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Abstract—This article is concerned with the estimation of a
varying-coefficient regression model when the explanatory
variables are measured with additive errors and the response
variable is sometimes missing. Estimated coefficient function in
complete observational data and interpolation data
respectively, and all the proposed estimators for the coefficient
function are proved to be asymptotic normality. Finally, a
simulation study is conducted to compare the proposed
estimators.
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[. INTRODUCTION

The form of varying coefficient models is:

v=xT pU)+e (1.1)
where Y is the response variable,and X is U the
explanatory variables, we assume that

ﬂ(-)=(ﬁ1(v),~-,/3p(-))T is a p-dimensional function of

unknown coefficients, U is a single variable, & is a
random statistical error with

E[e| X ,U1=0 and Var[e| X Ul=0 .

Since Hastie and Tibshirani(1993) proposed the varying
coefficient regression models, it had been developing rapidly
and applied widely in many fields because of their flexibility
and adaptability, such as, Fan, and Zhang(1999), Chiang,
Rice and Wu(2001), Huang, Wu and Zhou(2002), Hoover ,
Wu, and Yang(1998), and Wu, Chiang, and Hoover(1998).
But most of their attentions and works focused on the case
where all variables with no missing data or measurement
error, so it will be a meaningful thing for studying
varying-coefficient errors-in-variables models with missing
response variables.

Based on the profile least square technology and the
correction technique, Wei(2010) developed some approaches
of estimating B and a(x) for partially linear models in
complete observational data, interpolation data, and the
surrogate data respectively, finally, proved the asymptotic
normality of B and a(x) .Wei(2011) studied coefficient
function's estimation for varying-coefficient errors-in-variab

-les models with missing response variables, and proved
its asymptotic normality.
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In this paper, based on Wei(2010,2011), suppose we
obtain a random sample of incomplete data {(.X;,Y;,6; ),1<i<

<n} from model(1.1),
and ;=1 otherwise. Namely, the missing data mechanism
is  pr(6;=1%.,X;U)=pr(;=11X;,Up)=r(X;,U;) .Throughout

where 6;=0 if ¥; is missing

this paper, we assume that Y may be missing and X is
observed completely, the explanatory variables have

measurement errors, namely, V=X +¢& , where (X T,U 0 )T and
& are independent, Var[£|X,U =X and E[{XUI=0 . We
assumed T is known, if the covariance matrix is unknown, it

can be estimated using repeated measures data X . Next, by
using local linear least square method, the correction
technique and the interpolation method, we estimated
coefficient functions in the complete data and interpolation
data, and the estimated asymptotic normality are proved.

II. THE ESTIMATION METHODS

A. Complete Observation data Estimation Method
For the regression model with missing response
variables, a simple and direct research method is complete
data method(There is no missing part of the complete
observation response variables for statistical inference ), that
is observation data corresponding to &;=1, there are

T .
0Y, =6, X, BU)+0,6,,i=1.n 2.1

where (Y, XU, is a identically
distributed sample from model (1.1), we use a local linear
least square method to estimate the coefficient
function B (u)(j=1,-p),

for every §;(u), it has a continuous second derivative,

independent

then, Bj(u)can be approximate locally at S;(ug) by a
linear function:
B @)= (ug)+ B (w0 Nu—ug)=a j +b j (u=u0).(j=1.++.p)
Bj(ug) ., Bj(up) can be estimated by minimizing

Zl[Yi— 2 Aaj+bj(Ui—u0)} Xjj 1" Kp(Uj=u0)o;
=1 j=l

where, K(-) is a kernel function, # is a bandwidth,
Kp()=K(/m)/h.

2.2)



Let 0u0)=(; o)’ fyuo)) ) =] FEX0xTT

we can get the following equation on the basis of (2.2)

1 n
0=— 'Zl #i1{60(u0)Y;. X; U}
1
= Zl 5:Kh(Uz—u0)(77ﬂ7, O(ug)-n;Y;) (2.3)
n_
because X; is not accurate observation, if ignored the
error of measurement, we replace X; with7;, it is easy to

prove the estimates obtained is not consistent, therefore we
remember:

T T T
EQT | %0 5)=ECGx T +2e EWYT | X.Up Y)=E(Xi%7)

Based on the correction technique, then we can get the
following correction estimation equation:

1 n
= .21 #110u0): Y, XU}
l:
l n
=— X 5Ky (Uj-uo){(nin;

i=1

~7)0wo)-n; i} (24)
where, 7, X; were, respectively, replaced with 7; , V;
1 (Ui=ug)/h

Uiuo)/h [WUy=u)/ Y’
The solution to (2.4), we have the following estimates:

Vi=Xe®

O(up)= { 215Kh(U —u0) ;i 7} Ty { ZlﬁKh(U i—u0)n; Y;}
l— l—

I wo 6 \—1RT Wwo
=D, W Dug Qe 1D, Wit ¥ (2.5)
o .
where, W”O = diag{6|K, (U} —ug),-+,5,K, (U, —ug)},
[ Umuo,T
r =y
"o 1
T Uyr—u
D= 2 &2 |r=0ptaed)”
Uy,—uy ., T
s I 1 Uj—up)/h
Q —2243 > KnUj=ug)d;
i=1 Uj=up)/h  [(Uj=uq)/h]

According to (2.5), the coefficient function is estimated
as follows

T,0 o, -1.T .0

Bu) = (1 op){D WD -Q% 7D WY (2.6)

B. Interpolation Estimation Method

In order to make full use of data information, we use the
interpolation method of chu and cheng(1995). The idea of
the method is the use of single point interpolation technique
for filling missing variables, then all data involved in the
back of the inference process. Specifically, by using the
estimation of A(u) obtained in the complete observation
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data of section 2.1, if the X; is observed accurately, we have

observed data (v, X;,Up)", , where Yl.O =5 +(1- 51.)XZ.T
/}(ul.), but because of the exact value of X; does not

exist, we can't obtain the exact value of Yl-0 and we can get

* T 5
Y =6 +(1=6)V;" B(u;) .
coefficient model with missing response variables and
measurement errors of the explanatory variable on the basis

Of (Yl 7XlsI/l sUl)

Then we can get the varying

i=1
0 T
¥0=xT BU;)+e;
Vi=Xi+éi
7 =v0+(-6p)el By

where €i=Yi0 —Y;+¢&; is the model error.

=l

2.7)

Similar to (2.2), we can through the minimization

n o . p )
XY - X Aaj+bjUi—up) X;j 1 Kp(Ui-ug)  (2.8)
=l j=l

Further to estimate the following equation

1z *
i=1

72 Ky (U; —uo)(m, O(up)-miY;")
ni=1
Among them, because of the errors, we remember:

T * T * * *
EWiV; | XU Y )=E(Xi X +2 e, EGRY; | XU Y )=E(XY] )

(2.9)

Based on the correction technique, then we can get the
following correction estimation equation

172« *
i=l
1 A
= & KnUimu) {077 7T =00y (1 ~(1-0n2ghwo) |
(2.10)
where, ;™ , X; were,respectively, replaced with; , V;
The solution to (2.10), we have the following estimates:

Blugy~11 ZKh(Uz o) 7T y)}'l{%% Kn(Ui-uoyr™

S0 Wi (1*-Cp )
Q.11

(¥7-a- 5)25,8(1:0))} {Df WagPug =0}

Where, Wy, =diag {Kp (U1-u0).,Kp(Up—up)} »

[ 1 (Uj=ug)/h JK Ur)
h -7u0 B
Us-ug)/h 2

[(Uj-ug)/h]
N n T
Cup=((1-0DZEB0), (1=, E£B(wp)) 5
Y*:(Yi*’Yik""ay;lk)T

According to(2.11),the coefficient function is estimated
as follows

n
Qu(): 2 Z§®
i=1



consistent estimate o

B = ([P OP){DZ;WuDu —Q, }_IDZWu (Y*_C”)

II1.

The following assumptions we need:

MAIN RESULTS

T
(A1) (X lT ,Ui,gi,gl.T) are independent and identically

o T T T T
distributed random vectors, (Xi ,Ui) and (g,-,gf[ ) are

independent, &; and & are independent.

(A2) the random variable U has a bounded supportIT, its

density function f(-) is Lipschitz continuous, and not to 0 on
the support.

(A3) the pxp matrix E[ﬁ(X U) XX T\U } is nonsingular for

any Uell.

(A4)There is an §>2 such

that EHXH2S<oo and EH§H2S<oo and for some k<2—s~ ! such

that 2K 1o as n—oo .

(A5) B(-) is a second order continuous derivatives

inUell .

(A6)K(-)is a function with compact support symmetric

density function, and the bandwidth / satisfies nh®—0 and

nhz/(logn)2

Let
p (K) = [ K (D) dr, pr(u) = [ﬂf(u),.--,ﬁ;,(u)]T :

) .
v (K) =I5 7K (1) dt, Bi(u)=0% B (u) ] ou®
then we obtain the following theorem properties:
Theorem 1. Assuming the above assumptions, we can

—owand, as n—o.

get the following conclusion

R 2
Jah {ﬁ(u)ﬁ(u)};uz(K)ﬂ”(uHoP(hz)}—d—»

N[o Yo

Fop T 25T 5w ]

Where

Q) =0 r )+ 623 £61U) _u)+E[omﬁ( w)BT () T‘Ul—u}

P = E{ax] =), =2, -8 - x,8

In order to make statistical 1nference with theorem 1,

n 1 n
letF () =" X KUV 2]
i=1

A -1 A A

Q50 =n" 3 5K (Ui—) iV plup) e pu)®?
i=

And it is easy to prove that lA"é(u)_lf)d(u)f“(s(u)_1 is a

fo()

) F5(u) Qé‘(u)l"é‘(u)

74

Theorem 2. Assuming the above assumptions, we can get
the followingconclusion

nh {ﬁ(u) ﬁ(u)— uz(K)ﬁ”(u)wP(hz)
vp(K)

N(O
S ()
where Q) = o°Tw) + o7z, + E [ mp)T ()] h=u .

~xel

1

F(u)_lQ(u)l"(u)_l]

>

T(u) = E{XlxlT\Ulzu} =g - gl

Iv.

In this section, by adopting stochastic simulation
method,we will discuss the fitting degree of the estimators
in the case of complete data and interpolation data and the
real function. we consider the following model

NUMETRICAL SIMULATION

T
yi=x; Bl +e;,v;=x;+e,x=12,n,

where x. — N(0,1).u; > U(0,1).e; > N(0, 0.1%). 8 (uj) = cos(67u;)

2
the kernel function is K(x):%(l—xz) I|x|<1 - In order to

studying the effect of model error distribution to the final
result, we consider the following two kinds of distribution
of ¢, that is &g—>N(0,0.1) and &;—U(-0.1,0.1) . If X;<0.8,
8;=l1, else §;=0, the independent random missing data is
produced like this.

Our simulation results are as follows(To name only a
few of the main results). We are to estimate the 100 time
point on [0,1]. In the following figure, B(u)is showed by
blue line, A(u) and f(u) is showed by *’

During the simulation, we consider the following
situations

(1)  figurel,2:the sample size n=1000, the bandwidth
h=1/50, &->N(0,0.1)

(2) figure3,4:the sample size n=1000, the bandwidth
h=1/100, &—>N(0,0.1)

(3) figure5,6:the sample size n=1000, the bandwidth

h=1/100, &—-U(-0.1,0.1)
A
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Generally, the simulation results show that the method
we used to estimate is good. From our simulation result
shows, when the sample size from 1000 generally can get
good effect, due to the total simulation effect is good, the
two window width here seems to be little difference. At the
same time also can see the impact on the simulation results
of the model error distribution also is not very big. And we

found the interpolation estimates B(u)is closer to the real

function of value under the relatively complete data /3(u) .

V.PROOF OF THEOREM

In order to prove the main results, we first introduce
some lemmas and notations, note
T
T
Xpﬂ(“p)}

A:diag{51,~ . -,5,,,} > M:|:X1Tﬂ(”1 )” o
logwh)}l/ ’

vi(K )=l K2 (1), 1i(K)=IP K (1), cn—h2+{ o

Lemma 1. Let(X1,1]),++(Xp.Yy,) be i.i.d random vectors,

where ¥;,i=1,2,--,n is a random variable, Further, assume that

E|y|* <o and supy [ f(x,y)dy<oo , f denote the joint density

of (X,Y). LetKis be a bounded positive function with a
bounded support, satisfying a Lipschitz condition. Then

xpm)|=o {%V_”)}MJ

p nh

1 n
sup|. 3 | Kp(Xi=X )Yi~

. E(Kp(Xi—
x "=l

where there are n2¢ o0 as e<1-s L.
Proof. This lemma can be obtained by Mack and
Silverman (1982).
Lemma 2. Under the conditions in Sec.5, we have
T0 o
Dy, W, D,,—Q) p I 0
u ”n“ u f(u)l"(u)@[o ﬂ2J+op(l)
Proof. The proof of lemma similar to Cai et al.(2000)
proof of theorem 1, we ignore the detailed proof.
Proof of Theorems 1. Because in the field of u, ;()

is smooth, by Taylor expansion, we can obtain:

2
Ui-u h -
x! B = x] plu)+ x] () =2 +7Xfﬂ”(u)(%
2
+op (h )
By the definition of (u), we have
B(u)fﬂ(u):(IPOP){DZ;WZfDMff%f}_lDZ f ~B(u)

=(1,0,)iD W5D - 5}_1D WfA hzﬂzﬂ(")
o (hz)

p
T8 1T 0,
+(1,0,)D] WD —Q } 7D, WS

+(1, Op){DTwsD —Qf}_

N RN

T
u
+(1,0 ){DuW5D —Qf}_lDwaln

(f —D,fwa)e(u)



:11+12+I3+14
where
[ T(Up—u 2]
X T Up-u.T
1( h ] C-’Kl lh 9&1
2
T(Up—u r Up-u.T
A=X2[ h j B4 n 2
T Up-u
T(Un—ujz & —ntgl
Xy L h _
L h -
By lemma 1 and lemma 2, it is easy to prove
0 . 2
h==-m(K)p"(u)top(1) ,12=0p(h )

. 2
and \n {ﬂ(u)—ﬂ(u)—hz#2(K)ﬁ"(u)+0P(h2)}

= f ) ()™ \/n_% _% K (Ui—a) (Viggrmipa} +o (1)

p
Therefore, by the central limit theorem can be

. 2
Juh {ﬂ(u)ﬁ(u)hzﬂz(K)ﬁ”(uHO p(hz)}L

WL 1
N[O,ng(u) Q)T 5()
Its prove process smilar to Wei(2011) proof of theorem
2.1.

Proof of Theorems 2. Because in the field of u, () is
smooth, by Taylor expansion, we can obtain:
Uj—u /’l2

T o

x] B(U;)=x] plu)+ X hp(u)

2
Uj—u 2
(Tj w0, (1)
By the definition of /5 (u), we have
Blu)=p(u)
=(1p Op 1D W, Dy, =0 DY W, (¥ =€)~ B(w)

2 ”
_ h u
(1,0, )DL WDy -0} 1DZWMA%

+(1,0, )DL W,D, —Qu}‘lwaulnop(hz)
+{1,0, )DL WD~y 'DL Wy (L-0)eT )

-1..T

T
—(]p op) D, WD -0} D WC,

T ~1nT
+(1p0p ){Dy Wy Dy =Q, )™ Dy Wyge
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and W{ﬁ(u)—ﬂ(u)—zﬂz

+(10p )(DF Wy Dy -0, }_1(Qu = WMB)H(u)
=N+Ip+I3-14+I5+]g
Where, L=[1,- ~,1]T,5: (81 -+, Sy )T,

By lemma 1 and lemma 2, it is easy to prove
2
h ”
11:7/12(K),B (u)+op(1) ,12=0p(h2) ,13=14
2
h "
(K)p (u)+0p<h2>}

n
= f(u)_l F(u)_l \/E% E:IKh (Ui—u){[/iei+f7iﬁ(u)} + Op (l)

Therefore, by the central limit theorem can be

(1]
[2]
B3]

(4]

(5]

(6]

(7]

(8]

(]

[10]

(1]

- 2
Jnh {ﬂ(u)ﬁ(u)’guz(mzf"(uno p(hz)}L

S -1
N[O, YT 2w
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