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Abstract— This paper presents a method of designing PID
controller for both middle frequency range with typical signals
input and high frequency range with ramp input. Based on the
principle of approximate model matching, the design of PID
controller can be converted into the problem of calculating
optimal solution of a particular norm with the form of
inequality for restricted frequency ranges. With the help of
Kalman-Yakubovic-Popov (KYP) lemma, the frequency
domain inequalities are transformed to linear matrix
inequalities (LMIs) in the state space realization. Finally, a
simulation example is provided to illustrate the effectiveness of
the main results.
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l. INTRODUCTION

As is well-known, H_ norm is one kind of performance

index in the entire frequency domain, which is established by
Zames [1] and Dolye et al. [2]. In 2005, Iwasaki and Hara [3]
stated that a certain frequency range rather than the entire
frequency range is usually requested in practical design. As a
consequence, the standard H_ norm and the generalized

bounded-realness theorem are not well compatible with
practical requirements.

Recently, Iwasaki et al. [4] presented the generalization
of Kalman-Yakubovic-Popov (KYP) lemma for restricted
frequency inequalities. Specifically, they considered the
frequency intervals characterized by two quadratic forms,
which encompassed low/middle/high frequency conditions
for continuous-time systems. Based on their results, Ma et al.
gave out certain forms of bounded-realness theorem and its
dual version for low frequency range (LFR). However, to
best of the author’s knowledge, results on the design of PID
controller for both middle frequency range (MFR) with
typical signals input and high frequency range (HFR) with
ramp input do not seem available in the literature.

In this paper, according to the method of approximate
matching model [6], we convert the optimization design of
PID controller into the optimal solution of a certain H_

norm for middle and high frequency ranges. The parameters
of PID controller are obtained through solving some linear
matrix inequalities (LMIs) with MATLAB. We find that the
method is well applicable for middle frequency range of a
system with different typical inputs and high frequency rang
of a system with ramp input.
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Il.  PRELIMINARIES

A. Approximate Model Matching
A standard feedback arrangement is shown in Fig.1.
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FIG..1 STANDARD FEEDBACK CONFIGURATION

In this figure, D(s) stands for the transfer function of
controller in the complex plane and G_(s) stands for the
transfer function of controlled objects. Then, according to the
matching model approach, a reference model should be
chosen firstly. Its open-loop transfer function can be denoted
as G,(s). Thus the problem of controller design equates
with attempting to derive D(s) by sovling the inequality

IDE)G.(9)-G,(9)], <& (1)
where ¢ is a given positive real number. The smaller ¢
is, the better model matching one can get [7].

B. Generalization of KYP Lemma

For a matrix M , its transpose and complex conjugate
transpose are denoted by MT and M™, respectively. For a
Hermitian matrix M , M >0 and M <0 denote positive
definiteness and negative definiteness, respectively. For
matrices @ and P, their Kronecker product is denoted by
OR®P.

Lemma 1 [4] Let complex matrices A, B, IT=1I1", and
(D, ¥) e Q be given where

.Jo
Q:—{(@,‘I’) | 3a,8€IR,M eC>? such that ® =M { ﬂM
(24
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Define A ={1eC|o(4,®)=0,0(1,%¥)>0} . Suppose
(A,B) is controllable and A has no eigenvalues A such

that o(4,®)=0 . Then the following statements are

equivalent.
1) The following frequency domain condition



R P

holds forall 1€ A
2) There exist Hermitian matrices P and Q >0, such

that
A B*L(PQ) A B +I1 <0
I 0 ' I 0 -

L(P,Q):=d®P+¥®Q. A3)

By choosing appropriate @ and ¥, the set A can be
specialized to define a certain range of the frequency variable
A . For the continuous-time setting

‘D:B ﬂ A={joiweF)

where F is a subset of real numbers specified by an
additional choice of ¥, as shown in TABLE I.

TABLE I CORRESPONDING RELATIONSHIP BETWEEN F AND 'V
LFR MFR HFR
F |a)|Swﬁ o, <w<wo, |a)|2@h

-1 0 -1 i@, 1 0
0 @} -jo, -owo, 0 -@,’°

where @, = (@, +@,)/2.

Il.  MAIN RESULTS

We give out the main results in this section. Theorem 1
and Corollary 1 are suitable for middle frequency range.
Theorem 2 and Corollary 2 are suitable for high frequency
range.

Theorem 1: Let real matrices A/B,C,D with

appropriate dimensions, and real scalars @, <@, be given.

Suppose ( A, B ) is controllable. Then the following
statements are equivalent.

1) With F = {weR:det(jol -A) £ 0,0, <w<w,}
we have
[cts1-A)*B+D| <& VoeF. @)

2) There exist real P and

symmetric matrices
Q satisfying Q>0 and
{A B}T { -Q P+jch} {A B}_
I 0| |P-joQ -ww,Q ||l O
T T
50 5]
where @, = (@, +@,)/2.
Proof. According to the definition of H, norm of
G(s)=C(sl-A)'B+D and o, :
G, = SUP T (G(jw)) (6)

where o, stands for the largest singular value [8].
||G(s)||z < & equates with
G (jw)G(jw) < &’l, VweF. ©)

Since G(jw) =C(jwl —A)'B+D, we have
(C(jWl —A)*B+D)" (C(jwM —A)*B+D)—&l <0 VweF. (8)

Then for a real matrix M with M"=MT , we obtain
((jwl =AY B)"CTC((jwl —A™B)+((jwl —A)™'B)"C"' D+ ©)
D'C((jwl —A)*B)+D'D-£’l <0 VeweF

It can be written in the form of multiplication of matrices

{(jxm —A)lB} {cTc C'D }{(JW' —A)lB}o VoeF (10)
| D'C D'D-#1 !

By Lemma 1, it is equivelent with the statement: there
exist P and Q satisfying Q >0, and

A B[ -Q P+jmQ A BT,
I 0 P-jwQ -ww,Q ||l O
c'c C'D
<0. 11
{DTC DTD—gZI} ()
The proof is completed.

The dual version of Theorem 1 is stated as follows.
Corollary 1: Let real matrices A B,C,D with

appropriate dimensions, and real scalars @, <@, be given.
Then the following statements are equivalent.
1) WithF = {w eR:det(jol -A) #0,@, <w<w,} we
have
lcst-A*B+D[ <& VocF. (12)
2) There exist real symmetric matrices P and Q

satisfying Q >0 and
Al -Q P-j@Q][A I T+
C 0|]|P+joQ -@w@Q ||[C O

BB' BD'
<0 (13)
DB DD' -¢&%I

where @, = (@, +@,)/2.
Theorem 2: Let real matrices A B,C,D with

appropriate dimensions be given. Suppose ( A, B ) is
controllable. Then the following statements are equivalent.

1) With F = {weR:det(jol - A)=0,a, <|o|| we
have
lcst-AB+D[ <& VoeF. (14)

2) There exist real P and

Q satisfying Q >0 and

T ewllh 3l

symmetric matrices



c'c cC'D
<0. 15
{DTC DTD—gZJ =

Theorem 3: Let real matrices A, B and C with
appropriate dimensions, and real scalars @, <@, be given.
Then the following statements are equivalent.

1) With F = {weR:det(jol -A)# 0,0, <w<w,}
we have

lcst -8 <& vocF (16)

2) There exist real symmetric matrices P and Q satisfying
Q>0 and

N -AQC’ +PC + j@QC B
~CQA +CP - j@ CQ —cQC - | 0 |<0
” (17)
B 0 -

where

N:= ~AQA" +PA" + ja A" + AP - jo,AQ - @,@,Q.

C(sl -A)* B"i < ¢ if and only

if there exist real symmetric matrices P and Q satisfying
P- JwCQ}

Q>0 and
ATl -Q
c o P+ JZD'CQ _wlwzQ

{A |HBBT 0}0 1)
C 0]|0 =&

It is then further equivalent to
A 17-Q P-jmQl[A 1T
C 0|]|P+jwQ -@@,Q|C O
0 0 B
+ + I/1B" 0|<0 19
o o)l a0 e
Since

A1TQ P-jgQA 1T [0 ©
C 0|P+j@Q -mmQ|C O +0—52|

B Q -AQCT +PC" + j&,QCT (20)
—-CQA" +CP - j&w,CQ —-CQCT™ - £l
where Q, =-AQA" + PA" + jw A" + AP - jo AQ - @,@,Q ,

we can simply obtain the final result by the Schur lemma.
Theorem 4: Let real matrices A, B and C with

appropriate dimensions be given. Suppose (A, B ) is
controllalbe. Then the following statements are equivalent.

1) With F = {weR:det(jol - A) % 0,7, <|o|} we
have

Proof. By Corollary 1,

lcst-m 8 <& voeF. 1)

2) There exist real symmetric matrices P and Q
satisfying Q >0 and
AQA" +PA" + AP-5,Q  AQCT +PCT B
CQA" +CP CQC" —£%1 0
B' 0 -1

<0. (22)

IV. NUMERICAL SIMULATIONS

A. The Plant
Consider a controlled object with the transfer function
G,(s)=C, (sl —A)™"B,, where

010 0
A=/0 0 1| B =|0

A -4 -2 1

C.=[1 3 0],D,=0
The aim is to design a PID controller such that there is no
static error for middle frequency range with step signal
inputs and high frequency range with ramp signal inputs.
Additionally, the overshoot o has to be no more than 10%.

The rise time t, and regulation time t, are both asked to be
no more than 1s.

B. Design of PID controller
The controller is given by

K K,s
D(s)=K, +—+—L=_ =C_(sl —-A,)'B_ +D
() P s TDS+1 D( AD) D D
where
KI
0 O —
Sl oalie=|
AD_ 1 =P D KD
TD KI_
TD

Co=[0 1],D, =K, +Ky /Ty
The transfer function of reference model is
G,(s)=C,(sl-A)"'B,.
Denote G(s) = D(s)G,(s) -G, (s) =C(sl —A)™"B. Then
the matrices A, B and C can be derived

A. B.C, 0 B.D,
A=|0 A, 0[B=| B, [C=[c. 0 —C].
0 0 A B,

The problem of optimization design of PID controller for
middle and high frequency ranges is converted into

computing the parameters of controller through ||G(s)||yF <e,
where F = {@ e R:det(jol - A) #0,m, <|w|]  or
F={weR:det(jol -A) 0,0, <w<w,} .
According to the request of the performance index, we
can choose the reference model as G, (s) = 36/ (s* + 6\/55).



Then, we can compute the practical parameters of the
PID controllers for the middle frequency rang (MFR) and
high frequency rang (HFR).

1) PID controller designed for MFR Given
that F = {@weR:1.32<®w<8.22} , T, =005, and the
error limit £ =+/0.05, we can obtain by solving LMI (20)
K,=25, K, =3.8, K, =1.0.

Therefore, the step response curve is shown in Fig.2, and
the bode graphs are shown in Fig.3. As is seen, the closed-
loop control system is stable.
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The solid line stands for the response curve of the system
with PID controller. The dot dash line stands for the response
curve of the original system without controller, and the
dashed line stands for that of reference model.

2) PID controller designed for HFR. Similarly, when
the input is a ramp signal and F = {@ e R:16.5<|w|}, we
can design a PID controller for high frequency range of the
system. Similarly, we can obtain that K, =12, K, =4,
K, =0.001. Therefore, the corresponding ramp response
curve is shown in Fig.4, and the bode graphs are shown in
Fig.5. As is seen, the closed-loop control system is also
stable.

V. CONCLUSION

This paper has proposed a method of designing PID
controller for middle and high frequency ranges. Since the
design of PID controller for low frequency range has been
studied in [5], we only focus on PID controller design in
middle and high frequency ranges. Simulation results has

illustrated the effectiveness of the proposed method.
However, how to switch the parameters of the PID controller
for different frequency ranges still needs further research.
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