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Abstract: In this paper, we apply the
method of "invariant eigen-operator" to
study the Hamiltonian of several different
qubit-environment models. We find the
invariant eigen-operator in terms of these
models, which directly leads to the ener-
gy-level gap for total system.
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1. Introduction

Explicit exact solutions and propaga-
tors of the Schradinger equations as well
as solutions of the Heisenberg equations
of motion were considered and applied to
different problems [1]. In general, solving
various stationary Schr&dinger equations
leads to eigenvalues and eigenvectors of
dynamic Hamiltonians. Though the Hei-
senberg equation stands on the same foot-
ing as the Schr&linger equation, it is sel-
dom employed for the purpose of directly
deriving energy eigenvalues. In a very
recent paper [2] author has introduced a
new method, ie. the “invariant eigen-
operator” (IEO) method to explore ener-
gy-level gap of dynamic Hamiltonians,
which is based on both the concept of
Schrédinger operator and the Heisenberg
equation of motion.

The discovery that quantum algo-
rithms are capable of solving certain
types of classically intractable problems
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has stimulated intensive investigates
aimed at the physical implementation of
quantum computation. The building block
of a quantum computer is called a quan-
tum bit, or simply a qubit, from which
multiqubit quantum gates can be con-
structed and networked to perform any
desired quantum logic operation. An ideal
qubit is a quantum two-level system
whose state can be prepared and con-
trolled by experimenters [3, 4]. The real
physical systems of quantum qubit are a
two-state system such as photon, electron,
atomic nucleus and quantum dot.

A major conceptual as well as tech-
nical difficulty in the practical implemen-
tation of quantum information processing
and quantum control schemes is the una-
voidable interaction of quantum systems
with their environment. This interaction
can destroy quantum superpositions and
lead to an irreversible loss of information,
a process generally known as
decoherence[5]. Theoretical studies of
decoherence and dissipation in qubit sys-
tems have focused on two canonical sys-
tem-environment models: (1) a quantum
two-level system, represented by a spin-
1/ 2 particle, interacting with a bath of
harmonic oscillators (spin-boson model)
[6]; and (2) a spin-1/ 2 particle coupled
to a bath of other spins (spin-spin model)
[7]. Understanding the dynamics of open
quantum systems is therefore of consider-
able importance. In order to control and



operate qubit accurately , and realize
quantum communication and quantum
computation, the study of qubit systems’
energy level( or energy level gap ) and
the influence of environment to qubit sys-
tems’ energy becomes one of the im-
portant mission of quantum informatics.
In this manuscript, we apply the method
of "invariant eigen-operator" to study in
different qubit-environment models, the
influence to qubit system energy level.

2. The invariant eigen-operator method

In quantum mechanics, the discrete
energy levels and simultaneously the
eigenstates of dynamic systems are usual-
ly derived by solving the appropriate
Schradinger equation

i (d/dt)y =Hy (in thia paper, we

assume 7 =1 for simplicity). However,
owing to the Heisenberg equation of mo-
tion,

d A A s
i—Q=[Q,H] @
dt
which is of the same form and importance
as the Schralinger equation. Since Eq.(1)

does not involve wavefunctions or eigen-
vectors, it can hardly be straighforwardly

employed to derive energy-level formulas.

In Ref. [2], the authors reported that the
Heisenberg equation of motion can also
be used to deduce the energy-level gap of
certain dynamic systems if one can find

A

some appropriate eigen-operators Q of
the square of the Schrdlinger operator
i (d/dt). Its main idea is as follows.
For the certain quantum system, there is

Q satisfying the following eigenvector-
like equation

(i;jQ:[...[[Q,ﬁ],ﬁ]...]:GQ @)

where G is real. We can judge that

Q/a is the energy-level gap between two
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adjacent energy levels of the dynamic

Hamiltonian I:I .
To clarify this point of view, we take

N =2 in Eq.(2), and assuming that that
|m> and |n> are two adjacent different
stationary eigen-states of Hamiltonian
H with eigen-values E,and E,, re-
spectively. Using the Heisenberg equa-
tion, we obtain

(102 ] QI = (iR, 3.l

=(E, —E,)*(m|Q|n)
=G*(m|Q|n)
where
G=|E,—E

nl?

whenever <m| (j |n> is nonzero matrix
element, the energy gap between | m> and

|n> can be obtained as G = |Em — En| .

Thus, this new method is named as the
invariant eigen-operator method.

3. The invariant eigen-operator method
for Some Hamiltonians

It well known set of canonical models
describes the environment as a set of un-
coupled oscillators—these include the
‘spin-boson’ model and the ‘Caldeira—
Leggett” model. The spin-boson model
couples a central two-level system to the
oscillators, and is thus the analogue of the
central spin model. These oscillator mod-
els all derive from a scheme proposed by
Feynman and Vernon. Oscillator models
are thus best adapted to delocalized envi-
ronmental modes. The simplest Hamilto-
nian of the spin-boson model is written
as[8]

le—%g&z +,-§1[27:1j p,?%mjwﬁxf]—&zglaixj
In the spin-boson model, another Hamil-
tonian of the spin-boson model is



.1 1
H —£0, + — P += mwx
2 =750 Z[2m b+ 3ms

The quantum dynamics of quantum
systems is always complicated by their
coupling to many environmental modes.
At low temperature these environmental
effects are dominated by localized modes.
This environment, at low energies, maps
onto a ‘spin bath’ model. This contrasts
with ‘oscillator bath’ models which de-
scribe delocalized environmental modes
such as electrons, phonons, photons,
magnons, etc. The simplest Hamiltonian
of the spin-spin model is Written as [9]

Hy = ;a)o +z QJ

1. o2
] EUZ Jz::lﬁjxj

it Uz 279
J:

In this section we shall apply the invari-
ant eigen-operator method to derive the
energy gap of the qubit system-
environment models.

Case 1 According to the invariant eig-
en-operator method, firstly we should
consider the basic commutative relations
using the Heisenberg equation

[ij,H1]=m—jﬁ, 3)
[p; H,]=~(m;0% -a;6,) (@
oo, 1,
[szj’Hl]:_o-sz (5)
m;
[6,0,,H,]=-(m, /6% - ) (6)
[6,,H,]=0 v

Based on Hamiltonian |:|1 in Eq.(3), we

suppose that the invariant eigen-operator
in the case is
(©)

Ql =GR +0, Pot 050, + 046, P + 956,

The parameter j is to be determined.
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Substituting Eq. (9) into Eq. (2), combing
Egs. (3)~(7), we have
[Q

A A

H]=-m.o* ng+ glp, @'y,

1 .. .
+m_ 9;0,P; +aj(gz +9,)6, )
j
If the operator (jl satisfies Eq. (2),
while n =1, comparing Eqg. (8) and Eg.
(10), we obtain

0 -m@? 0 0 0)fg u) (10)
mt 0 0 0 0llg, 9,

0 0 0 -mel 0| 0s|=Gi0s

0 0 m' 0 0[% 9s

0 aj 0 a;  0)\9% 95
Eq.(11)’s eigenvalues are: +@;,0 .
Thus the energy-level gap of Hamiltonian
Hl is

As the coupled quantum system of the the
spin-boson model is described by Eq.(3),
we can easily see that the energy level

gap of quantum system is given by Gl-
Case 2 We can list some basic com-

mutative relations using the Heisenberg
equation

S 1.

[%,H,1=— D, (12)
m;

(9, H,]=~(m /%, - B,6.%) (13)

N R

[GZXJ’ H2]=—O'ij (14)
m;

16,0, H,]=-(m &}6,% - B %, ) (15)



From Eq.s (12) ~(15) we guess that the
invariant eigen-operator of H 5is
Q=R +h P+ 6,k +hd,h,  (16)
The parameters h j areto be determined.
Substituting Eq. (15) into Eq. (2), comb-
ing Eq.s (12) ~ (15), we have

[Q,, H,1=(-m,@?h, + B;h,)X; - hlp]

o1
@h,)6,%; +Fh302 p, @7)

i

+(B;h, —m,

Comparing Eq. (16) with Eg. (2), it is
necessary to ask for(n =1)

0 -mef 0 B b)) (b

mt 0 0 0 |h o
2 2

0 B 0 -mpoj|h hy

o o m' o fh) (h

(18)

Eq.(18)’s eigenvalues are: 1/a)Jz B /mj .

Thus the energy-level gap of Hamiltonian
H 2 also has two kinds of probabilities.

(19)

Thus, the coupled quantum system of the
the spin-boson model is described by
Eq.(12), we can easily see that the energy
level gap of quantum system is given
bsz .

In brief, we can easily know that: the
energy level gap of quantum system is
closely related to the interaction form of
qubit and environment. The energy level
gap is determined by both the inherent
parameters of the oscillator models and
coupling parameter. Therefore, in order
to control and operate qubit accurately,
realize quantum communication and
quantum computation , we need study
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the interaction form of qubit and envi-
ronment deeply.

Case 3 The Hamiltonian of the spin-
spin model is written as

The study of spin system can be de-
scribed by a boson operator. Schwinger
boson is a kind of boson operator describ-
ing spin system[10]. Set

i _bi+bj)

-
Tz =5 @] (20)

Then, the Hamiltonian I—A|3 is rewritten
as

A 1 1 + +
H,=-wo,+ . 1ZQJ- (aj a; —b; bj)
=

2
1 + +
g (a2, -bby) @)
=

Using the basic commutative relations of
operators, we have

[a;,H,]= Qa+£11;/J (22)
[a], Hg]:—EQJaJ+ —%yjozaj* (23)
[b;, H3]=—%iji —%yjazbj (24)
[b;, 3]— Qb*+ yJabe (25)

From Eq.s (25) ~(28) we guess that the
invariant eigen-operator of H 3ls

Qs = (0, +050,)a; + (0, +95,)3]
+(0y +0,6,)0; +(Q, +06,)b;

The parameters (| are to be determined.

(26)

If the operator 63 is the invariant eigen-

operator for Hj, ; must satisfies the
equation following
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Eq.(27)’s eigenvalues are: (Q+y,)/4
—(@,+y,)74. Thus the energy-level gap

of Hamiltonian I:| 3 also has two kinds of

probabilities.
1
G3—Z(jS71) (28)

In above calculations, we get a system of
linear homogeneous equations though
calculating the first order eigen operator
equation [Q,, H1=G, Q;, and then get the
energy-level gap of the systems though
calculating the eigenvalue of system of
linear homogeneous equations. In fact,
we also can get the energy-level gap of
the systems though calculating the second
order eigen operator equation
[[Q, H], H1=G,Q,, and comparing the
undetermined coefficients.
4. Conclusions

In summary, we have adopted the
invariant eigen-operator method to tackle
in different qubit-environment models,
the influence for the energy level of qubit
system. Because energy transition direct-
ly correspond to energy gaps, so our re-
sult has an important guidance meaning
for achieving the exact changing and con-
trolling to the quanta bit in the laboratory.
This approach seems concise and direct
and can be extended to tackle other Ham-
iltonian models.
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