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Abstract—In this paper, with the MHSS and preconditioned
MHSS methods, we get a generalized preconditioned MHSS
method with a kind of complex symmetric linear systems. This
method is a two-parameter iteration process, which can
optimize the iterative process. The sequence of iterative
produced by the generalized preconditioned MHSS method is
proved to be convergence to the unique solution of the complex
symmetric linear system.
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l. INTRODUCTION

In many scientific computing and engineering
applications, we need solve the complex symmetric linear
systems, such as structural dynamics, diffusing optical
tomography, lattice quantum chromodynamics and so on. So
we consider the iterative solution of systems of complex
symmetric linear equations

Ax=b, AeC™ and x,beC", (1)

where Ae C™" is a complex symmetric matrix of the
form

A=W +iT, 2
and W, T € C™" are real symmetric matrices, with W
being positive definite and T postive semidefinite. Here and

in the sequel we use 1 =+/—1 to denote the imaginary unit.
We assume T # 0, which imply that A is non-Hermitian.
The Hermitian and skew-Hermitian parts of the complex

symmetric matrix A e C™" are given by
H :%(A+ A¥) =W and S :%(A—A*) -iT, @

where AeC™ is a non-Hermitian, but positive
definite matrix, A* is used to denote the conjugate
transpose of the matrix A . Based on the Hermitian and
skew-Hermitian splitting(HSS).
A=H+S.
Bai, et al [1,3,4] proposed iterative methods called HSS
and preconditioned HSS methods based on this kind of
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particular matrix splitting, in reference[2], Bai, et al proposed
MHSS methods for a class of complex symmetric linear
system, which based on one postive parameter, and in
reference[5], Yang, et al proposed GPHSS methods for a
non-hermitian postive definete linear system, which based on
two postive parameters, in this paper, we will propose
GPMHSS methods for a class of complex symmetric linear
system, which depend on two postive parametera.

The paper is organized as follows. In Section IlI, the
GPMHSS method is given. In Section IlI, the convergence
properties of the GPMHSS method is discussed. Finally, we
offer a brief conclusion. For the upper bound of the spectral
radius of the iteration matrix, the optimal parameters with
GPMHSS method will be discussed in the following paper.

Il.  THE GPMHSS ITERATION METHOD

By making use of the special structure of the coefficient

matrix A e C™" of the complex symmetric linear system
(1), in this section, we derive a general of the PMHSS
iteration method, which based on the GPHSS method ([5])
and MHSS method ([2]). We produce from the one
parameter in the iterated procedure in reference [2], we will

introduce two different parameters ¢ and /3 in the following.

This lead to the generalized PMHSS lIteration method.
Method(The Generalized PMHSS lIteration Method) Let

X eC" be an arbitrary initial guess, For K =0,1,2,---
until the sequence of the iterates {X(k)}f:1 — C" converges,

compute the next iterate x kD according to the following
procedure

(aP +W)x*? = (aP —iT)x® +b,
(BP+T)x"? = (BP —iW)x® —ib,
Where « is a given nonnegative constant and £ a

given positive constant, and P is anHermitian positive
definite matrix.

(4)



ll.  CONVERGENCE ANALYSIS
Lemma® Let AeC™ , A=M,—-N,(i=12) be

two splitting of matrix A, and let X® €C" as a given

initial vector. If X® s iteration sequence of two-step
defined by

1
M x"“? = N x® +b,

. ®)
M, x D = Nx“? —ib, k=0,1,2, -
then
X = MIN,MIN X + MH(NL M =i1Db, (6)
Furthermore, if o(M,*N,M,;"N,) <1, the iterative
sequence {X(k)} convergence to the unique X * of the system
(1) for any initial X©.
Theorem Let Ae C™"is a positive definite matrix,
P eC™is an Hermitian definite matrix, A, and A, be

spectral sets of matrix P~W and matrix P'T , respectively,

let
Aex = Max{4 }, A, =min{4};
Acehy A€My
/umax = max{luk}! /'lmin = mln{/uk}
Hcehy Hcehy

Then, the GMPHSS iteration x* converges to the

unique solution X*e C" of the linear system (1) if the
parameters & and [ satisfy

(@, p) EUQi'
Where .
O, ={(a.p)| f<a<a*(p).g(a B) <0},
Q, ={(a, p)|a <min{B,a*(B)},¢,(a, B) <O},
Q; ={(a. f)la*(B)<a<p,p,(a,p) <0},

Q, ={(a, B)|azmax{B,a* ()}, ¢,(a, B) <O}
with functions o (a,p)(1=1234) and
a * (/3) denoted by
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P, B) = (A = tnin R+ pin))t” = 2( Ao 52
+ ﬂ’min:ur?‘lin = (B = Znin )Z,Umin o
+ BBt = Zemin) = 2Amintin) < 05
0,(2, ) = (Zin = Hnax 2B + i ))” = 2(An B°
+ Ao tax = (B = Anin)’ i )2
+ BB tax = i) = 2min i) < O;
P5(, ) = (Ao = Fnax QB+ o))" = 2R
+ Zrnactmax = (B = Zunax)” M )

+ ﬂ(ﬂ(:uriax - ﬁ“riax) - 2ﬂ’riax:umax) <0;

24(t, B) = (Amax = i (2B + i )0 = 22 B
A oo = (B = A )" Himin )X
+ BB (tin = A ) = 2 blin) < O
P = s in B+ 2 ) B + )
j’min + ﬁ“max
Aqmax ] the intersection point of

a*(p)=
where a* () €[4,

‘min !

a*(f)and a = f is B, where B = \/ ApinAmax -
Proof By putting M, =aP+W, M, =P +T,
N, =aP—iT, N, =P —iW,in the lemma and noting
that aP+W and SP+T are nonsingular for any
nonnegative constanta and positive £, one can obtain the
iteration matrix of GMPHSS method as follow
M(a, f) = (BP+T)(BP—iW)(aP +W) ™ (aP —iT).
The spectral radius of the iteration matrix satisfies clearly
p(M (e, 3))
=p((BP+T)"YBP —iW)(aP + W)~ aP —iT))
= p((BP —iW)(aP + W) Y aP —iT)(BP +T)™ 1)
< | (BP —iW)(aP + W) }(aP —iT)(BP +T)7}|
< | (BP —iW)(aP + W) |2|l(aP — i) (8P +T)7 12

Because W e R™"and T e R™"are symmetric, there
exits orthogonal matrices U,V e R™" such that
U'WU =A,,VWV =A,,
where A, =diag(4, 4, 4,),
Ay =diag (s, ty,-++ 14,)
with A,2,(1=1,2,---,n) being the eigenvalues of the
matrices W and T , respectively, by assumption it holds that
A =20and 24 =20, for the orthogonal invariance of the



Euclid norm -, we can obtain the following upper bound
on p(M (e, B))

p(M (e, 5))

< |(BP —iW)(aP + W)~ Yall(aP —iTY(BP +T) Y2

< |HBP — iAw ) (aP + Aw ) 2|l (aP — iAp)(BP + Ar) |2

B—id; o —ifi;
= max | - | - 1ax | — |
AjEsp(P-1W)  « + )\3 pjEsp(P—1T) 8+ i

\/'.-32 + A2 fa? 4 p?
= max - max TS
Ajesp(P-IW) o+ )\J pi€sp(P—1T) B84+ iy

/32 2
V- i /\J o+ pi
< max _ max _—
XN€sp(PUW) a4 A, pi€sp(PIT) 4 iy

Since a >0, > 0, it follows that hence using

ﬂz _ﬂmaxj’min +\/(ﬂ2 + ﬂ’rf\ax)(ﬂz + ﬂ’riin)

ﬂ’min + ﬁ’max

a*(p)=

and we also have

[ 2 2
2, 42 Pt e . aza*(p),
VB A4 A+ Ay -
max ——=
Aesp(PW) o+ A, 2 2
j NBT+H AL
a+A.,
Similarly, we can discuss the matrix T,
a+ :umin o > ﬂ
o+ + U
max Hi _ | Bt ®
uiesp(PT) B+ 1, O+ Ly a<p
B+ Hina
Now let us divide the

regionQ ={(e, f) |« =0, § > 0} into four subregion
O ={(a.p)|psa<a*(B},
Q, ={(a, B)la <min{B,a*(B)}},
Q, ={(a. f)|a*(B)<a<p},
Q, ={(a, p)|a zmax{f,a*(p)}}.
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a=f

|0 By

Figure 1. THE FOUR SUBREGIONS OF Q.

(1) For (a, ) € ©;, we deduce easily from the formula
(7-8) following the inequality

p(M(a, ) < B+ P Ot by

a+ ﬂ’min ﬂ + /umin

ifand only if
(01(05, ﬂ) = (ﬂ“riin = Hiin (Zﬂ + Hin ))az - 2(ﬂ'minﬁ2
+ ﬂ'min/uriin - (ﬂ - ﬂ’min )2 Hmin )a
+ ﬂ(ﬂ(#ém - ﬂ’riin) - 2ﬂ’nzwin/umin) < O’

() For (a,B)eQ),, we deduce easily from the
formula (7-8) following the inequality

ﬁz + ﬂ’rﬁin a+ max
p(M(a, B)) < o
a+ /’Lmin ﬂ + :umax
@2 (0!, ﬁ) = (ﬂ’riin - /umax (Zﬂ + /umax ))aZ - 2(j'minﬂ2
+ /Imin:uriax - (ﬂ - ﬂ’min )2 Hinax )CZ
+ ﬂ(ﬂ(/uriax - )‘rﬁin) - 2ﬂ“nz'lin/umax) < 0’

() For (a, B) €Q,, we deduce easily from the
formula (7-8) following the inequality

<l



pM (@) < V2 :f“ .

D3(0t, 8) = (A = Hinax (2B + i N = 2( A0 B
At — (B = ) )
BB~ A2) — 247

max
(IV) For (a,p)€Q,, we deduce easily from the

formula (7-8) following the inequality. Obviously, the right-
hand side is less than 1, if and only if

¢4 (C(, ﬁ) = (ﬂ’riax - :umin (Zﬂ + zumin ))aZ - 2(ﬂ’maxﬁ2
+ ﬂ’max:uriin - (ﬂ - /1max)2/umin )(Z
+ ﬂ(ﬂ(/‘ém - ﬂ’niax) - 22’rf]a\x:umin) <0;

Therefore, we have obtained p(M (e, £)) <1, and for

<l

)<0;

aXIleaX

4
any (a, f) € UQi , the proof is completed.
i=1

IV. CONCLUSION

As a method for accelerating convergence of iteration for
the large sparse non-Hermitian positive definite system of
linear equations, we get a two-parameter generalized
preconditioned GPHSS method. Obviously, this is a kind of
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generalization of the classical HSS method because when we
take o = f without using the preconditioner P, we will

return to the HSS method. In this paper, we prove that the
iterative sequence produced by GPHSS method converge to
the unique solution to the system of linear equations, when

the parameters & and /3 satisfy moderate conditions which

take PHSS method as a special case. The optimal parameters
for GPMHSS method will be discussed in the following

paper.
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