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Abstract:

Global synchronization analysis for complex networks
with time varying coupling delay is investigated in this
paper. this paper
time-varying. Sufficient conditions depending on the

The delay considered in is
time delay are given based on Lyapunov functional,
linear product
technique. We find that the conditions are dependent on
the bounds of both time-delay and its derivative, and the

derivative of the time-varying delay can be any value in

matrix inequality and Kronecker

the bounds. Finally, a numerical example is given to
validate the effectiveness of the obtained results.
Key  words: Complex networks; Global
synchronization; Linear matrix inequality; Kronecker
product.
1. Introduction

Dynamical recurrent neural networks are used
extensively in classification of patterns, associative
memories and optimization [1-2] etc. In these networks,
there also exist more complicated dynamics, therefore,
the theory of complex networks has become a focal
research topic and attracted a great deal of attention in
various fields. Recent years have witnessed an
increasing interest in complex networks from the
science and technology communities [3-4].

Recently, it is found that synchronization is one of the
most important dynamical
networks and has been extensively investigated in
different ways [5-10]. In [5], Liiand Chen considered a

dynamical network and gave the conditions for local

properties of complex

synchronization. Because of the network traffic
congestions as well as the finite speed of signal
the links,
commonly in complex networks. Therefore, Li, and
Chen [6] improved the models with no delays, the case

with constant coupling delays is considered, and they

transmission  over time delays occur
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also analyzed the Synchronization problem [7].
However, in many real-world networks time delay is
varying, therefore time varying coupling delays are
considered in [8-9]. By using free-weighting matrices,
some synchronization criteria for general complex
dynamical networks with time-varying delays are
proposed. However, the computation is huge, and there
are a large amount of variables in the condition.
Moreover, in order to derive the synchronization
condition, in some papers [6-9], the time-varying delay
z(t) is usually confined to 0<<z(t) <z (lower bound
of the delay is zero.), and the derivative is restricted less
than 1. Therefore, improve the system
performance by removing the redundant variables and
reducing computation still remain unsolved. Motivated
by the the
synchronization problems for general complex networks
with time varying delay. Using different Lyapunov
functionals given, the synchronization criteria derived
turn out to be less conservative.

The remainder of this paper is organized as follows:
in Section 2, the investigated system is formulated and
some lemmas and notations are given. In Section 3, the
conditions for synchronization are derived. In Section 4,
a numerical example is presented to demonstrate the
effectiveness and the advantage of the proposed method.
Finally, conclusions are drawn in Section 5.

how to

mentioned discussions, we study

2 Problem formulations
Suppose the nodes are coupled with states x;(t) ,

ie {L N}, then the dynamic neural networks (DNNs)

of general form can be described by

N
%i(t) = -Cx;(t) + Df (% (t)) + Bf (% (t - z(t)) + 1 (t) + ¢ ZG”A[XJ- (t-(t) -

=1

N
wt-r+c Y Gyl t-0)-x(0) ()

j=lj#



in which x;(t) =[x, (t) X;, ®), %, O eR" is the state
vector of the i-th network at timet. The functions

£ (i (©)) = [0, O), 20, @)+ Ty 05, ()] is sufficiently

smooth nonlinear vector fields, and

1(t)=[1,(6), 1,(8),-,1, ()] €R" is the external input vector;
C =diaglcy,c5,-+,¢n >0, D=[djlnn » B=[bjjlnen ;
here A=[ajj]nn and A, =[ajl,, are inner-coupling

matrix, G =[Gj;]nxn represent the outer-coupling

connections. The constant c¢>0 represents the
coupling strength, z(t) represents the time constant
delay.

For the network (1), the following assumptions are
needed.
Assumption (H1) z(t) is the interval time-varying
delay satisfying
0<h <z(t)<h,, 7(t)<u<+0o0 and h,; =h,—h;.
Assumption (H2) The outer-coupling configuration
matrices of the complex networks satisfy:

Gij :Gji ZO,i;tj,

N
Gii = ZGij’i’ J 2112,"', N

j=1, j=i

Assumption (H3) For any constants o ,o;" , the

functions satisfy:

o < fi (1) — fi(x;) <ot

i A i:]_lzl...n
Xp = X3
we denote
A]_:diag(O‘fO-{,G;Ug,'--,G:U;),
+ - + - + -
o, +o; 0, +0 o, +o

A, =dia 1 1, 2 2 e n n

2 o > 5 5 )

Based on Assumption (H2), system (1) can be
rewritten as the following form:

N
Xi(t) = ~Cxg (1) + DF (3 (1) + BF (xi(t - 7(0) + 1 (1) +C ) Gy At -

j=1
N

z(t) + CZGijArX jt=7() - cGjA[x (t -7 (1) - X; ()] (2)
i=1

The initial conditions of (2) are given
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by X (s)=¢;(s) . selto —ha.tg] . i=12,---N , where

i ()= (), i2() - 3O €C(lto —ha, o) R") and in

order to simplify we set G;; =1 .
Remark 1: The constants o ,o; in assumption H3

are allowed to be any value. Then, most of the previous
results in similar networks are just special cases of this
assumption, which means that the activation functions
are more general than that of other work.

Combining with the sign of Kronecker product,
model (2) can be rewritten as:

X(t) = —(Iy ®C)x(t) +(Iy ® D)F(x(t)) +(Iy ®B)
F(x(t—7(1)) +1'(t) +c(G ® (A+ A)x(t —7(t))
+el(In ® A[X(t—2(1) - x(V)] (3)

With x(t) =D (0 %3 (@), x§ O Fe@) =1 00 @), 17 00)

e BT oy @) and 1@ =[17 @17 @170

Definition1 [10]: Dynamical networks (3) is said to
be global exponential synchronization, if for any

initial conditions 4,(). 9 (s)Cllto ~hy to | R")

(i,j=12,---N) .There exist T >ty and &>0 such
that"xi (t)—xj(t)"sMe‘“, in which t>T and ||

denotes the Euclidean norm.
Lemma 1 Let ® denote the notation of Kronecker
product. Then, the following relationships hold

1) (etA)®B=A® (aB)

2 (A+B)®C=A®C+B®C

(3) (A®B)(C®D)=(AC)®BD

Lemma 2 [11] Let e=(L---1)" , Ey =ee',

U=NIy-Ey,PeR™™, x=(x{,x3.---x})",

y=(y1 vz yu)  with x,y, eR" (k=12-N), then

N
K UOP)Y= ) (-x) Py -y;)
IKi<j<N

Lemma 3[12] For any constant matrix X € R™",

X =X' >0, ascalar functional h:=h(t)>0, and a vector

function x: [-h,0]— R", the following inequality hold



- hsz'(h(S)T Xx(s)ds < —[x(t) —X(t- h)]T X [X(t) X(t- h)]

3. MAIN RESULTS

In this the section, by utilizing the improved

techniques used in [13], we obtain the following global
exponential synchronization criterion for system (3).
Theorem 1: For given ¢, z(t) > 0, and supposing that

Assumptions (H1)-(H3) hold, if there exist P = PT >0,

Q=0">0, R =RT>0  (i=123) and

Z; =ZJ-T >0 (j=L12) , positive diagonal matrices

H, K,W,V, such that the following LMIS hold for all
1<i< j<N

1.
(DIJ:(Dij‘[On,Sn -ly 1y On,SnFZZ[On,Sn -ly 1 On,Sn]<0
4)

(Dzii:(bij_[on,Sn 0 -1, On‘Zn]TZZ[On‘Sn b 0y -y On,Zn]<0

5
Q. Qp Q3 Qu 74
* Qp Qp Qyy 0
T Qg Qg O
Where ®@j; = : : : Q;M £2
Qsgg
* * * * *
* * * * *
* * * * *
0 0 0 |
0 0 0
0 0 0
Z, 0 0 ©
0 WA, 0
~Q,-Z,-VA; 0 VA,
* “Ri-W 0
* *  _R,-V|

with
3

Qy =-PC-C'P+) Q;—cIPA, —cIA,TP-Z; +CT
i=1

(%21 +h1p%Z5)(C +elA ) + 212 AT (M2 Zy +1yy°Z,5)

AZ‘ +C|CT (h1221 + hlZZZZ)AT - HAl
le = —CT (h1221 + h12222)D + PD—CIATT (h1221

+h12222)D+ HA2

Q13 = —CT (hlzzl + hlZZZ
+hy,2Z,)B+PB

2)B—clA. T (22,

Q4 =CT (%2, +h12222)(CNGij (A+A.)—clA)
—cNG;;P(A+A,) +cIPA. —c2ING;; A, T (m?Z;

+hip?Zo) (A, + A)-c?12A,T (22 +hyp%Z,)A,

3
Qg =D' (02, +h;,°Z,)D+ Y R, —H
i=1

Qg3 =D" 22y +h,%Z,)B

Qa4 =D (?Z1 +h12%Z,)(-CNGj (A+ A,)

+clA ) +cIDT (02Z4 +h2Z,)A,

Qg3 =BT (0,°Z, +h1,°Z,)B—(1- 1)R; -

Qa4 =—cNG;;BT (M2Z; +hpp?Zo)(A+A,)+ KA,

+C|BT (hlzzl +h12222)A[

Quq =C®NG;* (A+A)T (M°Zy +hyp°Z))(A+A,)

—(1- 1)Q3 —2Z5 — KA1 —C?ING;j (A+A,)T (h°Zy
+hip?Zo) A, +CP1PAT (P21 +1ip%Z5)A,

Qgs =—21 -2, -Q —WA,
Then system in (3) is
synchronization.

global  exponential
Proof: We construct the Lyapunov-Krasovskii
functional as follows:

V() =x" (OU PO+ | t_Tm X" (5)(U ®Q3)x(s)ds

+Zj x(s(U®Q)x(s)ds+J )fT(x(s))(U®R3)

T

(x(s)) ds+ZJ~ f7 (x(s))(U ®R;) f (x(s))ds

0 ot
+ j_hl Lg hyx" (5)(U ®2Z;)%(s)dsdd

+ I—_hhl Lt%) hp X" (5)(U ®Z,)%(s)dsdd @)

2

Calculating the time derivative of V(x(t)) along the

trajectories of system (3), from Lemmal and Lemmaz2,
we have

3
V(x() = 2x" ©U ®P)X(O) + > X" ()U ©Q)xX(t) -

i=1



2
DA (t-h)U @ Q)X(t-1y) - (1— X' (t-r()(U ®Q)

i=1

2
X(t-z(t +Zf )(U®R) ZfT
(U ®R)f(x(t—h)) (A ) f T (x(t-r(©))(U S Ry)

f(x(t-r()+ X"
—f_hl hi" (5)(U ® Zy)X(s)ds - j hlzx $)(U ® Z,)X(s)ds

IV ©2y) +hfz U ®Zy)Ix()

®)
Using Lemma 1, we have
- J;t_m X" (s)(U ® Zy)x(s)ds < —(x(t) — x(t — )T
(U ®2Zy)(x(t) —x(t —hy)) )

On the other hand, based on the approach in [13], and
using hy, =[h, —z(t)]+[z(t)—h] we have

z(t)

[t O @ z)xds = T

2

(U ®Z,)%(s)ds — jt hpoX' (5)(U ® Z,)%(s)ds

t—z(t) T .
:_It ()T ()U ®Z)i(s)ds

t—T(tz) T .
- jt L E®-h)XT (5)U ®Z,)%(s)ds
jt ()(r(t) hy)xT ($)(U ®Z,)X(s)ds
jt (e~ OXT (U ©Z5)x()ds (10)

7(t)—h
h,

Setw =

jt ()~ h)XT (U ®2,)K(s)ds

of

<o jt :h W, — 2(O)X (8)(U ®Z,)%(s)ds

h12>'< (S)U ®Z,)x(s)ds

(11)

t-h,
It()

t—h,
== w).';—f(t)

X" (s)(U ®Z3)X(s)ds

hoXT (s)(U ®Z,)x(s)ds

< (- w) jt tf:{) (z(t) - h)XT (s)(U ®Z,)%(s)ds

(12)

For any nxn diagonal matrices H >0, K>0,
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W >0,V >0and A;,A,from assumptions (H3), the
following inequality holds

D {1 OHALxG (©) -2 OHAL T (x5 )+ £ T x5 (1)

I<i<j<N

HF (i (0] - [ (£ - (@) KA1 (t—2(1) - 2] (t— (1)
KA f(xij (t=2(®)+ 7 (x5 (t= 7)) KF (x5 (t= ()] -
[} (¢ =Py )WA X (£ =) = 2x] (t=hy )WA, f (x;j (t=y))
+ 17 (G (t=hy)WE (x5 (t=hy))] =[x} (t=hp VA,

Xij (t=p) =23 (t=ha VA, T (x;; (t=hy))

+ £ (i (t=h))VF (x; (L= )} > 0 (13)
Adding up (8)-(13) from both sides, we have
Vo)< T 0 - okt - () - x(t- )]
I<i< j<N
U @ Zy)[x(t-(t)) - x(t - hp)] - (L- @) [x(t ~hy) - x(t - (V)]
(U ® Z)[x(t-hy) - x(t - (V)]
= Zé’ijT(t)‘Dij-60|1Tzz|1-(1-60)'2Tzz|2]§ij(t)
i< j<N
N-1 N
=Y Y 50 [a- 000 + 00y 0 1)
i=1 j=i+l

where ¢; 4 ¢,° are given in(17), (18) and (19)

respectively, and 1y =[0, 5, -1, 0,

_In On,2n]

I2=[on,3n _In In On,Sn]-

G O=0"0 150 FTGE-) % €-r)
X -0 X' t=hp) £ OxE=hy) 1T 0 E=hp))] -

Following theorm2, we have (1-w)®%j + @®2j <0,

and exist a

positive constant M >0 satisfied

(1- w)®Yj + D %j <-MI <0. Such that

N-1 N
V)Y Y& 07 [4-0)o +en 5 1)

i=L j=i+l

N -
<3, Sl ol
=1j

-+

(15).

Furthermore, based on the proof in [9], there exist
two positive scalars S >0,k >0 such that



N-1 N
ij )| =
@] =52, >, sup
—2h,<s<0

i=l j=i+l

()45 (5)] -

fort =T .By Definition 1, therefore system (3) is
global exponential synchronization. Then end the proof.
[6-9], the authors studied the
synchronization of an array of linearly coupled

Remark 2. In

networks with constant coupling delay or time-varying
coupling delay, and the derivative of the time-varying
delay is confined to be less than 1. We remove this
restrictive and the derivative of the time-varying delay
can be any value.

Remark 3: During the estimation, —r:hnhlsz (s)U ®Z,)k(s)ds

2

is separated to two parts as follows

t—r

- (®)
- J.tt_:: hX' (S)(U ® Z,)X(s)ds = — L _hzt X! (s)(U ®Z,)

%(s)ds— j " kT (U ®Z,K(E)ds  and  we
t—z(t)
estimate each part respectively, ignoring the direct
t—
estimate for —J; hhlhlsz (s)(U ® Z,)x(s)ds, then we
1k

have more accurate estimate than those from the
reference[7-9].
4. NUMERICAL EXAMPLES

In the section, a examples is provided to illustrate the
effectiveness of the conclusion.
Examplel: We consider the following DNNs

Xi (t) = —Cx; (t) + Df (x; (1)) + Bf (x; (t — 7)) + 1 ()
Let us see the synchronized states of a chaotic system:

Chua’s circuit.

The dynamics of Chua’s circuit is

D 10(-x, + x5 - ()

dt

dXZ

£ =X — X5 + X 16
g Xt (16)
dﬁZ—lst

dt

where
f (%) =bxg+0.5(d —b)(|xy +1|—|x, 1)),

d =—4/3,b=-3/4.
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Fig.1 illustrates the chaotic trajectories of system (16).
Here we choose Chua’s circuit (16) as the uncoupled

system. The coupling time delay as

7(t) = 0.03(2+sin(40t) + cos? (80t) and the  coupling

strengthc =1, then we consider a dynamic networks
consisting of three linearly coupled identical DNNs
with couplings as

N
X (1) =-Cx;(t) + DF (x (1) + B (5t~ z(0) + 1)) +¢ ) GyALx;

i=1, j#i
N
—r(t) - xi(t-z(t)] +c zGijAr[Xj(t_T)_Xi(t)] (17)
j=lj#i
fori=12,3. Let
[10 -10 0] -10 0 O
C=|-1 1 -1landD=| 0 0 0,
|0 18 0 0 0O
-4 2 2] 100
G=|2 -4 2|,A=|0 1 0],
i 2 -4 0 01
05 01 0
A.={ 0 05 0, I(t)=B=0,andN =3, |=4.
03 0 05

By calculating we have the activation functions f(x;)

satisfy Assumption H3. If the system reaches
synchronization, we have the following synchronized
state equation:

S(t) =—Cs(t) + Df (s(t)) + Bf (s(t — 7)) + 1A, (s(t —7) —s(t)).
By calculating other variables in theorem 1 Using
Matlab Toolbox, we realize the system synchronization
and the given as

total error is



3 .
error(t) = Z\/[Xli —%oi P + [xoi =g F Fig.2 shows the

i=1
synchronized state of system (17) and the synchronous
error with the initial value randomly chosen from [0,1].

025

02r

0151

01r

0051

X2

0

005+

01k

0151

02F

08r 3

error(t)

06F B

04t .

02F B

0 1 . . .
2 1] 2 4 B 8
t

10

Fig.2 the synchronized state of system (17) and the
synchronous error.
5. CONCLUSIONS

In this paper, global synchronization problem is
investigated for a general complex networks with
coupling delays. A novel theorem is obtained about
synchronization of the coupled systems by employing
The
obtained in this paper is expressed in the form of linear

Lyapunov-Krasovskii  functional. condition
matrix inequalities, which has less variables and easy to
be computed and checked by resorting to Matlab LMI
Toolbox. The proposed network model may shed some
new lights on the synchronization with one delay
coupling. Furthermore, there are abundant dynamical
behaviors in arrays of coupled systems with different
coupling schemes and it deserves to be further studied
in future. Finally, the example is utilized to illustrate the
usefulness of the derived methods by simulation results.
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