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Abstract

In this paper we develop spline based F-transforms
by considering fuzzy partitions given by polynomial
splines. We investigate approximation properties
of spline based F(™-transforms and prove that us-
ing generalized fuzzy m-partition, which consists of
basic functions of bandwidth m, allows us to ap-
proximate not only original function, but also its
derivatives.
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1. Introduction

The direct and inverse fuzzy transforms (F-
transforms) have been introduced by I. Perfilieva [6].
Theory and applications of F-transforms in image
processing, data analysis and time series analysis
have been actively developed during last years (see
e.g. [3], [4], [5], [7], [9], [11]). The technique of F-
transforms has been generalized in many directions:
discrete F-transforms, higher order F-transforms
[8],[10], F-transforms with respect to a generalized
fuzzy m-partition (F(™)-transforms) [12]. For each
type of fuzzy transforms approximation properties
have been investigated.

Spline based F-transforms have been considered
by B. Bede and J.R. Rudas [1] in the case when a
fuzzy partition is given by means of B-splines. In
the framework of the classical approximation the-
ory they obtained new error estimations for such
type of fuzzy transforms. The aim of our paper
is to suggest an alternative approach and to intro-
duce a new type of spline based fuzzy partitions.
Our main attention is paid to generalized fuzzy m-
partitions of bandwidth m defined by using polyno-
mial splines of degree m. We prove that polynomial
spline based inverse F(™)-transform with respect
to generalized fuzzy m-partitions approximates not
only the original function f itself, but also its deriva-
tives £, f, .., fmL.

Let us note that I. Perfilieva and V. Kreinovich in
their paper [10] proved good approximation proper-
ties considering approximation of derivatives in the
case of higher order fuzzy transforms.
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2. Preliminary

We briefly recall the basic definitions of the F-
transform and related notions introduced by I. Per-
filieva [6].

Definition 1. Let 1 < zo < ... < x, be fized
nodes within [a,b], such that 1 = a, x, = b and
n > 2. We say that fuzzy sets A, As,..., Ay,
identified with their membership functions (basic
functions) defined on [a,b], form fuzzy partition
of la,b] if they fulfill the following conditions for
k=1,2,...,n:

1) Ak : [a,b] — [0, 1], Ak(l‘k) =1,
2) Ap(z) =0, if x ¢ (vk—1,Tk+1), where for the

uniformity of demotion, we put xo = a and
T b,'

3) Ay is continuous;

4) Ak, where k = 2,...,n, strictly increases on
[g—1,zk] and A, where k = 1,...,n — 1,

strictly decreases on [Tk, Tr11];
5) for all x € [a, b

> Ap(z) =1

k=1

In the case of equidistant nodes z1,xso, ..., T,
two additional properties of basic functions Ay for
k=2,...,n fulfil:

6) Ak(zp —x) = Ag(zg + ) for all z € [0,h] ;
7) Ag(z) = Ap—1(x—h) for all x € [z, TK11], and
Agt1(x) = Ag(z — h) for all x € [x—1,z1];

where h = (b—a)/(n —1).

Definition 2. Let Ay, Ao, ..., A, be basic functions
which form a fuzzy partition of [a,b], n > 2, and f
be any function from C(la,b]). We say that the n-
tuple F[f] = (F1, Fa, ..., F,) given by

b
A d
o= d S @A
I, Ax(x)dzx
is the F—transform of f with respect to

Ay Ao, Ay

If fuzzy partition Ay, As,..., A, of [a,b] is uni-
form then expressions for components of the F—



transforms may be simplified as follows

2 (%2
F = 7 f(z)A1(z)dx;
x1
1 Trt1
Fk:f/ f@)Ag(x)dz, k=2,...,n—1;
h Tp—1
2 [*n
F, = f/ f(@) A, (z)dx.
hJe,
Definition 3. Let F|[f] = (F1, Fs, ..., F,) be the

F—transform of a continuous function f € C([a, b))
with respect to a fuzzy partition Ay, As,..., A, of
[a,b], n > 2. Then the function

frn(z) = ZFkAk(m), x € [a,b],
k=1

is called the inverse F—transform of f with respect
to A17A27. .. 7An-

3. Spline based F-transforms

Our paper deals with spline based fuzzy trans-
forms using fuzzy partitions described by polyno-
mial splines.

We consider the case of equidistant nodes

a=r1<29<...<x,=0b, n>2,
and use the notation

Ap(a,b)={zr=a+h(k—=1) | k=1,2,...,n},

where h = (b—a)/(n—1). To introduce basic func-
tions by using polynomial splines of degree m > 1
we consider additional equidistant nodes by divid-
ing each interval [xp_1,2%], kK = 2,...,n, into m
subintervals. Let us denote obtained partition

AN(a,b) = {tl,tg,...,tN | t; = Cl—|—(i—1)/(]\f—1)}7
where N=m(n—1)+1landforallk=1,...,n—1

T = tnk—1)+1 <tmk-1)+2 < - <tmkt1 = Thy1,

and describe the space Sy, 1(An(a,b)) of polyno-
mial splines of degree m and defect 1 with respect
to An(a,b) (see e.g. [2],[13] ).

Definition 4. Let Ay (a,b) = {t1,t2,...,tn} be a
partition of an interval [a,b], N > 2. We say that
a function S : [a,b] — R is a spline of degree m >
1 and defect 1 with respect to Ayn(a,b) (i.e. S €
Sm.1(An(a,b))) if it fulfils the following conditions:

1) S is a polynomial of degree not greater than m
on each interval [t;—1,t;], i=2,...,N;

2) S ism—1 times continuously differentiable on
interval [a,b], i.e. S € C"™ Y([a,b]).

It is known that S € Sp1(An(a,b)) if
and only if there exist coefficients «g, aq, ...
Ba2,...,Bn_1 € R such that

7am7

m N-1
S(:L') - Zaj(x - a)j + Z ﬂz(x *ti):-nv HAS [avb},
j =2

j=0
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where

0, if z < t;.
Proposition 5. Let A, +1(0,h) = {71, ..., Trny1} be
the uniform partition of interval [0,h] for a given
integer m > 1 and positive h € R. There exists the
unique spline S™ € Sy, 1(Apm+1(0, h)) such that:

1) (8™)(0) =0 forr=0,1,....,m — 1;

2) (S™)(h) = 1;

3) (S™(h) =0 forr=1,2,...,m—1;

4) S™ strictly increases on [0, h];

5) 8™(t)+ S™(h—t)=1 forallt €[0,h] .

Proof. To find spline S™ € Sy, 1(An11(0,Rh)),
which fulfils conditions 1)-5), we use general rep-
resentation formula

S™(t) = Byt — )T, t (0,1,
=1

taking into account that a; = 0 for 7 = 0,1, ...
and Ay, = ﬂl-

Condition 3) gives us the system of linear equa-
tions, whose determinant

,m—1

(m—1)™ (m-=-2y" ... 1
(m—1)m"1t (m-2)"t .. 1
(m—-1)  (m-2) . 1

does not equal to 0. This means that there exists the
unique spline S™ € Sy, 1(A41(0, h)), which fulfils
conditions 1)-3). To prove the monotonicity of this
spline (condition 4) ) we find a new representation
for S™:

S™(t) = /Ot B™ Y (r)dr, t €[0,h),

where B™ ! is the B-spline from the space
Sr—1,1(Am+1(0,h)), which support equals to [0, A
and which is normed by the equality

h
/ B™ Y (1)dr = 1.
0
Now the inequality
(S™Y(t) = B™ (t) >0, t € (0,h)

implies the monotonicity of S™.

To complete the proof it remains to verify con-
dition 5). Taking into account that the equality
S™(t) + S™(h—t) =1is true for t = 0 and t = h,
we need to prove that the sum S™(t) + S™(h —t)
is constant on [0, k). It follows from the fact that

(™) ()=(S™) (h—t) = B (t)=B™ "} (h—t) = 0

for all t € [0,h]. Now by using spline S™ €
Sp1(Am+1(0, h)) from Proposition 5 we introduce
spline based fuzzy partition

Invsgnw"vszl € Sm,l(AN(aab))v



m > 1, applying the formula:

S™(x — xp_1), T € [TRp_1,TL],

S;Cn(x) = Sm(xk‘—O—l - x)a T e [’Ikaxk‘-{-l]y
0, otherwise,
k=1,2,...,n.

For the uniformity of denotation we put zg = a—h,
ZTnt1 = b+ h and define ST for x € [z, z1) and S
for x € (xn, Tpi1)-

The first degree splines (m = 1) describe trian-
gular shaped basic functions. Next we give the sec-
ond degree (quadratic) and the third degree (cu-
bic) splines obtained as uniform fuzzy partition ba-
sic functions:

2z — xp_1)>
%a S [zk—hxk—l + 5]7
2(x — my,)? h h
TR Sy el i

2(x — xp41)? h
ez T € [Tk + g,xkﬂ],
0, otherwise,
9z —xzp_1)3
%, T € [p_1,Tp—1 + 5],
1, 9@ —@p—1 — by R b3
2 4h h3

MRS [xkfl + %wrkfl + %]7

9z — )3 2h
1+ %7 WS [iUk—l + ?aka
Sk(x) 1-— (I.thk) , T € [xk‘axk + 7]7

1_9(1‘7%]67%) Iz —ap — 2)3
2 4h h3 ’

T € oy + B + 2],

9z — zpy1)? 2h

—(QTJFa x € [z + §,$k+1],
0, otherwise,

k=1,2,...,n.

Fig.1 shows an example of spline based fuzzy parti-
tion.

1 2 3 4 35 & 7 ¥ 9

Figure 1: Cubic spline based uniform fuzzy parti-
tion of [0, 9], n=7.

Let the uniform fuzzy partition of [a,b] be given
by splines ST*, 55", ..., 5", n > 2, m > 1. We denote
by F™[f] = (F", FJ*, ..., F'™) the F—transform of

)
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a continuous function f from C([a,b]) with respect

to ST, 55, ..., S
b
x) ST (x)dx
F,g”:—fa fb( )5i'() ,k=1,2,...,n,
I, Si(x)dx
and  consider the  corresponding  inverse

F—transform
fit(@) =Y FrSi(x), « € [a,b].
k=1

An example of the inverse F-transform with re-
spect to cubic spline based universe fuzzy partition
is given by Fig.2 .

14

0,24

E 15

0,64

0,4

0324

Figure 2: Test function f(x) = sin(a7/9) and its in-
verse F-transform with respect to cubic spline based
uniform fuzzy partition, n=15.

In numerical experiments it became clear that by
using generalized fuzzy m-partitions we can signifi-
cantly reduce the oscillation of the inverse transfor-
mation. One can easy compare Fig. 2 with Fig. 4
from the next Section.

4. Spline based F(")-transforms with
respect to generalized fuzzy m-partition

Each basic function Ay of a fuzzy partition Ay,
Ag,y ..., A, over A,(a,b) has been considered to
be zero outside the union of two adjacent subinter-
vals [xg—1, 2] U [z, Zk41]. L. Stefanini [12] general-
ized the concept of a fuzzy partition by taking basic
functions which support covers more than two con-
secutive subintervals. For generalized basic func-
tion Aém), m > 1, he considered 2m + 1 consecu-
tive points (and consequently 2m subintervals) of
Ap(a,b): T—my ooy Ty ory Thtm- For the correct no-
tation we extend the partition A,(a,b) by taking
additional points:

T_omy2 < ... <o < a, b < Tptl < oo < Tpiom—1-

b—a
n—1

In the case of uniform partition with A = the

additional points are:
x; =a+ (i—1)h,
1= —2m+2, —-2m+3,...,0,n+1,n+2,...,n+2m—1.
Let us denote this extension by Ay, ., (a,b). For
am =a— (2m — 1)h and b, = b+ (2m — 1)h

we have Ay, (a,b) = Apram—2(am, bm).



Definition 6. Let A,(a,b) = {z1,...,xz,} be the
uniform partition of [a,b], n > 2, and let

An,m(a; b) = {z—2m+27 L—2m+435 ey xn+2m—1}

be its uniform extension, m > 1. We say that
fuzzy sets A(_n:,z+2,A(_n:,)L+3,...,A£Lni)m_l, identified

with their membership functions (basic functions
of bandwidth m) defined on [anm,by|, where a,, =
a— (2m — 1)h and by, = b+ (2m — 1)h, h =
(b—a)/(n—1), form uniform generalized fuzzy m-
partition of [a,b] if they fulfil the following condi-
tions fork=m—-—2m—1,....n+m—1:

1) A am, b] — [0,1], AT () = 1;
2) A,(Cm)(a:) =0 for x ¢ [Tk—m, Thtm];

3) A,gm) is continuous;

4) A,(Cm) is decreasing on [Tk, Tktm);

5) A,(Cm) is increasing on [Tg—m, Tk);

6) A,(Cm)(xk —z) = A,(cm)(ack + z) for all

x € [0, mhl;
7) A;Cm)(z) = A;T)l (x — h) for all
X € [Xh—my Thtm], f bk =—m~+3,... ,;n+m—1;

8) for all x € [a,b]

n+m—1
Z A,(Cm)(x) =m.
k=—m+2

It is known that in the case of uniform fuzzy m-
partition for each k= -m+2,...,n+m—1

Tk4+m ( )
/ A" (z)dx = mbh.

LTk—m

We introduce Dbasic functions of band-
width m by using polynomial splines from
S (Aptam—2(Gm, b)) Transformation from
spline based fuzzy partition to spline based
fuzzy m-partition can be realized accord-
ing to the following scheme. By using spline
S™ € Sm1(An11(0,h)) from Proposition 5 we
obtain spline S(™) € S,, 1 (A,,41(0,mh)) :

t
(m) () = §m (). ¢ h
S(t) = §™(—), t € [0,mh],
and apply it to define
S]E;m) € Sm,l(An+4m—2(am7 bm))

as follows:

S(m)(l‘ - xk—m)a T € ['rk—maxk]?
Sz(cm) (z) = S(m)($k+m =), T € [Tk, Tpyml,
0, otherwise,

k=-m+2,—m+3,...,n+m—1.
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We give the formulas obtained for spline based gen-
eralized fuzzy m-partition, when m = 2, 3:

1(x—2p_2)?
7( D) 2) , T € [$k72a$k71]7
1w
r — Tk
S =3' "5 gz el
HCRL/EE) T € [Tht1, Tht2]
9 h2 B k+1,Lk+2]s
0, otherwise,
k=0,1,...,n+1;
1(x—xp_3)>
6%’ T € )3, Tp_2],
1 3(2x—ap_2—aK-1)
2 8 h 5
1 (22 —wp—2 — Tk—1)
6 h3 ’
T € [Th_2, Th—1],
1(z—xp)3
1+ 6¥’ x € [xk_l,:ck],
(3) 1 _ 3
Si@=91- 67@; hfk) s T € [T, Tta],
1 32z —xpy1 — Tit2)
278 *
+1 (22 — Tpi1 — Tpy2)®
6 h? ’
T € [Tryr, Trya],
1 (z — 2py3)°
6 B T € [Tryo, Thys],
0, otherwise,

k=-1,0,,...,n+2.

Fig.3 shows an example of spline based generalized
fuzzy m-partition.

Figure 3: Cubic spline based uniform fuzzy 3-
partition of [0, 9], n=7.

Let the uniform fuzzy m-partition of [a,b] be

given by splines Simnz+2, S(fnll)ﬁ, ce Si@nfl,
n > 2 and m > 1. For a continu-
ous function f from C([am,bn]) we con-

sider the direct FU™ —transform based on
S_n2+2,5(_7f,2+3,...,57(:1)m_1, which is defined by

the vector FU™[f] = (FETBH,F;T”), .. .,FT(LTZH_I)
with components
R S )
B = mh/ /(2)8" (z)da,



k=-m+42,...,n+m — 1, and the corresponding
inverse F(™) — transform function

n+m—1
Z F,gm)S,(Cm)(x), x € [a,b].
k=—m+2

m 1
I(V,n) ({E) = —

An example of the inverse F(™)-transform with

)
02+ ];i 15

Figure 4: Test function f(x) = sin(zxw/9) and its
inverse F'(®)-transform with respect to cubic spline
based uniform fuzzy 3-partition, n=15.

respect to spline based universe fuzzy partition is
given by Fig. 4. Numerical experiments show, that
F(m)_transforms can be effectively used to approx-
imate derivatives of an original function (see Fig. 5
and Fig. 6).

r

)
g1/

Figure 5: The first derivative of test function
f(z) = sin(xr/9) and of its inverse F®)-transform
with respect to cubic spline based uniform fuzzy 3-
partition, n=15.

”
-0,10 J

@
Uz

-0124

Figure 6: The second derivative of test function
f(z) = sin(zr/9) and of its inverse F®)-transform
with respect to cubic spline based uniform fuzzy 3-
partition, n=15.
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5. Approximation properties of
F(m)_transforms

In order to obtain the error estimation for the in-
verse F(™)_transform we need the definition of the
modulus of continuity.

Definition 7. Let f be a function from C([a,b])
and 0 be a positive number. Then w(d, f) given by

w(0, f) = max{|f(x)=f(W)| | 2,y € [a,b], |[z—y| < 6}

is called the modulus of continuity of f on [a,b] ac-
cording to 6.

Theorem 8. Let f be a function from C([am,bm])
and fl(;? be its inverse F") _transform with re-
spect to the spline based uniform generalized fuzzy

m-partition S(JQH, S£n2+3, ey T(LT)mq of la,b],

where
am = a— (2m — D)k, by = b+ (2m — 1)h,
h=b-a)/(ln=1), m>1, n>2.
Then for all x € [a,b] holds

f(z) — fi) ()] < w(2mh, f),

where w(2mh, f) is the modulus of continuity of f
on [am, bm] according to 2mh.

Proof. We start with the proof of the inequality
[f(@) = ™| < w(@mh, )

for each k = —m + 2,...,n+m — 1 and for each
T € [Tr—m, Thtm]-
If t € [Tk—m, Thtm], then

f(z) — F™| =

- ﬁ / " ) - 1) ] <

k—m

< wZmh, f) /ka S (t)dt = w(2mh, f).

k—m

mh

Now lets assume that x € [z, zx41] for some k =
1,...,n—1, and rewrite f(z)— f") (z) by using the
equality

k+m
> S @) =m
i=k—m+1
as follows
F@) = fi (@) =
1 k+m
=— > 5@ - E").
i=k—m+1
Therefore
[F(@) = fi) (@)] <
k+m
2
<SS ST S0 = w(zmh ).
i=k—m+1



Remark 9. Let us note that the proof of the previ-
ous theorem does not use the special form of basic
functions. It means that this result is true for any
uniform generalized fuzzy m-partition.

The following theorems will show derivative ap-
proximation error bounds in the case of quadratic
and cubic spline based fuzzy m-partition, when
m=2and m = 3.

Theorem 10. Let f be a function from C([az, bs))
(i.e. continuously differentiable on interval [as,bs])

and f;f,)l be its inverse F?) —transform with respect
to the second degree spline based uniform generalized
fuzzy 2-partition of [a,b], where

a=as+3h, b=by—3h, h=(b—a)/(n—1), n > 2.
Then for all x € [a,b] holds
/(@) = (f) (@) < w(ah, 1),

where w(4h,f/) is the modulus of continuity of f
on [ag, ba] according to 4h.

Proof. By differentiating the formula

n+1
1
Fa(@) = 5 Y FPS7 (@),

k=0
where
1 Tp—2
P = — F(@) S (2)dz
2h /.,
and
Tp_2 2)
/ S (x)dx = 2h,
Th—2
we obtain that the derivative
1 n—+1
2)\/ 2) / o(2)y/
(i) (@) =5 D F (S (@)
k=0
is the first degree spline with values
k42
(f( ) Z F(2) 5(2) Tr).
i=k—2
By inserting the values
(S22) (@x) = (S) () = (S2) () = 0,

/ 1 / 1
(SE2)) () = 7 and (S (a) = 7.
we get

2
F -

(i) (@) = =+

and express F,E_H and F,Ez_)l by using 5122):

2
£

1 Th43

F(@)S2, (2)dw =

2
1) FIEJr)l = 2h

1 Tr+2

=5 fa@+1)SE) (@ + h)de =

1 Tk+2

_ - (2)
=5 f(z+h)Sy

Tr—2

(x)dx,
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1 Th41

2 2 =g [ J@S2()dr =
3
_ L @ _
“w/ fle—h)S 2 (z — h)dz =
_ L@
=57 2 flx—h)S,” (x)dx

(2

F,n),(mk) in the form

We rewrite formula for (

, 1 Tk+2
U @) =g [ 6@ a)da,

where

fle+h)—

4(2) i

and by using the first mean value theorem we obtain
that there exists a point & € [zr_2, Zg42] such that

@)y 172 @)
(G @) = oty [ 87 @)de = o6,
Tk—2
Taking into account that according to Lagrange’s
theorem there exists a point py € [zr—3, Zr43] such
that

Sk +h)—
2h

f(& —h)

?(&k) = = f (),

we obtain that
(F120) (xx)
(2))’

From the fact that function (fy,) on interval
[€g—1, k] is linear for x € [xk_1, x| wWe obtain

= f (1), where iy € (w3, Th13]-

T — Tp_1

+ f () 5

() @) = ()

Now we are ready to compare values ( fl(le)/(x)

and f (z) at arbitrary point x from the interval
[Tk—1, zk]:

f(@) - Ur o) (2) =
= @) = (f () P+ F () =) =
= (' (@) = f () =5+
+(f (@) = () ==

If v € [wg—1,2k) and pg—1 € [Trp—4, Tk12], then
I (@) = f (ue—1)| < w(4h, ).
Conversely, if « € [zr_1, k] and pr € [Tr—3, Tit3],

then ) ) )
|f (@) = f ()| < w(dh, f).

Therefore

f () - (f§
+w(4h, £

— X

D) (@) < w(4h, f)=E

‘ _]f’“‘l = w(4h, f).




Theorem 11. Let f be a function from C?([as, bs))
(i.e. twice continuously differentiable on interval
[as,bs]) and fl(m?’,)z be its inverse F®) —transform with
respect to the third degree spline based uniform gen-
eralized fuzzy 3-partition of [a,b], where

as = a—>5h, b3 = b+5h, h = (b—a)/(n—1), n > 2.
Then for all x € [a,b] holds
|/ (@) -

where w(6h, f) is the modulus of continuity of f~
on las, bs] according to 6h.

(fEDY ()] < w(Gh, f7),

Proof. By differentiating the formula

n+2

1
k=—1
where
3 _ 1 ™ (3)
F, 0 - f(x)S,” (x)dx
and
Tk—3 3)
/ S,(c (x)dx = 3h
Tk—3

we obtain that the derivative (f 1(537)1)” is the first de-
gree spline

n+2

ZF3) SO ().

k——l

( 3) //

with values
(P () = 5

By inserting the values

(S (wx) =0, (S5 () = (SE2a) () =

(2) = —(S2)" (1) = =

1"

3
= —(52)
we get
3 3 3 3
FIE) Flg)l Fl§+)1+FI§+)2
3h?

()" (@x) =

PO )

and express F,ES_)Q, F,ES_)I, ki1 Firo by using S,(:’):

3 1 Thk+1
1) F/§7)2:37L

1 Tk+3

ED

F(@)S2y(x)da =

f(x—20)SP, (x — 2h)de =
1k73 -

=3 flz— 2h)S,(C3)(a:)dx,
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1 Th42
3h
1 Th+3

" 3h

Tr—3
1 Th43

RED

2) FY, = F(@) S, (@)da =

Fx—h)SP (z — h)de =

fl@—n)SP (z)dz,

1 Th+a
JaC

3 N
) 3h Sy,

F@)S2) (w)da =
1 Tk+43
= Fl@+m)SE) (@ + hyde =
Tr—3
1 Tk+3
= fle+m)sd

Tp-3

(x)dx,

1 LTk45

PO _

3h Sy,

[ e 3)

=35 f(z+2h)S, [y (2 + 2h)dx =
Tk—3

1 Tk+3

D

4) F(@) S (@) da =

f@+ 20)S™) (z)da.

Tr—3

We rewrite the formula for ( fl(fzb)” () in the form

I @ =5 [ o()5 (2)d,
where
P(x) =
_ fle+2h) — fla+h)— fx—h)+ f(x —2h)
- 352 ;

and by using the first mean value theorem we obtain
that there exists a point & € [zr_3, Zk43] such that

U @) =gy [ 5P @)de = o6,

The obtained result is modified by using Newton-
Leibniz formula and the first mean value theorem:
there exists a point (; € [{r — 2h, & — h] such that

Ekt2n , Ek—h ,
gt [ Fwde [T 0 -

Ekth k—2h

¢(&k) =

1 Ek—h

= 7 ()it =

f/(Ck).

(f'(t+3h) -
Ek—2h
_ f(Ge+3h) -
3h
Taking into account that according to Lagrange’s

theorem there exists a point py € [Ck, Cx + 3h] such
that

£ (G "

FGt3 =1 @)y,

3h

?(&k) =

we underline that if & € [xg_3,2k+3], then (; €
[%k—5, Tk+2) and pg € [Tr—5, Tr4s5), and obtain that

Y () = £ ()



for some i, € [xg—5, Tkis)-
From the fact that function ( fg’zl)// on interval
[xx—1, k] is a linear we obtain for x € [z_1, zk]

"

(S (@) =

" T — X " X — Th—
= (f)) (@h) 2=+ (P () = =
, h , h
" T —X X — T
=f (ur-1) +f ( )%

Now we are ready to compare values ( }32)” (z) and

f"(x) at arbitrary point & € [zx_1, zx):

@) —( 55'2»” () =

= 1@ = (" () P+ ) =) =
= (" (@) = £ (i) =5+
(@) = £ (o))

If x € [xg—1,2k) and pg—1 € [Tr—5, Tk13], then

1f (@) = " (ur—1)| < w(6h, f7).

Conversely, if © € [rr—1,%k), ph € [Th—a, Thtal,
then

17 (@) = £ ()| < w(6h, f7).
Now we have
1 (@) = (F2) ()] < w(6h, ) E—L4
+w(6h,f”)$ = w(6h, ).

6. Conclusions

In this paper a new type of fuzzy partitions based
on polynomial splines are considered. The main at-
tention is paid to approximation properties of F(")—
transforms defined with respect to spline based gen-
eralized fuzzy m-partition. We prove the error
bounds for approximation of an original function
and its derivatives in the context of the classical
approximation theory.

The obtained results allow us to propose the
hypothesis that for a given function f from
C™ Y([am,bm]) , m > 1, its inverse F™)—transform
f 1(,7;:3 ,n > 2, with respect to spline based uniform
generalized fuzzy m-partition

s

,k=—-m+4+2,-m+3,...n4+m—1,

on [a,b], where
am =a— (2m — 1)h, b, =b+ (2m + 1)h,

h=(b-a)/(n-1),

provides the following result for derivative approxi-
mation:

[F D (@) — (FED) ™D (@)] < w(2mh, FmD)
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for all = € [a, b], where w(2mh, f(™~1) is the mod-
ulus of continuity of f(™~Y on [a,,, bm] according
to 2mh.

At the present moment this error bound is proved
for m = 1,2,3. Our future work will be devoted to
the proving of the general case.
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