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Abstract

N-fold Béacklund transformation for the Davey-Stewartson equation is constructed by
using the analytic structure of the Lax eigenfunction in the complex eigenvalue plane.
Explicit formulae can be obtained for a specified value of N. Lastly it is shown how
generalized soliton solutions are generated from the trivial ones.

Introduction: Inverse scattering transform holds a central place in the analysis of non-
linear integrable system in either (1+1)- or (2+1)-dimensions [1]. On the other hand it
has been found that explicit soliton solutions can also be obtained by the use of Backlund
transformations in a much easier way [2]. These Bécklund transformations are also useful
in proving the superposition formulae for these solutions. There have been many attempts
to construct explicit N-soliton solutions for nonlinear integrable system either by Backlund
transformations or the inverse scattering method. A separate and elegant approach was
developed by Zakharov et al [3] which relied on the pole structure of the Lax eigenfunction
and use of projection operators. In this letter we have used an approach similar to that of
Zakharov et al but have generated a formulae for the N-fold BT of the nonlinear field vari-
ables occurring in the (2+1)-dimensional Davey-Stewartson equation [4]. Our approach
is very similar to that of gauge transformation repeatedly applied to any particular seed
solution. Lastly we demonstrate how non-trivial solutions are generated by starting with
known trivial ones.

Formulation: The Davey-Stewartson equation under consideration can be written as

W+ Tep — Tyy + T(Ag — Al) =
1qr + Qyy — Qzz + Q(Al - AQ) =

9

’ (1)
1 1
Az = —5(%7“ +7y9), Agy = —§(qu + 72q).
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Equation (1) is known to be a result of the consistency of the operators T; and T written
as [T1, 15|V = 0, where

- d, 0 0 ¢ B
-5 1)+ 1)}ee

TQ\P:%{(iat—i—ag—l—a;) + (72, %C > +A}\I/: —%2\11,

and A = <fé1 22 ), K = const.
To proceed further we set

A1 = fiy, Ay = for
and

U=0exp{i(a+A ) z—i(B-X?)y}.
Whence the Lax pair becomes,

Md=U?, o, =V (2)
with

M:(am 0 ) UZ(—i(aJrA?) a2 > )

0 0y —r/2 z(ﬁ—)\ 2)

and

o <¢A+Q(8¢73y) tify i ) | @

iry iA + Q(0z, 0y) +ifay

With

A=K?—(a+2172) = (B-272)7,
Q(02,0y) =i (02+02) —2{(a+ X2 8 — (B—A"2) 0y},

we can construct particular Jost solutions, corresponding to ¢ = gg = const, r = rg =
const, A1 = Ajg = f?y and Ay = Agy = f3, with f?y = f9. = const. This particular
eigenvector ®( turns out to be

by — ( exp(017 + x1y + &1t) exp(fax + X2y + &2t) >
mo exp(1z + x1y + §1t)  ng exp(f2z + x2y + E2t)
with
01 = —i(a+ >\_2) + amo, by = —i (o + )\_2) + any,
x1=>b/mg+i(B—-A"?), X2 =b/no+1i(B—A"?),

&1, & are arbitrary complex constants, mg, ng are arbitrary constants and mg # ng.
Note that det @9 #£ 0 so that @al exists.
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Now suppose that ®,_; denotes the Lax eigenfunction, corresponding to the (n —
1) soliton solution, and B, (x,y,t) be the transformation which yields the ®,, (solution
corresponding to the n soliton case when applied to ®,,_1), that is

q)n(x7 Y, t, )\) = Bn(xv Y, t, )‘)(I)n—l(xa Y, t, A)

Using the above Lax equations (2) and (4), we can at once deduce the equations satisfied
by B,

MBn = Uan - BnUnfla atBn = Van - annfla (5)

where U, V,, denote the Lax matrices.
Corresponding to the n-soliton solution: Note that U, V are even functions of A, so
that we can assume that

Bn(*)‘) = Bn()‘)

We now assume B,, to have simple pole structure in the complex A-plane, so that

2\,
We also assume that
—1 / 2/\;1 /
Bn (:anvta)‘) :Qn+ mp'm (7)

where Py, Q,, P, Q' are matrix functions of (z,y,t). The condition B, B, ' = B;'B, = I
leads to

B,(\,)P, =0,  P,B,'(\,) =0,

B, Y(\)P, =0, P!B, (X)) = 0.
Calculation of the matrices Q,, P,, Q,, P): Let us now go back to equation (5) and
use the expression (6) and (7). Rewriting U, as

Up = —iN"2 I+ U

and using the form of B, given in (6) we get:

2, s 2,
MQu+ 575 (MP) = (=A 1 +U7) <Qn e Pn>
2\, AP
— (@t ) (GNP UL)

which yields equations satisfied by P, and Q,:

Using the same form of V, as give in equation (3) in the time part, we get the following
equations:

o, (Qn - fP) Sy (Qn - fP) ,
O(Pa®rut (M) = Va ) (Pt (M),

Qnt — OPQQn + ZZ(Qn:paw + Qnyay) + DnQn - Qnanla
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)

e
where operator OPy = i (02 + 82) —2(ad, — 0,), o, f = const., and D,, = (;ley z;lgf
ny 2x
As per the ansatz of Zakharov we search for P, in the form,
Ynl

Pn: 5n75n .
<7n2>( ! 2>

It is interesting to observe that

(67117 6n2) = (anl’ aa2)q)77£1(n)7

where a1, a,2 are practically two constants.
Similarly for P, and Q/,, we set

,.Y/
P, = ( 72: ) (6715 07,2)

Whence we get

Bu(N) = FM +oyndn F + oyizdie
FA + oyindn FP2 + 012012

and Q! =

/ 7
o Qp
ﬁ/ /! :
n n
) )

F? = f2(t) exp{im}; (x — y)},
F? = f2(t) exp{imy(x — y)},

where
M = () exp{imu(z — y)},
FPY = f7N(t) exp{ima(z — y)},

and
2 20
o= —5—>5,
DV VPV
T 0 LN N Y N o
o1(0 v + 0jpm2)’ o1(0),7i1 + 0j9m2)’
= — F + iy = — mF + v FP .
o1(7)1011 + Yjp012)’ o1(7]1011 + V}5012)
B = o +endn o +eop
l Bi+emadn B+ i
2M)
Heree) = ——L_ alo ith
reg) )\% — )\22 ng wi
5 — 01 + B2 ) oqbu+ B
" €101y, + di2vj)” © e (0177, + di2vj)”
, Y10q + o / Y18 + Y23
Y1 = Y2 =

52 (7[151/1 + 7125{2) ’

Finally the matrix @Q; is given as

Q=

B 52 (7l1521 + ’7[2522) .

, 2 , 2
fiH () exp{imu(z —y)} + 3, Tnon FI2(t) explimly(z — )} + 5, noe

) 2 . 2
fPH () explimag(z —y)} + )\—l’712512 f2(t) explimby (z — y)} + )\—1712512
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It is also very convenient to rewrite the matrix elements of () and P in terms of Lax
eigenfunctions ®. We collect these results below without giving the detailed derivation,

l11 _ Rl@lz_ll()\l) + R/(plz21()‘l) 112 _ Ml@%h()‘l) + Mf(p%El(Al)’
a®?, () — o @ (N) w®??, (N) — br®?t (N)
21 _ L7 (N) + L/(I)l221(/\l) 2 _ N@7L (N) + ]\71/(1)l231()‘l)7
@ ®P2 (A) = i@ty (M) w®?; (\) — bid7ty (V)
where
g = AP @) explimu(e — )

12 ’
)‘l

Ry = /\122 {Nafi ! (t) exp{imu(e — y)} + (AF = N?) bufi(t) exp{imy, (z — y)} }

M, = /\L;g {= (F = AP) auf (1) explimu(z — y)} = Npbif{? (t) exp{imiy(z — y)}}

o N flA(t) exp{im, (z — y)} NP fEN() explima(z — y)}
Ml - 9 Ll - )
A2 A2

1= 5 s 0 explima(e = ) + (OF = 3) W) explimyte )} ).

N = )\—22 {= (= XP) arfP! (1) explima(x — y)} = NP bif2(t) exp{imiy(z — y)}}

APay f72(t) exp{ima(x — y)} '

r_
N/ = %
The elements of the P, matrix are:
Pln _ _ﬂ - ‘1)1231()‘1) - ’ Pl12 _ ﬂ - q)lQil(/\l) - 7
o @i, (\) — i@t (N) o a @i, (N) — @2, (N)
]3121 _ _ﬁ/ - @1231()‘1) ’ Pl22 _ El/ q)z231()‘l) 7
or a®F, (N) — @7 (N) or @, (N) — b ()

with
Fy = arfi (8) exp{imu(z — y)} + bufi 2 () exp{imy; (z — )},
F} = aiff'(t) explima(z — y)} + b fP2(2) exp{imiy (x — )},
207
M (A2 = A7)

g] =

Construction of the nonlinear fields: Once the form of the matrices P, and @Q; are
determined we can construct the matrix By, so that the Lax eigenfunction ®;(\) for the
next stage can be determined from that of the previous one via,

Dy(N) = Bi(N)@1(N).
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These expressions are very complicated, so we just quote one of them to display their
structure. For example,

@' (\) = Ni/ Dy,

Dl = al(I)lQil()\l) — bl(I)22 (Al)

(8)
= Ri®7 (AL () + (R — N E2 (M) (A)
HM; + LN FFOE (M) (M) + MR, () @7 (N),
with similar expression for other elements ®'2, 2! and $22.
Now, for the determination of nonlinear fields, consider
UpQn = MpQn + QuUy_y,
where
9. 0 o I SN
M:(Ox 0 )’ U;L: T'n .2 ’ U7/1—1: Tn—1 .2
Y —? Z/B — 9 7»/8
In the expression for U, and U],_; we take a« = (3 = 0, which at once yields
QQn:v Qll
In = Q22 + 022 22 In—1- (9)
This is nothing but a simple recursion relation. Similarly,
Q22

Explicitly are can write,

12 11 2Q21 Q22
n=1  q = + =55 T = — + 70,
Q22 Q22 Qll
Ly o 208 20)QR Q%l@“
n=2 q= 22 02Q2 T QR 40,
= _2Q§; - 203°Q3! . Q%QQH .
%1 élQ%l Qn

So far we have considered f!(¢), f2(t), f21(t), f#2(t) to be functions of time or constants;
mqy, m’u, moy, m’zl to be arbitrary constants; a;, b; to be arbitrary constants for all . Now
assume that f12(t) = f21(t) = 0 and b, = 0 for all [ values. So that B = M/ =L, = L, =
N; = F] =0 for all [. In this case the form of B;(\) turns out to be:

)‘12 (1 >‘;2_)‘l2 ) 11 (t) imy (z—y) (1 >‘2 Al 11 imy(xz—y)
72 - 2 1 + 2) (1 /2> 1 (t) u 9[—1
Bi(\) = pY PEEDY PLEDY ) ’
0 f122 (t)ezmzl (z—y)

71 (N)

where 0;_1 = ———.
(1)1231()%)
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To write the formulae for the n-soliton solution in a compact form, we note that

n—R+1
n
nQni1Qnia. - QF = A gy gy (8) exp Z min—j+1(z —Y) ¢,

where AY_p 1, F)' . (t) stands for

n—R+1 y2 n—R+1
141 1
Ap-ri =[] )\72 ; wrn® =TI fitea®
=1 n—I{+1 —

Similar expressions can be written for Qflj and its products. Using these, we at once
obtain:

— 9 12
qn = ; n/Qn +

K
n—1 FK( )exp{ ;ml(n g+1)(l’—y)}
-2 - mn—KQ}z—Ka
=1 K41
GK+1(t) exXp § ? Zl ma(n ]+1)( Y)
]:

where we have set

— . —
mo = a(mo — no), an 1+1(t), ™, = —imy, + My,

mo )\721
o = b(1/mo — 1/no), Fy —an 141(t Ty =— 2 )

Q1 = Ty fa(t) exp(imin) exp(Mos + MLy + 6t).

Here § is a complex constant.

Discussions: In the above analysis we have demonstrated how the pole type ansatz of
Zakharov et al [3] can be used to generate a compact formulae for the N-fold Bécklund
transformation in the case of the Davey-Stewartson equation. The study yields two main
results exhibited in equations (8) and (9). While the equation gives a recursive procedure
for the determination of the Lax eigenfunction (®; corresponds to the [-soliton state)
equation (9) and (10) gives the corresponding recursion relation for the nonlinear fields.
We have actually checked that for n = 1 one obtains the one soliton solution well known
in the literature.
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