hi+tha—hi 2 2 hi+ha—hi 2 1,2
Mz These coefficients are the same found

hi+ha—hi 2

n [5]. Note that o1 + 02 — 012 = 1.
Furthermore, since hy = hg, we get from (10)

" i mid(AY)spr(A7)
Zj:l spr(Aa)
di)(1—a)

Va(A) =

hA

! h1v2t+s+(d2—
7h2 0 2

1 (M tdy + sds 1 /’W
+ — —_— dCl/, + — S dCl/,
ha /h dy +d ha Jn

1,2 1

da+

and thus

Vo(A) =tm+s(1 —m)+

((Stdldg)(d2d1)+d2d1h >h172
(dy + do) 4 ) hy

(12)

_ dihy
where m = CERITR

Figure 3: The fuzzy quantity A.

da+
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Remark 4.5. From (11) we can see that if we move
only S to the right (only T to the left) hq 2 goes to
zero. This fact produces that Vi (A) goes to o1t +
09s. This evaluation has totally forgotten d; and ds.
This weakness does not happen using the evaluation
Va(A).

Remark 4.6. In the case when d; = dy the evalu-
ation V5(A) expressed by (12) depends only on the
ratio hy/hg, since Vo(A) = s — (s — t)(h1/h2)/2.
This means that fuzzy quantities having different
flat heights hq,he but the same ratio hy/he will
have the same evaluation. This weakness does not
occur in V;(A), since V1(A) = tw + s(1 — w) where
w = (20’1 —0’1,2)/2 = (2h1 —hl’g)/(2(h1 +h2 —hl’g)).

Remark 4.7. The relationship between these two
valuations is shown by the following equation

Vl(A) = ‘/Q(A) o9+ (1 — 0'2)

= _ sdi+tds : _ =
where T = 2757 is such that hy o = pa(Z).
5. A more general evaluation framework

In this section we propose a general formulation for
the evaluation of a fuzzy quantity and show that the
evaluation methods presented above are particular
cases of our approach. To this end we define the
approximation interval of a fuzzy quantity as the
interval which is the nearest to the fuzzy quantity
with respect to a suitable functional. We show that
the evaluation we have proposed is the middle point
of the approximation interval. Finally, we use the
previous results to introduce a new evaluation of a
fuzzy quantity and give an example to show how
our evaluation works.

Definition 5.1. Let A be a fuzzy quantity with
height h4 and a-cuts given by (2). We define the
value of A as

ha Na )
V) = [ S mid(A?) () eate)da (13)
0 =1
where for each «a the weights pa(a) =
(P4 (@))i=1,... n, satisty
AR
i=1
and the weight function 4 : [0, 1] — [0, +-00] satis-

fies
ha
/ pala)da=1.
0

Thus our general method performs a horizontal
aggregation, level by level, with weights p and a
vertical aggregation using a weight function 4.

Remark 5.2. Note that if we choose

Pala) = -,
— Ng
pa (Oé) - j;]hA ng ds



we obtain the evaluation V;(A4) (see (7)) and if we
i _ __spr(A7)
pA(a) - Z:‘zl spr(A;?‘) )

choose
{ pala) =

we obtain the evaluation V2(A) (see (10)).

ha

Definition 5.3. We say that C = [¢,¢r] is an
approximation interval of the fuzzy quantity A with
respect to pa = (P )i=1,....n, and @4 if it minimizes

/

ha Mo

Z mid(C

— mid(Af))? pla (o) pa(a)da

) = spr(A9)* pa(@) pa(a)da

among all the intervals C' = [cr, cg], where 0 €]0, 1]
is a parameter indicating the relative importance of
the spreads against the mids (]9, 11]).

Theorem 5.4. The approximation interval C =
[L,CRr] of the fuzzy quantity A with respect to pa
and @4 is given by

ha Na
oL = / > af ()
0

i=1

/ h Z af(a)

i=1

Paa) pala)da

~

CR =

pa(@) pa(a)do

Observe that C doesn’t depend on 6.
Moreover, the evaluation V (A) defined in (13) is the

middle point of the approrimation interval C.
Proof. We have to minimize the function

g(crL,cr) = I(C; A) =

i/ AZO(CL“V‘CR—CL%(O[)—CL?(O[))Q pa(a) pa(a)da

+§/0 ’ Z (CR —crL —af(a)+af(a))2 pi(a) pala)da

with respect to c¢; and cg.
9 (cr,cr) = 8‘96 (cr,cr) =0 we get

By solving

dg
dcr,

cL +cn = / "3 0k (@) + af(a)) pis () pa(a) da

i=1

ha Ma _
er—cr = / S (a(a) — af(a)) s (@) () da

i=1

and thus the solution is

ha Na )
o = / 3 aF(a) piy(@) pala) do
0 =1

-~

ha Mo
er = / S af'(@) ph(a) pa(a) dor.

i=1
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. 8%y 9%y 140
Slnce 9cr Z(cr,cr) 9t I(cr,cp) = % and
9%g __1-46 :
acRacL (cL,cRr) = Be.bon (cL,cr) = =5~ we obtain
8%g
CR dcrnd (CchR)
Cg Cr, — 9 > O
ECLBCR L’CR) dc?, (CL’CR)
and (cn,cr) = # > 0. Then the solution

(cL,cR) minimizes g(cr,, cr). O

We now use the above results to introduce an
evaluation method that takes into account both the
number of intervals of A, and the spread of each
interval.

Definition 5.5. Let A be a fuzzy quantity with
height h4 and a-cuts given by (2). We call V3(A)
the evaluation of A obtained by (13) with

Pal0) = gl
pala) = W :
Then
" Ly mid(AD)spr(AD)
V() = 20 352y spr(A7) a4

N do

D
Jo”

Remark 5.6. If A = (ay,a2,a3,a4;h1) is a con-
vex fuzzy quantity with height h4 = h; and a-cuts
Aq =lar(a),ar(a)], 0 < o < hy, we obtain

1 [ha ar(a) + ag(a)
hA/ 2

Example 5.7. Let A be the fuzzy quantity of Ex-
ample 4.4 shown in Fig. 3. Since from (4)

Vi(A) = Va(4) = V3(4) = dox

ha
/ nada:hl—i-hg—hlg
0

we get from (14)

1 hAZ

N do

1 mid(A
Zj:l

P)spr(A7)
spr(A‘j?‘)

Ng do =

h
Jo”

B 1 {/hlv2t+s+(d2d1)(1a)
"~ hi+he—hia o 2
h1 h2
td d
+/ dea—i—/ sda}
hio G1+da hy
and thus
tdy, + sdo
V3(A) = 2——F= —
3(A) ( dy + dy 8)01+sa2
3 tdy + sd 1tds + sd do —d
1 +saz  liag +sap  dg 1+ (15)
2 di + da 2 di +ds 2
dy — d
+ 24 1h1,2>01,2
h h
where g1 = m, 09 = Wihl,z and 01,2 =
hi,
h1+h;ih1,2'

da+



Remark 5.8. From (15) and (11) we obtain

(S — t)(dg — d1)

(1—02). (16)

Equation (16) shows that the weakness of V;(A)
described in Remark 4.5 does not happen using the
evaluation V3(A).

Moreover, from (15) and (12) we get

tdy + sdo

Va(4) = Va(A)oo + ~

(1-0). (17

Equation (17) shows that the weakness of V2(A) de-
scribed in Remark 4.6 does not occur for the evalu-
ation V3(A).

6. Conclusion

Following the words of Grzegorzewski in [9] that, in
his introduction, underlines the importance to de-
velop interval approximation for general fuzzy sets,
in this paper we introduce, for the first time, the in-
terval approximation of a fuzzy quantity. Working
with fuzzy numbers, this type of operation means to
find the interval nearest to the original fuzzy num-
ber respect some type of metric. In fuzzy quanti-
ties’ case, that are the typical outputs of a fuzzy
control system, the introduction of a metrics is not
so trivial, so in this first paper we have spoken of
the interval nearest to the original fuzzy quantity
respect a general functional. The functional we use
is suggested by the distance proposed by Bertoluzza
et al. [3] and generalized by Trutshnig et al. [11].
This distance depends by a parameter that modi-
fies the weight of the “spread” part, but the nearest
interval founded doesn’t depends by it. Even in the
formulation for fuzzy quantities this happens so our
following study will be in the direction to under-
stand why this fact happens and how to modify this
situation. Another direction is to modify the func-
tional we start and to try to find a sort of functional
that should be a distance. As we have use this ap-
proach so as to evaluate a fuzzy quantity, having in
mind a defuzzification problem, we have compared
our results with other previous methods introduced
by other authors finding a unifying view, we have
left behind the method proposed by Facchinetti and
Pacchiarotti [5]. This happens as their formulation
is a geometrical view of Fortemps and Roubens idea
in a more general case. Their proposal differs for
two reasons. They suppose that the midpoint is
not an imposed choice, but that it is possible to se-
lect a point of the interval depending by optimistic
or pessimistic attitude of decision maker and that
the measure that appear in the evaluation is not
necessarily a Lebesgue measure but may be more
general. Even in this direction we will try to find a
unifying view.
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