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dom variables not being necessarilly independent. Since

this issue is not so simple as it seems at a first sight, we
Abstract will limit ourselves in this paper to the case of the pro-
bability-possibility transformation of the sum of two
identical continuous unimodal symmetric random va-
riables. After having recalled the basic principles of the
previously proposed probability possibility transforma-
tion and associated properties, we will study the case

; . ) where the two random variables are independent and
relationship between the two added variables. In fact b

th i is closel lated to the Zad h,’the case where they are comonotone. It will be shown
et comonotone lcaslf I?t N olseyé ret ateh 0 ? adeN Shat this later case is closely related to the Zadeh’s ex-

extension principie. 't often leads 10 the worst case Inyq g, principle conventionally used for the propaga-

terms of specificity of the corresponding possibility dis- 1, ¢ hossibility distributions [4]. Finally, we will give

tribution, but it may arise that the independent case issome elements about the case where no knowledge
worse th:;n g:.e CO(;T‘OUgtOF‘e cas\i}he.g. for simmtlatr:jc Paé\bout the dependency is available. The fundamental de-
reto probability - distributions. €n no knhowkedge velopments will be illustrated with widely used proba-
SE)ility distributions: uniform and Gaussian ones, but also
with less used ones (nevertheless important in specific
areas): the Cauchy and symmetric Pareto distributions.
The paper sheds some new lights at the conditions in
Keywords: Possibility theory, uncertainty propagation, which the Zadeh’s extension principle leads to least

maximum specificity principle, independence, co- specific possibility distributions. Let us note that in this

The paper extends author’s previous works on a proba
bility/possibility transformation based on a maximum

specificity principle to the case of the sum of two iden-
tical unimodal symmetric random variables. This trans-
formation requires the knowledge of the dependency

sibility distribution can be obtained from Fréchet
bounds.

monotonicity. paper we consider the dependency concept under the
conventional umbrella of random variables, and we do
1. Introduction not consider other dependency notions introduced be-

yond the conventional probability theory [5][6].
In a lot of applications, a probability distribution or an
interval are frequently used in order to give an account
of uncertainty of observations or of a parameter. The
first representation provides a quite rich information but 2.1, Basics of possibility theory
it is not always easy to determine, unlike the second re-
presentation that is more simple to obtain but also gene-A fundamental notion of the possibility theory [4] is the
rally more rough. A third uncertainty representation ba- possibility distribution, denoted. Here, we consider
sed on the possibility theory [1] has been proposed ir:Jaossibility distributions defined on the real line, i.e.
th_e I_ate 70’s by Dubois an(_j Prade and further develope TTis an upper semi-continuous mapping fréo the
within the fuzzy community, among ones the author = .~ o B
who has proposed a probability-possibility transforma- unit interval to. the unit mterval-such thagx) = 1 for
tion identifying the dispersion intervals of leveta of ~ SOmex belonging toR. Thus 77 is a fuzzy subset but
a probability distribution to tha-cuts of a fuzzy subset With specific semantics for the membership function.
seen as a possibility distribution [2]. This identification Indeed, a possibility distribution describes the more or
is closely related to the transformation principles propo- less plausible values of an uncertain variakleThe
sed originally by Dubois, Prade and Sandri [3] (consis- possibility theory provides two evaluations of the like-
tency, preference preservation, least commitment). Fol-ingod of an event, for instance whether the value of a

lowing this way, the maximum specific possibility dis- (a5 yariablex does lie within a given interval: the pos-
tribution is obtained, i.e. the least one in the sense of

fuzzy subset inclusion without adding arbitrary infor- sibility /7 and the_ _necessnyN. Th_e normalized
mation. measures of possibility7 and necessityV are de-
In other respects, as many practical engineering situafined from the possibility distribution/7: R [0.1]
tions involve many variables, it is important to consider such thatsup, 77 ()= 1 as follows:

the problem of the possibility representation of a prob-

ability distribution associated to a function of many ran-

2. Probability-possibility transformation recalls
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OAO RT(A =supg, 77 &)and

OAD R N(A=1-N(A=inf,1-7(x))
The possibility measuré7 verifies :
UA BO RM(AD B=max(1 (AN (B)
The necessity measur® verifies :

DA BOR N(AY B=min(N( A, N B

To qualify the informativeness of a possibility distribu-
tion, the concept of specificity can be used [7]. Indeed,
a possibility distribution7z; is said more specific than
7T, as soon aslX, 7z (X) < 77,(X) (it is the usual
definition of inclusion of fuzzy sets), i.&, is more in-
formative than 77, (or dually less spread). #f(x) =1

for somex and m(y) =0for ally # X, thenTtis totally
specific (fully precise and certain knowledge), if
71(xX) =1for all x thenTt is totally non specific (com-
plete ignorance).

In fact, a numerical degree of possibility can be viewed
as an upper bound to a probability degree [8][9].
Namely, with every possibility distributiom one can
associate a non-empty family of probability measures
dominated by the possibility measure:
7(m={P,0AOR R A<M(A}. This provides a

bridge between probability and possibility, and there is
also a bridge with interval calculus. Indeed, a unimodal
numerical possibility distribution may also be viewed as
a nested set of intervals, which are thmecuts of

%, %] ={xm(¥ = a} . In fact, thesa-cuts can be

identified with the dispersion intervals of probability
level g =1-a of a probability distribution. For every

possible probability Ieveﬂ?D[O,]], the corresponding
dispersion interval (called a coverage interval in the
metrology area [10]) is defined as an interval that con-
tains a portion ofX with probability= 8. In others

words, a dispersion interval of probability levgl(de-
notedl ) is defined as an interval for which the prob-

ability P to be outside this interval ,does not ex-

def
ceedr =1- (. In fact, the dispersion intervals give in-

formation about the concentration of the probability dis-
tribution associated to a random variable.

For the same probability density function and for the
same probability level, we can have different types of
dispersion intervals. Indeed, we can impose the disper-
sion intervals to be defined around a same paint
generally a typical central point of the probability den-
sity, e.g. the mode, the mean or the median. Obviously,
the dispersion intervals built around the same paint

are nested. It has been proven in [11] that stacking dis-
persion intervals on top of one another leads to a possi:
bility distribution (denoted/7* having X* as modal
value). In fact, in this way, the-cuts ofrr*, i.e.,

A ={x|7*(% = a} are identified with the dispersion
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interval I; of probability level #=1-a around the

nominal valuex* .

Thus, the possibility distributiomr* encodes the whole
set of coverage intervals in its membership function.
Moreover, this possibility distribution satisfies:
OAOR /7 (A= R A, with /7" and P the possibility

and probability measures associated respectively*to
andp (the underlying probability density function of

the measurements). It is proved in [11] that the most
informative (i.e. with minimal length) dispersion inter-
vals are level cuts of the probability density, which are
in the multi-modal case constituted of unions of inter-
vals. The corresponding possibility distribution, de-
noted sz, has therefore the following expression:
7()=1- [ pydy (1)

p(Y)>p(¥
This possibility distribution is the most specific possi-
bility distribution among those that dominate.e.
ODAOR/T (A= HA.

For symmetric unimodal probability distributions with
modeM, the expression (1) becomes:

7T, (X) =2F(X), X< M
T, (y) =2(1- F(x)),x= M

and thus, the possibility distribution is simply related to
the cumulative distribution functidn.

The expression under the form @fcut nested inter-

vals is :

m=[FHal2),F*1-al2)] (2)

with F™ the left inverse function (called also quantile
function) of the corresponding cumulative distribution
functionF (F™(y) =inf{F(%) = y} .

xOR

The following figure illustrates the possibility distribu-
tions equivalent to the probability distributions of mode
0 and standard deviation for uniform Gaussian, triangu-
lar and double exponential densities.

Unifarm

Gauss
Double exponantial

Triangular

Fig. 1: Examples of possibility distributions equivalent to
probability distribution with M= 0 andr =1.



In the following, for a sake of simplicity but without bility distribution equivalent toY, denoted 7, the
lack of generality we will consider distributions with a knowledge ofG is required, and the associated expres-

mode M=0. sion depends on the dependence relationship between
_ _ X; and X,. Hereafter, we consider two extremal case of
2.2. Properties of transformation dependency (independence and comonotonicity [14]),

and also the case where no knowledge about the de-
pendency is available. For these different cases, we de-
termine the expression af, for X; andX, being identi-

cal uniform, Gaussian, Cauchy or symmetric Pareto dis-
tributions, and we compare them in terms of specificity.
Without lack of generality, we consider distributions
with a mode ab, the results being invariant with tran-
slation.

In fact, the equivalent possibility distribution is a func-
tional summary of the dispersion of the random varia-
ble. Thus, it has many relationships with the conventio-
nal dispersion parameters: mean absolute deviation
variance, interquantile intervals.

For instance, the specificity index of the possibility dis-
tribution equivalent to an unimodal symmetric probabil-
ity distribution, is equal twice the mean absolute devia-
tion [12] :

spr) = [ (x)dx=2.E| X.

X X)_ -[-w o ( .) | X . . In this widely used cas#, is defined by the conventio-
The relationship with the variance is not so direct be-  npa| convolution product o, with Xy:

cause it involves the mean absolute deviation of the in-

3.1. Independent random variables

tegral of the equivalent possibility distributigm, : G(y) = L R(y=xdE(y
_ . For unimodal and symmetric random variab¥sand
m (X) = L T, (y)dy Xo, Y is also unimodal and symmetric, this can be
written in the form:
2V (X) = [ A i, () ox 7T,(y) = 2G(y), y< 0 @)

o 7,(y) =2(1-G(y)), y= 0
Let us remark that when the mean absolute deviation or For arbitraryX; andX,, it is not easy to obtain an ana-
the variance is indefinite, the equivalent possibility dis- lytical expression fmé but the later is available for

tribution can still be computed (see hereafter the case Offrequently encountered cases. Corresponding equivalent

the Cauchy distribution). .. possibility distributions are plotted in the figures of the
One more general result allows to relate the SpeCIfICItnyHOWing subsection 3.2 in a way such that the com-

order of possibility distributions_to orc_jer on the mo- parison with the comonotone case will be easy.
ments. Indeed, for every functidbrhaving the form
L(x,0) = h(|x— 6|) (@ being a fixed central value of

the distribution, here the mode which for symmetric

distribution is equal to the mean and to the median), One of the most important property which explains the
with h'[O w) . [O w) a decreasing function, we abundant use in a lot of areas of the Gaussian (or nor-

mal) distribution is that it is stable under addition, i.e.

Gaussian distributions

have [12]: the sum of two independent Gaussian random variables
m () =m (9« E (L)< E (LU30L N,(m,o,) an N,(m,0,)is also a Gaussian random
The mean absolute deviation is obtained with \5riapleN (M +m,Jo’ +07).
L(x,0) = | X= 6| , and the variance with

_ 2
L(x,6) =|x-6[". Cauchy distribution

Let us also note that Fréchet has introduced in 1940_ . . . _ .
[13] another dispersion measure, i.e. the half-width of This distribution will be denoted(M,a) (M being the

the interquartile interval defined in the following way: location parameter, aralthe scale parameter.) and the

a 4 . . associated distribution function has the following ex-
[F (0,25),F (0,75]. This interval is indeed the cut  pression -

of level 0.5 of the equivalent possibility distribution 1 1 X—M
F(x) = —+— arctg( )
VN 2 a
3. Transformation of the sum of two identical This distribution has no mean nor variance (but the me-

dian and the mode are definite). The shape invariance
by the convolution product is also satisfied (it also be-
Let us consider two identical continuous symmetric un- longs to the family of stable distribution) and thus we
imodal random variableX; and X, represented by the have :

distribution functiond=; andF,, andY the random vari-
able associated to their sum= X + X, represented

by the distribution functios. To determine, the possi-

symmetric unimodal random variables

1 1 y-M -M
G(y) =—+—arctg————%)
2 at+a,
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Uniform distribution monotonicity is that the quantile function of the sum is
the sum of the quantile functions [14]:

Gl @)=F*(a)+F'(a),0a0[0,].

This property allows to directly determine the possibili-
ty distribution equivalent tor from its alpha-cuts by
using equation (2). In fact, the alpha-cuts of the sum is
the sum of the alpha-cuts that is equivalent to interval
calculus and similar to Zadeh’s extension principle. Let
us also note that the resulting shape invariance for dis-
tributions is larger for comonotonicity than for inde-
pendence. In particular shape invariance is satisfied for
the four types of distribution considered in the follow-
ing illustrations.

This distribution will be denotetl(a,b), it has a con-
stant probability density on the intervpa, b| . There-

fore, the distribution function is a straight line. A re-
markable result is that the equivalent possibility distri-
bution around the middle of the interval is a triangular
symmetric possibility distribution [2]. The convolution
product of two identical uniform distributions gives a
triangular probability density, and consequently a para-
bolic possibility distribution (see figure 2).

Let us remark that thanks to a theorem from Birnbaum
[15], the equivalent possibility distribution of the sum

7T, of two identical independent unimodal symmetric

random variables(; and X, is more specific than the
sum 7%, (7, (y) <7 .(y)) of two identical indepen- In this conventional case, we obtain the same resulting
possibility distributions as the ones obtained by apply-
ing the Zadeh'’s extension principles to the sum of the
two equivalent triangular possibility distributions.

Uniform distribution

dent symmetric random variable§; and X', those
equivalent possibility distributions are respectively
more specific than those ®f andX, Thus, the possibi-
lity distribution equivalent to the sum of two indepen-
dent unimodal symmetric distributions having a boun-
ded support is included in the equivalent possibility dis-
tribution of the sum of two uniform distributions having
the same support. Indeed, the uniform distribution is the
least specific one among the symmetric unimodal dis-
tributions with bounded support [11].

Symmetric Pareto distribution

The Pareto distribution is a particular case of power . ] .
laws which is applied in physical and social sciences. L o e o e O AL

More precisely, we consider the following symmetric 4 2 0 2 4
Pareto probability density : X
p_(X) = 1 Independence
SP
2(1+ |X| Y Comonotonicity

Due to the exponerd in the denominator, this distribu-  Fig. 2. Possibility distributions equivalent to the sum of two
tion has no variance (and also no mean). An analyticaluniform distributions with a standard deviation of 1.
expression for the convolution product is computable
even if it is not so easy (see some calculus elements irt3 ; S

. e . aussian distributions
the Annex). The expression for the distribution function
of the sum of two such symmetric Pareto distributions
is thus :

_1,1in@+y) 1 (2+y) 1y
2 2V 4y(@+y) 2By
1 Ind+y) 1 y.(2ty)

2°3+2y+y 4L+ y).(3 2+ Y )
The corresponding equivalent possibility distribution is
then deduced according to equation (3).

G(y)

[ B S S S e |1 N s p s B B |

3.2. Comonotone random variables 4 2 0 2 4
X
The comonotonicity of two random variables corres-
ponds to an extremal case of positive dependence whict - Independence
is defined by the existence of two increasing functions ... Comenotonicity
_hl andh, S_UCh thaftxl_: hl_(U) andX_2=h2(U); U(0,1) be- Fig. 3. Possibility distributions equivalent to the sum of two
ing an uniform distribution function of®,1]. The co-  Gayssian distributions with a standard deviation of 1.

monotonocity implies maximal correlation coefficient if
the later exists. One fundamental property of the co-
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In the comonotone case, the standard deviation of thefor the comonotonic case, in fact equal for the Cauchy
sum is the sum of the standard deviation that corre-distribution. On the other hand, it is the opposite for the
sponds to a maximal correlation coefficient of 1. symmetric Pareto distribution: independence leads to a
less specific possibility distribution (i.e. larger disper-
sion intervals) than comonotonicity. Let us remark that
In this very particular case, we obtain the same distribu-the considered symmetric Pareto distribution has as
tion function, and thus the same equivalent possibility well as the Cauchy distribution no mean nor variance,
distribution for the sum either for independence or co- but it has a heavier tail.

monotonicity.

Cauchy distribution

3.3. Unknown dependency

In the case where no information about dependency is
available, it is of value to find the possibility distribu-
tion associated t&' which contains all the equivalent
possibility distributions issued from all the dependence
relationships. For this purpose, Frank, Nelsen et
Schweizer results [16] can be used. Indeed, they pro-
vide bounds on the distribution function from Fréchet
bounds on the joint distribution [17]. These bounds con-
stitute in fact gp-box [18], from which it is possible to
build a possibility distribution [9] (it is not mandatory

fa] optimal). For uniform, Gaussian and Cauchy distribu-
4 o o Ty tions analytic expressions for the bounds of the sum of
two identical random variables are available :

G, (Y)< G(Y < G, (), with

max

Fig. 4. Possibility distributions equivalent to the sum of two Crn(¥) =0,y<0
Cauchy distributions with=1 =2F(y/2)-1y= 0

Independence=Comonotonocity

G =2F(y/2),y<0
Symmetric Pareto distributions pr(Y) (y/2).y

: . : . =1y=20
In this case, independence leads to an equivalent possi- y

bility distribution less specific that the one obtained As we haveG  (0)=0andG_, (0) =1, we obtain the
with comonotonicity. following expression for the equivalent possibility dis-
tribution [9] :

m,(y) =min(G_, (y),1- G, (y)). and

max ‘min

m,(y)<2F(y/2),y<0

. @

<2(1-F(y/2),y=0
It is important to notice that the worst dependency rela-
tionship corresponds to the comonotonicity for the uni-
form, Gaussian and Cauchy distributions with equality
with independence for the later distribution.

3.4. Discussion

4 2 0 2 a The results of tht_a precet_:ling sub-section are only p_a_rtly
in accordance with the idea that the extremal positive
dependence, i.e. comonotoncity, between two random

Independence variables leads to the least specific possibility distribu-

tion (i.e. the most spread in terms of dispersion inter-

vals). They point out that the notion of non interactive

X

Tt Cormonotonicity

T Upper bound variable introduced in the Zadeh'’s extension principle
Fig. 5. Possibility distributions equivalent to the sum of two _fuz_zy theory, a_nd widely used in the fUZ_Zy community,
symmetric Pareto distributions. is indeed equivalent to the comonotonicty of random

variables (this connection is mentioned in the Ph. D.
thesis of Williamson [19]). Accordingly, the Zadeh's

extension principle is conservative for unimodal sym-
Let us note that for the first three distributions, the equi- metric random variables with bounded support, but not
valent possibility distributions of the sum in the inde- necessarily if the support is indefinite. Indeed, the ex-
pendence case are more specific that the ones obtainedmple of symmetric Pareto distributions shows that co-

Remark
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monotonocity is not always the worst case. The fact that[5] I. Couso, S. Moral, P. Walley, "A survey of con-
for the Cauchy distribution comonotonicity leads to the cepts of independence for imprecise probabilities”,
same result as independence suggest that for distribu- Risk Decision and Poligy, 2000, pp. 165-181.

tions with indefinite mean, independence is worse than[6] C. Baudrit, I. Couso, D. Dubois, "Joint propagation
comonotonicity. However, if we conjecture by analogy of probability and possibility in risk analysis : To-
with the bounds of Franlet al, that the symmetric wards a formal framework'international Journal
Pareto distribution satisfies equation (4), then inde- of Approximate Reasoning/olume 45, Issue 1,
pendence would not be the worst case (see fig. 5), but  May 2007, pp. 82-105.

this point has to be further studied. Finally let us also [7] R. Yager, "On the specificity of a possibility distri-
mention that for unimodal asymmetric random vari- bution", Fuzzy Sets and Systen&$), pp. 279-292,
ables with bounded support, the Zadeh's extension  1992.

principle is not necessarily conservative as shown by an[8] D. Dubois and H. Prade, "When upper probabilities

example described in [20]. are possibility measuresFuzzy Sets and Systems
49, 1992, pp. 65-74.
4. Conclusion [9] C. Baudrit and D. Dubois, "Practical representation

of incomplete probabilistic informationGComputa-
The paper has addressed the issue of probabil- tional Statistics & Data Analysisvol. 51, Issue 1,
ity/possibility transformation of the sum of two identi- 2006, pp. 86-108.
cal continuous symmetric unimodal random variables [10] M.G. Cox and P.M. HarrisSoftware support for
considering either independence or comonotonicity of ~ metrology best practice guide no 6: Uncertainty
the variables. We emphasize the fact that the Zadeh‘'s evaluation NPL Report, 2006.
extension principle applied to possibility distribution [11] D. Dubois, L. Foulloy, G. Mauris, H. Prade,
propagation leads to the same result as the one obtain "Probability-possibility transformations, triangular
by considering comonotone random variables. It has  fuzzy sets and probabilistic inequalitieRRgliable
been shown that for the uniform, Gaussian and Cauchy  Computing Vol. 10, No 4, 2004, pp. 273-297.
distributions the worst case in terms of specificity is ob- [12] G. Mauris., “Possibility distributions: A unified
tained with the comonotonicity. For the Cauchy distri- representation of usual direct-probability-based pa-
bution, independence and comonotonicity leads to the  rameter estimation methdddnternational Journal
same equivalent possibility distribution, and for the of Approximate Reasoningvol. 52 , No 9, 2011,
symmetric Pareto distribution, independence leads to a  pp. 1232-1242 .
worse equivalent possibility distribution than co- [13] M. Fréchet, "Sur une limitation trés générale de la
monotonicity. When no information about dependency  dispersion de la médianeJournal de la sociéte sta-
is available, Franlet al's bounds can be used to build a tistigue de Paris1940, pp. 67-79.
possibility distribution that is less specific than the ones [14] D. Vyncke, Comonotonicity Encyclopedia of Ac-
obtained with assuming independence or comonotonic-  tuarial Sciencesjiley, 2006, 6 pages.

ity. [15] Z.W. Birnbaum., "On random variables with com-
The study has considered a lot of conditions for the sum  parable peakednessThe Annals of Mathematical
of distributions functions (identical, symmetric, unimo- Statistics Vol. 19, 1948, pp. 76-81.

dal). Therefore further works have to be done to obtaif16] M.J. Frank, R. Nelsen and B. Schweizer, "Best-
more general results. In particular, to determine condi- possible distributions of a sum - a problem of Kol-
tions in order Zadeh's extension principle leads to the = mogorov",Probability Theory and related Fiedd74,
worst case, and also to determine the most specific pos- 1987, pp.199-211.
sibility distribution dominating the optimal distribution [17] M. Fréchet, "Sur les tableaux de corrélation dont
for all dependency cases. les marges sont donnéegthnales de I'Université
de Lyon. Section A: Sciences mathématiques et as-
tronomie, No 4, 1951, pp. 13-84.
[18] S. Ferson, L. Ginzburg, V. Kreinovich, D.M.
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Annex

Hereafter, we present some calculus elements for the
determination of the distribution function of the sum of
two identical independent symmetric Pareto distribu-
tions:

1

P,.(X) =————— gives by integration :

2(1+|)’
F.(X) = ,X<0;

2(1-x)

1
F.(x)=1- X2 0
2(1+x)

The expression of the distribution function of the stim
for x=0 is:

1
F.(X) = ,X<0;
2(1-x)
1
F.(x)=1- X2 0
2(1+x)

The expression of the distribution function of the stim
for x=0 is:

G,(y) = | Fuly= % Ro( 9 dx

o

HE(y-9p.(dd [ E(y ¥ p( xd

X

Further, each of the three integrals is computed by ma-
king a decomposition in simple elements that leads to
the following result:

_1,1n@ry) 1 (+y) 1y
2 2 Y 4 y(+y) 2Hy
1 In(l+y) 1 y.(2+y)
27342yt Y A (I y).(3F 2+ V)

G(y)
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