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Abstract—Based on the two-degree-of-freedom internal model 
control structure, the design of external input/output 
disturbances rejection controller for non-square processes is 
proposed in this paper.  The method design different 
disturbance controllers by choosing different forms of external 
input/output disturbance, such as step disturbance, dynamic 
disturbance. Especially when it comes to input disturbance 
controller design, the design of controller needs to offset the 
effect of slow dynamic poles by adding constraints. Simulation 
results have proved the effectiveness and reliability of the 
proposed method. 
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I. INTRODUCTION 
In actual chemical production process, it is always need 

to use multiple controlled variables and multiple 
manipulated variables to describe a controlled system. And 
processes with unequal number of inputs and outputs often 
arise, namely it is a non-square system[1]. Meanwhile, the 
external disturbances is always present in actual process, so 
in order to get better response, it is necessary to reject the 
impact of these external disturbances[2]. 

Internal model control[3] is an advanced control method 
which can effectively solve the decoupling problems of 
multivariable system, however, for basic internal model 
control structure, the controller design is only a trade-off 
between tracking performance and disturbance performance. 
For this reason, two degree of freedom control structure[4] is 
proposed which can make the set-point tracking and 
disturbance rejection controlled respectively. 

This paper selected non-square multi-variable system as 
controlled object, used two degree of freedom internal 
model control structure, and designed the external 
input/output disturbances rejection controller. Then design 
disturbance controllers according different forms of external 
input/output disturbance, such as step disturbance, dynamic 
disturbance. Using Simulink for simulation, the results 
show that the method has better effect for disturbances 
rejection. 

II. THE STRUCTURE OF DECOUPLING INTERNAL MODEL 
CONTROL 

A two-degree-of-freedom IMC control structure is 

shown in Fig.1.  

 
FIG.1. TWO-DEGREE-OF-FREEDOM IMC STRUCTURE 

Where ( )G sp and ( )G sm represent the transfer functions 
of non-square process and the process model respectively 
with ' 'n inputs and ' 'm  output ( )m n≤ , ( )G sIMC is 
decoupling internal model controller with ' 'm inputs 
and ' 'n outputs. ( )fG s is the feedback controller to realize 

the disturbances rejection. ( )Y s , U(s) and ( )R s are the 
process output, input and set-point 
respectively. ( )iD s and ( )oD s  are the external input 
disturbance and external output disturbance respectively. 

Based on Fig.1, the transfer function matrix 
( )H s between set-point ( )R s and output ( )Y s  can be 

represented as 

( )( ) ( )
1

( ) ( ) ( ) ( )p IMC p m IMCH s G s I G s G s G s G s
−

⎡ ⎤= + −⎣ ⎦
    (1) 

If the model describes the plant exactly, 
namely ( )( )=p mG s G s , then ( )H s  becomes: 

( ) ( )( ) ( ) = ( )p IMC m IMCH s G s G s G s G s=         (2)
  

Then the system is decoupled if and only if ( )H s  is 
decoupled (diagonal and non-singular), and according to the 
method described in literature [5], internal model controller 
can be design as follows:  
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{ }H(s)= ( )=diag ; 0;i 1, 2,3) m(m ii iiG F s hs h+ ≠ = L   (3) 
where the low pass filter is 

1F diag{ , 1, 2, , }
( 1) in

i

i m
sλ

= =
+

L , and process model 

non-minimum phase can be described as 

*
1

s
{ , i 1,2, , m}

i
i

Ki

W
M

ps
m

p

z
G diag e

s z
θ−

+

⎛ ⎞− +
= =⎜ ⎟⎜ ⎟+⎝ ⎠

∏ L , where 

Kiθ is the maximum predictive term in the i-th column of 

pseudo-inverse +1
mG − and pz is the right half-plane poles in 

corresponding column, and *
pz is its conjugate complex, 

and iW is the number of the same pole, while iM is the 

number of different poles exist in the i-th column of +1
mG − .   

The transfer function matrix between  ( )oD s  and 

( )Y s can be written as 

( )( )
11

( )[ ( ) ( ) ( ) ( ) ]do p IMC f m IMC fH I G s G s G s I G s G s G s
−−⎡ ⎤= − − −⎢ ⎥⎣ ⎦

   (4) 

The transfer function matrix between ( )iD s and 

output ( )Y s can be expressed as: 

( )( )
11

( )[ ( ) ( ) ( ) ( ) ] ( )di p IMC f m IMC f pH I G s G s G s I G s G s G s G s
−−⎡ ⎤= − − −⎢ ⎥⎣ ⎦

   (5) 

It can be seen that the disturbance rejection performance 
is decided by ( )IMCG s  and ( )fG s , while ( )IMCG s can be 
designed to realize the set-point tracking, so it just need to 
design ( )fG s to reject disturbance. 

III. THE DESIGN OF DISTURBANCES REJECTION 
CONTROLLER 

A. Output disturbances rejection controller 

The transfer function matrix between  ( )oD s  and 

( )Y s can be written as: 

( )( )

( )

11

11

( ) ( )[ ( ) ( ) ( ) ( ) ]

[ ( ) ( ) ( ) ( ) ]

do p IMC f m IMC f

f f

H s I G s G s G s I G s G s G s

I H s G s I H s G s

−−

−−

⎡ ⎤= − − −⎢ ⎥⎣ ⎦

⎡ ⎤= − − −⎢ ⎥⎣ ⎦

   (6) 

From (6), it can be seen that other elements are diagonal 
except ( )fG s , so we design ( )fG s  which is also diagonal. 
Then (6) can be further simplified as follows:  

( )= ( ) ( )= ( ( )( ))mdo f fH s I H s G s I sG F s G s+− −     (7) 
Considering the output disturbance response, it can be 

written as: 
( ) ( ) ( ) ( ) ( )( )do O m f OG FY s D s s G s D ss+= −       (8) 

In formula (8), the first item cannot be changed, while 
the second item ( )mG s+ can be approximated by Pade 

approximate method.   
2

1

{ ( ) , i 1, 2, ,m}

{ i 1,2, ,m}

i
pKi i

i

D
z ss W

m

s

G diag e e

diag e

θ

ϕ

−−
+

−

= =

= =

∏ L

L

   (9) 

Thus, we can design the second item to make its 
response become ( )oD s with delaying iϕ time, that is to say 

the output disturbance response is zero after iϕ time. Each 
output can achieve the response as following:    

( ),
( )

0,
oj j

doj
j

d t t
y t

t

ϕ

ϕ

<⎧⎪= ⎨ ≥⎪⎩
            (10) 

Then the optimal disturbances rejection controller meets 
the following formula: 

( ) ˆ( ) ( ) ( )= ( )f Om Os G s D sG DF s s+       (11) 

Where ˆ ( )oD s  can be expressed in time domain as 
follows: 

1

1 1

1

ˆ ˆ ˆˆ ( )= { ( ), ( ), ( )}

{ ( ) 1( ), ( ) 1( )}
= ( ) {1( ), 1( ), 1( )}

O o oj om

o om m

O j m

D t diag d t d t d t

diag d t t d t t
D t diag t t t

ϕ ϕ
ϕ ϕ ϕ

= ⋅ − ⋅ −

− − −

L L

L

L L

， ，

，

， ，

  (12) 

After Laplace transform, (12) will become ˆ ( )OD s , then 
the optimal disturbance rejection controller can be 
calculated by (11). 

Following, towards step disturbance and dynamic 
disturbance, disturbances rejection controller is designed 
respectively. 

(1) Considering the output disturbance for the step form 

1( ) { , , }o om
O

a aD s diag
s s

= L           (13) 

After Laplace inverse transformation, the time-domain 
expression of (13) is 1( ) { , , }O o omD t diag a a= L , then 
take it into (12) and deduce the following formula: 

1 1
ˆ ( )= { 1( ), 1( )

, 1( )}
O o oj j

om m

D t diag a t a t

a t

ϕ ϕ

ϕ

⋅ − ⋅ −

⋅ −

L

L

，

，
  (14) 

After Laplace transform, (14) becomes 

11ˆ ( )= { , , }

( ) ( )

j msoj sso

m

om
O

O

aa aD s diag e

G

e e
s s s

D s s

ϕ ϕϕ −

+

−−

= ⋅

L L， ，  (15) 

Take (15) into (11) and get the optimal controller  
-1ˆ ( )= ( )f s FG s                 (16) 

But the expression (16) is not regular, so filter is added. 
Finally the disturbances rejection controller is designed as 
follows: 

-1( ))= )( (f odF s Fs sG            (17) 
(2) Considering the output disturbance for the dynamic 

form 
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1

1

( ) { , , }i im
O

i ii im

q qD s diag
s p s p

=
+ +∑ ∑L    (18) 

After Laplace inverse transformation, (18) 
becomes 1

1( ) { , , }i imp t p t

O i im
i i

D t diag q e q e− −= ∑ ∑L , then take it 

into (12) and get the formula as follows: 
1 1

1 1 1
ˆ ( ) { ( ) 1( )

, ( ) 1( )}

i

im m

p
O o

p
om m m

D t diag d t e t

d t e t

ϕ

ϕ

ϕ ϕ

ϕ ϕ

−

−

= − ⋅ −

− ⋅ −L，
    (19) 

After Laplace transform, (19) becomes 
1 1

11

1

ˆ ( )= { , }

( ) ( )

i im m
m

p p
ssi im

O
i ii im

O m

q e q eD s diag e e
s p s p

D s sG

ϕ ϕ
ϕϕ

− −

+

−−

+ +

=

∑ ∑L

% �

，      (20) 

Take (20) into (11) and get the optimal controller 
- 11( )ˆ ( )= ( ) ( )f O OG s D s D sF s −%           (21) 

Also if (21) is not regular, add filter to correct. Then the 
disturbances rejection controller is designed as follows: 

- 11( )= (( ) ( () ))f O O odG s D s D sF s F s−%      (22) 
In order to reject the output disturbance, the design of 
( )fG s must satisfy the following conditions: 

0
lim [ ( ) ( )] (( 0) )f oms

G Fs I s G s D ss
→ +− =    (23) 

B. Input disturbances rejection controller 
The transfer function matrix between  ( )iD s  and 

( )Y s can be simplified as: 
( )=[ ( ) ( )] ( )

= ( )[ ( ) ( )] ( )
di f p

f pmG

H s I H s G s G s

I s G sF G ss+

−

−
           (24) 

Compared with the output disturbance transfer function, 
input disturbance transfer function has an additional 
multiplier that is controlled process. And if a pole of the 
transfer function near to the original point, it will lead to 
slow dynamic response. So ( )odF s  needs to be 
redesigned to offset its effects. To solve this problem, the 
following constraint is added. 

0

1

1

[ ( ) ( )]
li

)
m 0

(q
f

q
m

s p

d I s G s
ds

G F s
→

+
−

−

−
=     (25) 

Where 0p is slow dynamic pole, q is the number of the 
same pole. Here slow dynamic pole is defined as: 

0.1op ≤  and 5o kp p≥ , kp is other pole.  

So disturbances rejection controller ( )fG s  is 
redesigned as following forms: 

1

1 1

1
1

1 0 0

1

{ , , }
( 1

( )
) ( 1)

m

m m

qq
d dm

d dm
d dm

n qqd n
f

o
fm

s s
diaF s g

s s

η η

λ λ
= =

++=
+ +

∑ ∑
L      (26) 

But ( )odF s is m-dimension diagonal matrix, 

while ( )iD s is n-dimension vector. For non-square system 

( m n≠ ), the redesign of ( )odF s  is unable to realize. So 
this paper pairs the loops using relative normalized gain 
matrix method[6], and selects external input disturbances 
with the biggest influence on system output, then design 
input disturbance rejection controller. 

Assuming that loop pairings is selected as 1/1,…,m/m, 
and external input disturbances are selected 
as 1 2{ , , , }i i i imD diag d d d′ = L , then (24) can be reduced 
to: 

( )=[ ( ) ( )] ( )( )di f pmG FH s I s G s G ss+ ′−    (27) 

Where 11( )= {g (s), ,g (s)}p mmG s diag′ L . At the same 
time, for input disturbance, after loop pairing, the design of 

( )fG s  still need satisfy the following conditions: 

0
(lim [ ( ) ( )] () ) 0m f is

G F ss I s G s D s
→ + ′− =     (28) 

Finally, disturbances rejection controller is designed 
after loop pairing, and the numerator of all diagonal 
elements of (26) is constant, which is determined by both 
(25) and (28). 

IV. SIMULATION RESULTS 
Example Consider the shell control problem with 3 

inputs and 2 outputs[7]. The transfer function matrix is given 
as 

( )

81 84 81

54 42 45

4.05 1.77 5.88
50 1 60 1 50 1

5.39 5.72 6.9
50 1 60 1 40 1

s s s

p s s s

e e e
s s sG s
e e e

s s s

− − −

− − −

⎡ ⎤
⎢ ⎥+ + +⎢ ⎥=
⎢ ⎥
⎢ ⎥+ + +⎣ ⎦

 

First of all, according to the equivalent transfer function 
method[8], the decoupling internal model controller is 
designed as 

3

3

3

104.0130 1 933.1931 1
12.6459(75 1) 316.9046(35 1)

63.0397 1 61.6007 1(s)
2.9766(75 1) 3.6356(35 1)

37.6080 1 21.4159 1
4.6140(75 1) 12.4033(35 1)

s

s
IMC

s

s se
s s

s sG e
s s
s s e
s s

−

−

−

⎡ ⎤+ +
⎢ ⎥+ − +⎢ ⎥
⎢ ⎥+ +

= ⎢ ⎥− + +⎢ ⎥
⎢ ⎥+ +
⎢ ⎥+ − +⎣ ⎦

 

Non-minimum phase is  
( ) 84s 45{ , }s

mG s diag e e− −
+ =  

Filter is selected as: 
1 1F diag{ , }

75 1 35 1s s
=

+ +
 

The non-square normalized relative gain matrix is 
0.3203 0.5946 1.2744

Λ  
0.0170 1.5733 0.5563

N −⎡ ⎤
= ⎢ ⎥− −⎣ ⎦

 

Then loop pairing is selected as 3/1, 2/2, and the transfer 
function is selected as 

148



 

 

81 425.88 5.72
5

( )=
0 1 0 1

{
6

, }p

s s

G s e e
s

d
s

iag
− −

+ +
%  

Second, disturbances rejection controllers are designed 
respectively. 

(1) Input disturbance is the unit step, that is 
1 1 1{ , , }iD diag
s s s

=  

According to loop pairing, input disturbance is selected 

as
1 1{ , }iD diag
s s

′ = ,  

According (17), disturbance reject controller is designed 
as follows: 

-1( ))= )( (f odF s Fs sG  

But two loops both exist slow dynamic poles 
1-

50
 

and
1-
60

respectively, then ( )odF s is designed as: 

11 22
2 2

1 2

1 1( ) { , }
( 1) ( 1)od

f f

s sF s diag
s s

η η
λ λ

+ +
=

+ +
 

Where
2 1

1 50
11=(-50)[ e -1]

50
fλη −

⎛ ⎞
⎜ ⎟−⎝ ⎠

, 
2 1

1 60
22 =(-60)[ e -1]

60
fλη −

⎛ ⎞
⎜ ⎟−⎝ ⎠

  

At a perfect matching of a process plant and model, 
when set-point input is zero, the input disturbance responses 
of 1y and 2y  are shown in Fig.2 and Fig.3, where the 
solid line represents the method in this paper, the dashed 
line represents the method proposed in literature [5]. It can 
be seen from the simulation results that the method 
proposed in this paper shows better disturbance rejecting 
performance compared with the one that proposed in [5].  
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FIG.2 RESPONSES Y1 FOR UNIT STEP INPUT DISTURBANCES 
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FIG.3 RESPONSES Y2 FOR UNIT STEP INPUT DISTURBANCES 

While in order to verify the robustness of the proposed 
method, we increase the gains and the dead times of the 
process elements by 20%, contrarily, the time constants are 
decreased by 20％,the input disturbances rejection response 
is shown in Fig.4. The result shows two outputs still drive 
to zero, and have strong robustness in the case of the given 
perturbation. 
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FIG.4 RESPONSES FOR UNIT STEP INPUT DISTURBANCES FOR MISMATHCH 

(2) Output disturbance is dynamic form 
1 -1{ , }

10 +1 10 +1oD diag
s s

=  

According (20), it can be obtained that 
84 45
10 10-{ , }

10 +1 10 +1O
e eD diag

s s

− −

=%  

According (22) and (23), disturbance reject controller is 
designed as follows: 

1-1

1 2

75 1 45 1)( )= ( ) ( ) { , }( ) ( )
1 1f O O

f
od

f

s sF s F sG s D s D s diag
s sλ λ

− + +
=

+ +
%

 At a perfect matching, and set-point input is zero, the 
input disturbance responses of 1y and 2y  are shown in 
Fig.5 and Fig.6, while with the given perturbation, the input 
disturbances rejection response is shown in Fig.7.  
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FIG.5 RESPONSES Y1 FOR OUTPUT DISTURBANCES DO 

FIG.6 RESPONSES Y2 FOR OUTPUT DISTURBANCES DO 

The simulation results showed that the method proposed 
in this paper shows better disturbance rejecting performance 
and strong robustness in the case of the given perturbation 
compared with the one that proposed in [5]. 

 
FIG.7 OUTPUT RESPONSES FOR OUTPUT DISTURBANCES DO FOR 

MISMATHCH 

V. CONCLUSION 
This paper proposed the design method of input/output 

disturbance rejection controller for non-square 
multivariable time-delay systems. 

Under two-degree-of-freedom internal model control 
structure, it can realize the set-point tracking and system 
disturbances rejection control respectively. First to design 
decoupling internal model controller, making input and 
output decoupling. Then according to the transfer function 
between disturbance and output, different disturbance 
rejecting controller is designed corresponding to different 
disturbance form. Especially, for input disturbance, it is also 
need to do loop pairings and consider the effect of slow 
dynamic poles. Finally, using simulation results verified the 
effectiveness of the method. 
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