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Abstract

The paper considers a linear regression model in high-dimension for which the predictive variables can
change the influence on the response variable at unknown times (called change-points). Moreover, the
particular case of the heavy-tailed errors is considered. In this case, least square method with LASSO or
adaptive LASSO penalty can not be used since the theoretical assumptions do not occur or the estimators
are not robust. Then, the quantile model with SCAD penalty or median regression with LASSO-type
penalty allows, in the same time, to estimate the parameters on every segment and eliminate the irrelevant
variables. We show that, for the two penalized estimation methods, the oracle properties is not affected
by the change-point estimation. Convergence rates of the estimators for the change-points and for the
regression parameters, by the two methods are found. Monte-Carlo simulations illustrate the performance
of the methods.

Keywords: change-points; high-dimension; oracle properties; SCAD; LASSO-type estimators.

1. Introduction

A model which changes at some observations is called a change-point model. The location of these changes
(called also change-points, breaks, changes) may be known or unknown. In this paper, we consider a model
with multiple change-points at unknown locations. Moreover, as very often in practice, for example in genetics,
the response variable is studied function of a very large number of regressors. However, only a small number of
regressors is going to influence the response variable. In recent years, change-point models and high-dimension
regression have received much attention in the literature, most often in the case of a model with zero mean errors
and bounded variance. A L; or adaptive L; penalty in the context of least squares model can be considered. We
obtain then the popular method introduced by Tibshirani and called LASSO (Least Absolute Shrinkage and
Selection Operator) method'. On the other hand, it is well known that, the presence of outliers in model may
cause a large error in a least squares estimator. This can happen especially when the error distribution is not
Gaussian and distribution tail is large enough. The outliers can also create problems in the detection of the
jumps. An alternative method is then the quantile estimation.

To be more precise, if the errors (& )<<, of the regression model are such that P[g; < 0] = 7, then the tth
quantile regression is considered, i.e. the regression parameters are found by minimizing the function p;(€) =
Yo &ltllg~0— (1 —7)lg<o]. The choice of T = 1/2 yields the median regression and the L;-estimator, also
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G. Ciuperca

known as least absolute deviation (LAD) estimator.

Moreover, when the model has a very large regressor variable number, a penalty is necessary to estimate
simultaneously the parameters on every segment and to eliminate the irrelevant regressors without crossing
every time by a hypothesis test. The SCAD (Smoothly Clipped Absolute Deviation) and LASSO penalties
have the advantage of selection and parameter estimation. It was established that these two methods have the
oracle properties in a model without change-points: the zero components of the true parameters are estimated
(shrunk) as 0 with probability tending to 1 (also called sparsity property) and the nonzero components have an
optimal estimation rate (furthermore they are asymptotically normal). See (Ref. 2) for the SCAD method in a
tth quantile regression and (Ref. 3) for the LASSO-type method in a median regression, both models without
change-points. Recall also for a median regression in high dimension the paper of Wang,* where a L; penalized
least absolute deviation method is considered, when the overall variable number is larger than the observation
number.

In a multiple change-point model, the break estimation could affects the estimator properties. This is the

main interest of this paper. The difficulty to study a change-point model results first from the dependence of the
model of two parameter types: the regression parameters and the change-points.
A change-point linear model in high-dimension was also considered by Ciuperca but under stronger assumptions
that the errors have mean zero and bounded variance®. An adaptive LASSO estimator was studied. It was proved
that it has the oracle properties on each estimated segment. However, when the model contains outliers, the
adaptive LASSO estimator may not be robust and moreover, the observation number should be greater than the
parameter number to be estimated.

In the present work we restrict our attention to the quantile regression in high-dimension with multiple
change-points when the classical conditions on the errors do not occur. The change-points and the regression
parameters on each segment are first estimated by the SCAD method. After, for a median regression (7 = 1/2),
these parameters are estimated by the LASSO-type method. The asymptotic and oracle properties of these
estimators are studied. We also carry out simulations to investigate the properties of the two proposed estimators.

The paper is organized as follows. The model and assumptions are introduced in Section 2. In Section 3, the
SCAD estimator in a change-point model is proposed and its asymptotic behavior is studied. Next, LASSO-type
estimator is given in Section 4. For both methods, the oracle properties and convergence rate of the estimators
are obtained. Section 5 reports some simulations results which illustrate the methods interest. In Section 6
we give the proofs of Theorems. Finally, Section 7 contains some lemmas which are useful to prove the main
results.

2. Model and general notations

In this section we introduce the models without and with change-points, general assumptions, notations. Some
general results used required for the two estimation methods are given.
We consider the linear model without change-points

Y[:X;¢+8[, izl,-~,n (1)

where the response variable ¥; is an univariate random variable, X; € R? is a p-vector of regressors (covariates)
and the §&; is the error. The errors (&);<;<, are independent identically distributed (i.i.d) random variables. The
regression parameters are ¢ € I' C R”, with I" a compact set and ¢0 true value (unknown) of the parameter ¢.
Contrary to the classic suppositions for a regression model, we do not impose the condition that the mean of
errors &; is zero or that their variance is bounded.
All throughout the paper, vector and matrices are written in bold face.

With regard to the errors g and the design X;, we make the following assumptions:
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Quantile regression in high-dimension with breaking

(A1) Let f be the density of & and F its distribution function. We suppose that f(0) > 0, F(0) =7, |f(y) —
£(0)| < c|y|'/?, for all y in a neighborhood of 0. The quantile  is a real number in the interval (0, 1).

(A2) (X;)1<i<n is a deterministic sequence, such that n~ ! Y. | X;X! converges, as n — o, to a non negative def-
inite matrix;

(A3) (Xi)i<i<n is uniformly bounded.

These conditions are typical for a quantile regression (see e.g. (Ref. 6)). These assumptions are also classic con-
ditions for a model estimated by LAD method: the first condition is found in (Ref. 7) and the last two in (Ref. 8).

It is of interest to note that by assumption (A1) we have IP[g; < 0] = 7, but the expectation [E[¢;] cannot exist.
A regression model (1) with the errors (&) satisfying the condition /P[g; < 0] = 7 is called quantile regression.
In order to estimate the unknown regression parameter ¢, we consider the function

pr(r) =r[tl,~o— (1 —7)1,<0] ()
and the corresponding estimator
~(7) v
¢, =argmin} p(¥;—X9). (3)
el =1

In order to study the quantile regression and the estimator (3), let be the random processes

Gi7(9:9°) = pelei—Xi(0— 8°) —pele), 47 (9:9°) =1, G (9:9°),
D‘: (1*1)118i<071’-118i>07 Wﬂ :Z?:lDiX€'7 (4)

R7(9:9°) = G7 (9:9°) ~ DX{(9 — 4°).
Obviously E[D;] = 0. The relation between 4" and R[@ is

n

G (0:9°) —E[% (9:0°)] = Y[R (¢:9°) — E[R (:0°)]] + W, (¢ — 9°). 5)

i=1

For the parameter regression vector @, we shall use the notation ¢ = (¢,1,---, ¢, ,).

Throughout the paper, C denotes a positives generic constant not dependent on n» which may take different values
in different formula or even in different parts of the same formula. For a vector v = (vi,---,v,) let us denote
V[ =(jvi],-++,|vp|) and 1 = (%, ,é) On the other hand, ||v||» is the Euclidean norm and ||v||; = Y2, |vi| is

the L; norm. All vectors are column and v’ denotes the transposed of v.

For coherence, we try to use the same notations as in the paper of Wu and Liu”. By elementary calculations,
we obtain, with the probability 1, |Rl@ (¢:9%)] < [Xi(¢ —0°)] I 1<ixt(¢—¢0)- This inequality, the definition of
Glm and the assumption (A3) allow to obtain @'v (9:9°) < Cn| ¢ — ¢°|)». Following result proves that for every
parameter ¢ and for every quantile order 7, the process GET) (9 ¢0) has positive expectation, indifferently of the
design X;.

Proposition 1. Under assumption (Al), we have, for all ¢ €T, IE [Glm (¢:0%)] >0.

Remark 1. In (Ref. 8), the behavior in a neighborhood of ¢° of the process %(T) —E [%,(T)] is obtained in
the particular case T = 1/2. By a similar demonstration, we can prove that the result holds in general, for any
7 € (0,1): let be a positive sequence (c,) such that ¢, — 0 and nc2/logn — . Under the assumptions (A1)-

(A3), there exists a constant C > 0 such that V& > 0, P[sup4_ 40/, ., (ne2) 197 (¢:9°) — E[9.7 (9:9°)]| >
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€] < exp(—&%nc2C).

The proof sketch of this remark is given at the end of Section 6.
As a consequence of this Remark, by the Borel-Cantelli lemma, we have for any € > 0,
timsup(sup - [47(6:9") B[4 (9:0%)]) <& as. (6)

2
nc?
e @90 a<en

It is well known that the estimator (3) has all nonzero components. For estimations and choosing the re-
gressors simultaneously, penalized methods can be used: SCAD or LASSO-type. These estimation methods all
become more interesting for a model with K change-points

Y =Xi@ Iicicy, + X0 1) <icp, + -+ XiO g Dip<icn + &, i=1,---,n, (N
where 1) denotes the indicator function.
The model parameters are the regression parameters (¢, -, 9. ;) and the change-points (/1,--- ,Ix). The true
values (unknown) are (¢(1), . ,¢?{ 1) (19,---,1%), respectively. The observations /,_j + 1,--,/, between two

consecutive change-points will be called the rth segment (interval, phase).
Concern the distance between two consecutive change-points, we impose the assumption
(Ad) L1 — 1, >n* forall r=0,1,--- ,K

In order to study the properties of the penalized estimators in a model with breaking, we need corresponding
results obtained without change-points when 7 = 1/2: by (Ref. 9), (Ref. 3) and for a some 7 € (0,1) by
(Ref. 2).

In the next section we investigate theoretical properties of the smoothly clipped absolute deviation (SCAD)
method in a change-point model.

3. SCAD estimator

We begin this section by recalling the SCAD estimator for the quantile regression model (1) without change-
points, introduced by (Ref. 10) and developed later by (Ref. 2)

oL = argmin( Y% - Xi9) +Zm 10,1)). ®)
i=1

The penalty p; (¢, ;) is defined by its first derivative

pi(19,40) = 2‘{11\(1) |</1+((_|1¢M)11|¢,,|>A}7 9

forall j=1,---,p, with A > 0, a > 2 deterministic tuning parameters. For real x we use the notation sgn(x) for
the sign function sgn(x) = ‘j—‘ when x # 0 and sgn(0) = 0. We also denote x; = max{0,x}.

~(TA) . .
In order to study the estimator ¢ ,(f ), introduce the function, fori=1,--- ,n,
vy — )
G (9:0°) = G” (9:0°) + [pa(16]) P2 (19°)]'1
with 1, = (1, 1) a px 1 vector and p, (8) = (pa(9.1),-+ P2 (6,,)) also px 1 vector, with @ = (91, ,9,,).
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Quantile regression in high-dimension with breaking

For this purpose, we first give the Karush-Kuhn-Tucker (KKT) conditions for the quantile model (1) without
change-points.

~(tA) . . . . .
For the estimator ¢£f ) given by the relation (8), let us consider the index set of the variables selected by the

SCAD method S
= {0\ # 0},

T,A
with (]) ") the Jjth component of ¢ ).

Proposition 2. For the estimator (8), the KKT conditions are

o for j€ o,

n n N (al ‘q)(rl)‘)_'_
T Xii— X;: 1 (e = NASgN (T.’)L) T~ ++HA7. .
; J ; ij Yi<X§¢L ) & ((Pn,j N |¢r£~j,/1)‘</1 a—1)A |¢,(z.j“\>/1}

o for j& oty :
]TZX,] Z il yexig | <nA.

For the model (7), in order to study the SCAD estimators of the regression parameters (@,---,@_ ), and

of the change-points (/;,---,Ik), let us consider the function
K+1 L
S(th,+ ) = inf [pe(Yi=X16,) P2, 0 (16,1, (10)
r; (@1, Pg ) €DK i:l§+1 T\4i i L1351y

In each interval (/,_;,[,) another penalty Pa;(,_,,) can be considered, with [p = 1 and /x| = n. For simplicity
of notation, we denote the penalty of (10) by p,.; ., for some (I—1,1;) and by p A0 1) for the true change-
points, but it is understood that the series A are in fact A; . ), A(IO,I; 0y respectively. For the interval (1,---,n),

the tuning parameter A ,) is Ay.
We define the SCAD change-point estimator by

@M . M) = argmin Sy, Ik), an
(11,--',IK)€RK

with the function S defined by (10). Between two consecutive change-points /. and /., the SCAD estimator of
the corresponding regression parameter @, is

/\

L
. A
¢,ﬂ—mmn2 Pe(Yi —Xi9,) + s, (10,)1,] =argmin Y GI*M(9,:99).
0, i=l_;+1 0, i=l_;+1

Then, the SCAD regression parameter estimator for the rth segment is obtained by considering for the change-

. . . . ~(7,A . . .
points their corresponding estimators: @ (i(m)) ) The following two theorems state the asymptotic behaviors
r—1 »'r

~(1,A . . .
of the estimators (11) and of ¢ Ef{f;a)),i(r;z) The first result gives the convergence rate of the change-point estimator.
r—1 st

x
Theorem 3. Under the assumptions (Al)-(A4), with the tuning parameter (A, | ;))1<r<k+1 @ Sequence, de-

pending on n, converging to zero, (I, — lrfl)l/zk(l,,hl,) — oo and for a deterministic sequence (cy), such that
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cn — 0, nc2/logn — oo and A,c, > — 0, as n — oo, then we have [ —19=0p(1), foreveryr=1,--- K

Remark 2. We have following relations between the sequences (4,) and (c,), A, < ¢ < ¢,. Example of
sequence (c,) that satisfies the conditions in the Theorem 3: ¢2 = A, logn, for any sequence (A,) converging to
zero and n'/2),, — oo, as n — co. An example of tuning parameter sequence (4,) is the following A, = n—2/3

By the Theorem 1 of Wu and Liu,? for tuning sequence Aq, ) converging to zero as n — oo, we have that
the convergence rate of the estimators of ¢ in each segment is of order (1° — l?fl)*l/ 2. Hence, taking into ac-

~(7,4
count Theorem 3, we deduce that H‘PETT(”)) ey~ 0%, = OIP@T’M _jﬁ?ft))—l/z’ forevery r=1,--- , K+ 1, with
r—1

f(()f’l) 1 and il(:fl) =n.

We suppose that for each interval we have that the matrix (I, — lr,l)_1 Zﬁ":lril 4 XiXi» converges to C,, as
n — oo, with C, a non-negative definite matrix, which can be singular. Let us denote by C? the limiting matrix
for the true change-points /%, r = 1,--- , K. We also denote by Cgk ; the (k, j)th component of matrix C.

The following result proves that on every segment, the SCAD estimator for the regression parameters has
the oracle properties: nonzero parameters estimator on each estimated segment is asymptotically normal and
zero parameters are shrunk directly to 0 with a probability converging to 1. Let us underline that the limiting
distribution not depend on the penalty p,, but only of the quantile order 7. For that purpose, for each two con-
secutive true change-points lO 1 19 consider the set with the index of nonzero components of the true regression
parameters

Jy( {] (Pr] 7&0} __noted MO (12)

rl7

and with the index of the nonzero components of the SCAD regression parameter estimator <7, (10 lo { Js ¢ 10) i #

0}. Consider also the similar index set when the change-points are estimated szfn (10 1) ={J; ¢ 1, M 750, 75
s\b_1 obr r 1 Iy

0}. We denoted by ¢ 0 the sub-vector of ¢ containing the corresponding components of JZ%,O and by ¢, =
Card{<7°} the true number of nonzero components in the rth segment.

Theorem 4. Under the assumptions (Al)-A4), the tuning parameter sequence (A(Zr—l-,lr))l <r<K+1 on each inter-
val (I,_1,1,) as in Theorem 3, then we have

. . ~(7.4) ~(.4)
(i) (7 =T P8 o oy = 9Dp = (B = 101" (@ i e, = 97) (1 -+ 0m(1) 23 A4 (0,(1 =

n—soo
7)/f2(0)(QY) 1), where Q¥ = (Cgkj)k’fe‘%{l‘/g)) is a g, X q, matrix.

(ii) limnﬁmp[d'(lﬂl,lo) = 42/”,(7&,/1) ey = ﬂfro] =1.
r r Nr—1 '

n;

4. LASSO-type estimator

An important theoretical fact is that, as Zou showed recently,!! the oracle properties do not hold for the LASSO
estimator. We have just seen that considering the SCAD method, the obtained estimators have this property.
But the last method is difficult to put into practice with regard to numerical algorithms. Thus, Xu and Ying
proposed,’ for model (1), that the tuning parameter A change from one component to the other of the parameter

$.
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Quantile regression in high-dimension with breaking

In this section the median model ( T = 1/2) is studied.

Let us first consider, the model (1) without change-points, mentioned in Section 2. The parameter ¢ is
estimate by

—argmm Z\K—Xi¢|+l;|¢\) (13)

Compared with the SCAD method seen in the previous section, now, the tuning parameter A, = (Anas- s A, p)
is a random p-vector with different components. The fact that A, has different components, makes possible that

~L
the estimator ¢, have the oracle property, obviously, choosing the components of 4, in a judicious way.
~L
For the regression model (1) without change-points, and for the estimator ¢, given by (13), consider the

. . L ~ . ~L . .
index set of estimator nonzero components .7 = {j; (j),f iF 0} where ¢f ; the jth component of ¢,,. Similar to
the Proposition 2, we obtain that the KKT relations are in this case:

~L —~

— Y1 Xijsgn(Yi = Xi9,,) + Ay jsgn(9, ;) =0, for all j € 7,
~L

Z?:IXingn(Yi - X§¢n) < Afn,j, for all .] ¢ %L’

~ ~L
with 4, ; the jth component of A, and q),ﬁ jof ¢,,. These results will be useful to prove the oracle properties for
the LASSO-type estimators of the regression parameters on each segment, in a model with change-points.

Consider now the change-point problem (7), with K (known) changes. For this estimation method, the
change-point estimator is

K+1 I !

).
(ZAIL,--~,IAIL()E argmln Z 1nf Z Y — X9, \+ btily \¢ ]
(l lK)ERK r=1 ( ¢K+l)l l_1+1

~L
The LASSO-type estimator of the regression parameters for the rth segment is ¢(ﬂ_l a1y foreachr=1,.-- K+1,

with % =1 and Z% +1 = n. Taking into account that a particular case (7 = 1/2) to the quantile regression is
considered, following processes are introduced

G (9.0%) =& - Xi(@— 9% —|al, i=1,.n (14)
n{;(jl,jz)(¢a¢0) = GEI/Z)(¢7¢O) + (J2 _jl)ila’;t;(jhjz)(‘w N ‘¢OD’ =gl

with 0 < j; < jo <nand ¢0 the true parameter. In the particular case j; = 0 and j, = n, let us denote 4,,.( ) by
An.

Observe that, since we will study the model (7) with change-points, by the least absolute deviation method
(t = 1/2) with LASSO-type penalty, the related results are obtained when there is no penalty by Bai,® Ciuperca
are needed”.

Following result yields that, even if the penalty is different, this estimator has the same convergence rate as
the estimator obtained by the SCAD method.

Theorem 5. If the tuning parameter A, [(1,_1.1,) satisfies the conditions H),

rl7

Py > 0, under the assumptions (Al)-(A4), we have l — lO Oop(1 )’for everyr=1,--- K

n—oo
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Combining the Theorem 5 and the /n-consistency of the parameter estimator in a model without change-
points (see Theorem 2 of (Ref. 3)) we have that the convergence rate of the regression parameter LASSO-type

estimator on each segment is H¢ — 002 = (1010 )7 20p(1), for r=1,--- ,K+ 1, with [§ = 1 and
l0 Ki1 =N

For this type of method, the most important is to verify that if the oracle properties are preserved in a change-
point model. The sparsity property is the most interesting and it risk to be influenced by the change-point
estimation. We would like to point out that, due to a penalty different, the proof of this result differs from that
for the SCAD estimator.

Theorem 6. Under the assumptions (Al)-(A4), with the tuning sequence (ﬁ,m(lkl_’lr)) as in Theorem 5 and the
index set 7 defined by (12), we have:

(i) (I )1/2(¢€11 )~ ¢(r))=47/r0 = (- 19_1)1/2($f&1;1}) - ¢9)ﬂro (14+o0p(1)) converges in distribution to the
p—dzmenszonal Gaussian vector A (0,1/(4£2(0))(Q%)~! ) asn—» o,

(ii) lim,, o0 IP[.7"
#£0}.

o0 o= =% =1, wzth;zf ={J ¢ ,ﬂé()}and,;sz.AL ,A)E{j;a(Lll,l,lAL),J

m(l o 8) m(Ik k) sty ply

It is worthwhile to mention that, if the same model (7) is estimated by least squares, under certain conditions
on design (X;), with a LASSO penalty, the sparsity property (i.e. the claim (ii) of the Theorem 6), is not satisfied
(see (Ref. 11)). Moreover, as the model contains change-points, this condition is more difficult to check on
each interval that has random bounds. Then, an adaptive LASSO method can be considered downside to remedy
this. But, it is necessary that in each segment (/,_;,/,) parameter number is smaller than observation number
l,_1 —I,. On the other hand, the adaptive LASSO for least squares method holds only under the assumptions
that the errors have mean zero and bounded variance.

~(1/2
An example of tuning random sequence A4, ;, , ;): in each segment (/,_1,1,) the LAD estimator ¢ E ,r{ 1)7 ) of
@, is calculated by a corresponding relation to (3) for T =1/2. Obtained estimators have all nonzero components
and they have a convergence rate v, (;,_, ;) to the true parameter, with (1, — lrfl)"n,(qu,lr) — oo (see Theorem 1

190" 1), 196, 1)

of (Ref.9)). Consider then 4, , ;)= ( — T —! |>'

5. Simulation study

We now give some simulation results. All simulations were performed using the R language. To calculate Least
squares estimation the function /m was used. While, for the quantile estimations, SCAD and LASSO-type, the
function rg of the package quantreq were called. To compare these estimates when the classical conditions on
the error distribution do not occur, we consider also the adaptive LASSO estimation using the function /ga of
the package lqa and quantile estimation with LASSO penalty.

The number of phases is assumed to be known: the models contain two change-points (three phases). We
consider 10 latent variables Xi,---,Xjo with X3 ~ A4(2,1), X4 ~ A (4,1), Xs ~ A"(1,1) and X; ~ A(0,1)
for j € {1,2,6,7,8,9,10}. The true values of the regression parameters (coefficients) on the three segments
are respectively: (1,0,4,0,-3,5,6,0,—1,0), (0,3,—4,-3,0,1,2, —3,0,10), (1,3,4,0,0,1,0,0,0, 1). Three er-
ror patterns were considered: exponential, Cauchy and standard normal distributions. For the exponential er-
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Table 1: Median of change-point estimations, percentage of true 0 and of false 0 by LS, QUANT, QLASSO, SCAD, LASSO-type and
adaptive LASSO methods for n =200, K =2, [ = 30, I = 100, & ~ &xp(—1.5,1).

Method LS QUANT | QLASSO | SCAD | LASSO-type | aLASSO
median of (/;,/2) | (31,100) | (31,100) | (31,100) | (30,100) (30,100) (30,100)
% of trues 0 0 0 46 75 97 94

% of false 0 0 0 1 3 3 8

Table 2: Median of change-point estimations, percentage of true 0 and of false 0 by LS, QUANT, QLASSO, SCAD, LASSO-type and
adaptive LASSO methods for n = 200, K =2, [{ =30, 19 = 100, & ~ .#(0,1).

Method LS QUANT | QLASSO | SCAD | LASSO-type | alLASSO
median of (/1,0,) | (31,100) | (30,100) | (30,100) | (30,100) (30,100) (30,100)
% of trues 0 0 0 37 65 98 94

% of false 0 0 0 0.5 5 2 8

Table 3: Median of change-point estimations, percentage of true 0 and of false 0 by LS, QUANT, QLASSO, SCAD, LASSO-type and
adaptive LASSO methods for n = 200, K = 2, [ =30, I = 100, & ~ Cauchy.

Method LS QUANT | QLASSO | SCAD | LASSO-type | aLASSO
median of (/;,/2) | (31,100) | (30.5,100) | (30,100) | (30,100) (30,100) (30,100)
% of trues 0 0 0 36 62 95 48
% of false 0 0 0 1 3 3 12

Table 4: Median of change-point estimations, percentage of true 0 and of false 0 by LS, QUANT, QLASSO, LASSO-type and adaptive
LASSO methods for n = 60, K =2, 1) = 17,19 = 40, & ~ &xp(—1.5,1).

Method LS QUANT | QLASSO | LASSO-type | aLASSO
median of(/;,5,) | (18,40) | (18,40) (18,40) (18,40) (17,40)
% of trues 0 0 0 60 91 75
% of false 0 0 0 27 27 17

Table 5: Median of change-point estimations, percentage of true 0 and of false 0 by LS, QUANT, QLASSO, LASSO-type and adaptive
LASSO methods for n = 60, K =2, 1) = 17,19 =40, & ~ .4 (0,1).

Method LS QUANT | QLASSO | LASSO-type | alLASSO
median of(/1,l) | (18,40) | (18,40) (18,40) (17,40) (17,40)
% of trues 0 0 0 51 92.5 82
% of false 0 0 0 7 13 15
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Table 6: Median of change-point estimations, percentage of true 0 and of false 0 by LS, QUANT, QLASSO, LASSO-type and adaptive
LASSO methods for n = 60, K =2, 1) = 17, 1§ = 40, & ~ Cauchy.

Method LS QUANT | QLASSO | LASSO-type | alLASSO
median of(ly,5,) | (17,40) | (18,40) (18,40) (17,40) (17,40)
% of trues 0 0 0 48.5 82 43
% of false 0 0 0 18 26 16

Table 7: The average of estimation error || $ - q)o |l1 in each segment under different distributions for LASSO-type and adaptive LASSO

methods, n = 200, K =2, [{ = 30, 1§ = 100.

LASSO-  type adaptive LASSO
(LL) (k) (n) | (L) (hik)  (hbn)
g~ N (0,1) 0.33 0.11 0.12 0.74 0.48 0.47
g~ &Exp(—1.5,1) 0.38 0.11 0.12 0.82 0.52 0.48
& ~ Cauchy 0.51 0.17 0.13 4.6 4.84 4.83

rors, we generate a n-sample of distribution &xp(—1.5,1), with the density exp(—(x+ 1.5))1~_; 5. For each
model, we generated 500 Monte-Carlo random samples of size n, with n = 60 or n = 200. The percentage
of zero coefficients correctly estimated to zero(true 0) and the percentage of nonzero coefficients estimated
to zero(false 0) are computed (see Tables 1-6) by least squares(LS), quantile(QUANT), quantile with LASSO
penalty(QLASSO), SCAD, LASSO-type and adaptive LASSO methods. The reader can find in the paper of
Ciuperca more details on the adaptive LASSO method in a change-point model®. The adaptive LASSO estima-
tors of the change-points and of the regression parameters are the minimizers of the following penalized sum
Y " 1+1(Y +Xi0)* + Aty 1) O, ,r)|¢|] where the adaptive penalty p-vector @, , ;) is considered

here that |¢ | 9/40 Let us specify that ¢ ) is the LS estimator of ¢ calculated between /,_; and [,.

Recall also that the adaptive LASSO estimator of the regression parameters has the oracle properties under the
assumptions for the errors € that IE[€] = 0 and IE[€?] < c. For the quantile method with the LASSO penalty, the
sum Zﬁ’:lHH pz(Y; +X(9) is penalized with A, ;|@|. The tuning parameters A, , ;) are log(l, —1.—1)1,
for the quantile estimation with LASSO penalty, (I, —I,_;) %/ for SCAD and (I, — l, 1)2/ 3 for adaptive LASSO

methods. For the LASSO-type method, the tuning parameter is (I, — I,_1)>/°/ ¢ l N 1 , where ¢(1L7ASIS )O is the
corresponding estimate by the quantile method (for the index quantile of the errors equal to 7) with LASSO
penalty. Since the asymptotic distribution of the change-points estimators can not be symmetric, in each table
we also give the median of the change-point estimations. Because the results by the SCAD method are poorer
than by the LASSO-type method, and also because there may be convergence problem (the function rg not re-
sponding), in Tables 4-6 the SCAD estimator is not considered.

The outliers of the errors do not affect the precision of the change-point estimations, by all six methods,
while the sparsity property of the QLASSO and adaptive LASSO are affected. More specifically, when # is
large enough (n = 200) and the errors € are normal, then E[e] = 0 and [E[€?] < o, the two methods, adaptive
LASSO and LASSO-type, give the same (very satisfactory) sparsity results (as (Ref. 5), also indicates, for
the adaptive LASSO estimators in a change-point model). When # or number of observations in a segment is
small, the LASSO-type method is better than the adaptive LASSO method, in terms of detection of irrelevant
regressors (true and false zeros). If the errors are &(—1.5,1), then [E[g] # 0, the results for LASSO-type are
relatively better than for adaptive LASSO method (see Tables 1 and 4). This difference is accentuated when
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the moments of errors don’t exist, € ~ Cauchy (see Tables 3 and 6). Since LASSO-type and adaptive LASSO
methods gave the best results, we calculate the average of estimation error ||$ — ¢0||1 in each segment, for the
index corresponding to the true values different to zero, over 500 simulations for different error distributions,
for n =200 and two change-points l? =30, lg = 100 (see Table 7). For Gaussian and exponential distributions
these two estimation methods, yield similar results. On the other hand, for Cauchy distribution, the obtained
estimations by adaptive LASSO method are biased.

In conclusion, the LASSO-type method provides very satisfactory estimations in any case even for small
sample size. The only less favorable result is obtained for » = 60 when the errors are exponential. The percent-
age of false zero is large enough.

6. Proofs of Theorems and Propositions

In order to simplify the proofs of theorems and propositions, we give in this section their demonstrations and in
Section 6 some lemmas and their proofs which will useful.

Proof. of Proposition 1
Let us consider the notations /;(¢) = X:(¢° — @) and F(x) for the distribution function of &. By definition

E[Gl@(q); 0°)] = [alpc(x +1i(9)) — pr(x)]dF (x). Using F(0) = 7, a simple algebraic computation gives:

—hi(9)
EiG@:00) = [ (o)) —darw),  ita(e) <0 s

and

EGT (000 = [ (@) +xar (0, ithi9) >0 6

Taking into account the relations (15) and (16) we can write E[G; (@) (9 ¢0)]

~ 4 O (4 “”
1,4)<0 Jo [[hi(@)]| —x]dF (x) = 1, 9)50 5 f_@ dF (x)+1,(4)<0

F(="0)] + 1y 9)<0[F (— hf<¢>>—F<o>n>o.
Hence, E[G; )( 0:09] >0 foralli=1,---.n ¢ cT. 0

6.1. For SCAD estimator

Proof. of Proposition 2
If j € o, According to the definition (8), the SCAD estimator of @ is the solution of the following equation
(t,A) ~(z,A
¢ ~(T,A (ah—|9, ;"' 1)+ N,
0=Yy", #: ;?:1(—TXij—|—Xij]1 v ,A(M)-{—l{]l a(ffl)Kngn(q)'ETj ))—{—ngn(q)’gfj ))]1|@§3/1)‘>/1}).

(ar—19M))

We obtain Y X;; — Y Xl e —nlsgn( ){]1|¢”)|<A+Wﬂ|¢7ﬁffl)\>l}‘

Y Xt¢l'l
| | YD G |
If j & 7, In this case 0 € Y}, —g = _Tzi:IXij+Zi:lXij]1Y oxiglH +Yr 1pl(\¢n \) Since
o : aG(_HL) (r_)L)
Po(0,4]) = «9m(l¢ D _ A/Sgn((])’j)ﬂ‘(phi‘gl—i-%ﬂ‘ |2, it follows that 0 € Y7 %:—rﬂ‘:l&]—k
Z’:1X1'l]1Y<X’¢nTl -l-nl [ 1,1]_ Then, |’CZ?:1XU—Z[:1X,]]1”<X§¢”, ‘ < ni. O
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Proof. of Theorem 3
The proof is similar to that of Theorem 5. It is omitted. The Lemmas 8 and 11 stated in Section 6 are needed. O

Proof of Theorem 4
(i) The statement results from Theorem 3 together with Theorem 2(b) of (Ref. 2).
(ii) By the Theorem 2(a) of Wu and Liu,? we have: lim,, .. IP[</, (10 10) = QQ%(I 10)] = 1. The asymptotic

O
normality of the estimators implies: for all k € 52%( 10 ,10) W€ have (brok — ¢((§£)) 1) 4

r—I 7

—> 0. It follows that
11mP ,527 A(fa /(11) D% 0 =1. (17)
n—oo ( 5 V ) ( l )

By similar arguments that for the Lemma 1 of Wu and Liu,?> we prove that

P[Fk € {1,--- ,p},k%.&%ﬂ? 19> ke of () itr)t))] — 0. (18)

,|7r n—yoo

The Theorem results from the relations (17) and (18). O

6.2. For LASSO-type estimator

Proof. of Theorem 5
The proof has three steps. First, we show that the all SCAD estimators of the change-points are to a smaller dis-

tance than n'/2 from the corresponding true value. Then, for each true change-point /%, with r € {1,--- K}, we

consider the function S given by (10), but calculated on the change-points Iy, -+, g, 19,--- 19 | /19 — [ o010+

[n®],10, ,,--- 1y, with o € (1/2,1). For the penalized sums involving observations between [ | and I, for

te{l,--,r—1,r+1,--- K}, consider the change-points ky ; < --- < ky;y, = {1, SN {0 < i< 0.

Then for eachte{l ~,r—1,r+1,--- K}, we have 0 > Z.(:)ﬁlmln,,,e [Zf{k 1t+1]8i—Xt~(¢~—¢t)\+
kis

lt ki 1k ‘¢ ] — [Z 1t+l|81’+)’ ki 1k "POH (K+1>SUP1<1<]<n|mf¢[ZzJ I+1 77 (L)) (¢ ¢’ I

Wthh is, usmg the Lemma 12 —Op(max(n®,A )) w1th o € (1/2,1). The rest of proof is similar to that in
(Ref. 5), Theorem 1, using also the Lemma 14 stated in Section 7 and the Remark 1. The details are omitted. [

Proof. of Theorem 6
(i) The assertion follows from the Theorem 5 and from the Theorem 3(b) of (Ref. 3).

(ii) By Xu and Ying,> we have: hm”‘*""]‘D[%L;(l{l,l;)) = ,52{(10 10)] = 1. The asymptotic normality of the

estimators implies that, for all k € 427(,0 10y we have (j)r s ¢L )k L50. Thus k € o7 L( s Hence
r 1’ n—yoo
limnﬁmP[sznL(l e 4&7(?0 10)} = 1. The proof is finished if we show the claim P[Fk € {1, -- ,p},k §Z$Zf(l 10)’k €
r—1» r—1"r
.an L'(ﬂ 2 )]—>O as n — oo, Since k € &7 L( 7y We have that, with the probability 1,
S\ 1obr r 17

sgn(9k, (r )k ) #0. (19)

We suppose, without loss of generality, that sgn(&)\L = 1. Then, using the KKT conditions, we have with

(2}7 1 j}) ~k)
the probability 1,

kn7(2}7171L) sgn( Z Xiesgn(Y; — X¢ ). (20)
i= lr 1+l

Published by Atlantis Press
Copyright: the authors
299



Quantile regression in high-dimension with breaking

On the other hand, since k & 7L o 0y
r—1°

the paper of Xu and Ying,? for 9 = 0, we have that for every ¢ such that [|¢|| < Cn~'/2,

we have (I) « = 0, then sgn(q)o ) = 0. By the proof of the Proposition 4 in

n—yoo

IP[sgn (— Xn:X,-ksgn(Yi —Xi¢)+ l,,7ksgn(¢7k)> =sgn(¢x)]—1
i=1

Then, taking into account the assertion (i), we apply the previous relation for ¢L Dk and we obtain

n

r}gloloP sgn(— Z wsgn(Y: — X ¢ )—i—?t f‘),ksgn(q/;(Llifl;l:L),k) =sgn(9)] =

where (])L oy is the kth component of the random vector ¢ .1y- Moreover, by (20), sgn(—Y7" | Xusgn(Y; —

Xl-¢(}7r:l;l';)) +;Ln,(l, o sgn((b(LAL ), k))) is 0, with the probability 1. Then lim, [P [0 = sgn(¢4)] = 1. Con-
tradiction with (19). Thus the clalm holds. O
The demonstration of the Remark 1 is similar to that of Bai®. Then we give only the main idea.

Proof. of Remark 1

Similar as for the proof of the Lemma 7 we obtain, for |[§, — @,]2 < ¢ 1/2 that (nc2)~ \( (¢1,¢0)
(0::0") EI,7(91:9))+ %7 (0::0'))| < ey 29, ~ 6.1l < C1/2c;, which converges 0.0 for

n— eo. We also have Plsup; [n~'c, (4,7 (9 :°) ~ E[4,”) (9:8")]]| > €] < z,-PU[%”)(mO) ~E[%7(9,:9)] >

nc2e], where j=1,--- ,n?/?. By the relations (22) and (23), we have ]GET)(¢;¢O) —E[Ggr)(¢;¢0)]| < CIXi(p—

¢°)| < Cc,. The rest of proof is similar to that of the Lemma 4 of Bai®. O

7. Lemmas

We present in this section the lemmas with proofs, which are useful to prove the main results. Following Lemma

gives the asymptotic behavior of the objective function Gl@ without penalty. In fact, Lemma 7 will be necessary

to prove the Lemmas 8 and 12, where the penalized objective functions are studied.

Lemma 7. Under the assumptions (Al), (A3), for all o« > 1/2, we have SUP1<1<k<n\lnf¢erZ G (¢ 0°)| =

Op(n%).
Proof. of Lemma 7

By direct calculations R (¢1, 0°) — le (¢,:9°) can be written as

[X4(9, — 02)[(1 0 Lo — Tlleo)} + {[6i— X1, — 9T oxp g — (1= DLy oxpr o)}

(21)
—{le = Xi(#:— °)][7 Lo xiip, g0~ (1= D gxsip, 40)]} = S1i+ 525 = 3y

Obviously S;; = X} (¢, — ¢,)D;. For S, ; — S3; we have:

Ifg > X§(¢1 — ¢0) When ¢; > X§(¢2 — ¢0), we have S27,' —S37,' = TX§(¢2 — ¢1) In the case & < Xi-(¢2 —
¢°), we have $2;i—83;=1X(p,—¢,)+[e—Xi(9, —9%)] < X(¢,—¢,). Then, in the both cases, S2i—83, <
X (92— 9)).

If & <Xi(¢, — 9°). When & < X(9, — ¢°), we have Sp; —S3; = (1 — 7)Xi(d, — ¢,). In the case & >
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Xi(¢, —9"). we have S2,; — S5, = (1 - 7)[X{($; — 9,) +& —X[(9; — ¢°)] < (1 - 7)X[(9, — §,). Then, in the
both cases, S2; — S3; < (1 —17)Xi(9, — 9,).
In conclusion, with the probability 1,

Sti+82i—S3; < X{(@) — ¢,)D; +max(tXi (¢, — ¢,),(1 - 1)X (9, — ¢,)). (22)

Similarly
S1i+S82i—83; = Xi(9; — ¢,)D; +min(tX; (¢, — 9,), (1 - 7)Xi (¢, — 9,)). (23)

Hence, the relations (21), (22) and (23), for ||, — ¢, |2 < Cn~'/2 together the assumption (A3), imply that

AR (81:0°) —R” (85:4°) ~ IR (9,:0°)] + ER” (9:4°)]] 24)
1/2
SCYL X2 192 — 91 ]l2 < Op(n/%).

By an argument similar to the one used in the Lemma 3 of Bai,® together the Proposition 1, we obtain

sup \mfzc (¢:6°)] <2 sup supxz G\ (¢:0°) —E[G") (¢:0)]]|-

I<i<k<n 9 1o I<k<n ¢ =1
On the other hand L1, [G”(8:6) — E(G," (9:9)] = 11 [R7(9:9°) ~ IR (9:0)] +X1., DX, (6 -
¢°). Let us consider the random process & = sup¢|2 [ ; (¢,¢ )—IE [ - )(¢;¢0)]H. Then, since by
Proposition 1 we have that E[G [ (¢ ¢°)] > 0, follows that {8 Fi}iz1... o is @ sub-martingale, where 7 =
o — field{gy,--- , &}, which 1mphes, using Doob’s inequality P[sup, <, & > n*] <n=*"C,IE[E)"], Cn >
0, with m > 1. We divide the parameter set I" into mP/2 cells such that the cell diameter 18 < n1/2. Thus
1167 (81:6°) ~ E(G” (91:0°)] G, (0:0°) +E(G]” (9:9")]]| < | T [R7 (81:6°) ~ E[R]”(9:4°)] -

® (6,:9°) —I—E[RET)((PZ, 00)])| + X, DiX:(p, — ¢,)| and using the relation (24), we obtain, with the proba-
bility 1, that the last relation is smaller than Y7, |X! — < Cnn~1'/2 = Cn'/2. By an argument similar to
y i=1 i\¥Y2 1 y g

the one used in Bai,® we have E|Y", [G,(T) (¢,:9°) — E[GET) (¢,:9°)]]] < Cn™/2. The rest of proof is similar to
that of the Lemma 3 of Bai®. O

7.1. For SCAD estimator

Following result will be useful in the study of the convergence rate of the change-point SCAD estimator in a
model with breaking.

Lemma 8. Under the assumptions (Al), (A3), for a positive sequence (Ay), such that A, — 0, we have

P 6 900 — O (e
sup  |inf Z G, " (¢:07) = Op(n*,nAy).

0<ji<josn i=j1+1

Proof. of Lemma 8

Using the triangle inequality, we deduce that

J2
sup |inf Y G (9:9%)| < sup |inf Z G |+”SI;P\(PA(|¢D P2 (19°)1,]-

0<jii<psn i =41 0<ji<jpsn 9 iZji4
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Considering Lemma 7 and the definition of p/, , we have that the last quantity is smaller than Op(n®) +nl,. 0O
(7)

In the following Lemma, the behavior of ¢, is studied in the outside of the ball center ﬁo and radius c,.

Lemma9. Under the assumptions (Al), (A2), with (c,) a positive sequence such that c,, — 0 and nc? /logn — o,
there exists € > 0 such that we have with probability 1

1
liminf( inf  —%"(9;9%) | =e>0.
e\ 10-9°2>c, Gy

Proof. of Lemma 9

Let u in an open subset of R”. By the proof of the Lemma 3 of Wu and Liu,? taking into account the assumptions
(A1) and (A2), we have
f(0
g0 =11

u
N 2n
If cn — 0 and nc2 — oo, we have 51mllarly E[ (¢0 +uc,;¢°)] = f(20> 2wl (Y7 X; X5 u+op(1). The function

(¢ ¢°) is convex, hence g" (¢ ¢°) is convex in ¢. Thus, its minimum over ||¢ — ¢°||» > c, is realized
for H(]) — ¢°||2 = ¢,. Then, for ||ul|; = 1, using the assumption (A2) we obtain that E[%(T)((po +uc,;9%)] =

@ncg (C+o(1)). The rest of proof follows using the the Lemma 5 of Bai,? taking into account the relation (6).
O

E[%7 (¢ + uf(ixixﬁ)quo(l).
i=1

Lemma 10. Under the assumptions (Al), (A2), for two positive sequences (c,) and (A,) such that A, — 0,
cn — 0, nc2/logn — oo and Ay, > — 0, we have, with probability 1,

1 n
liminf( inf ) G” > €.
re \19-9ll2>e, M€ (=]

Proof. of Lemma 10

Applying the mean value theorem, we write GET’A)(¢;¢O) = GET)(¢;¢O) + (9] — |0°]'p’ (0 ) with ¢ = ¢ —
b(¢ —¢°), b € [0,1])7. Then, using the relation (9), we have, with probability 1,

inf (1) 'Y P (9:0%) > inf (1) ' %D (9:00) — (nha) /().
[¢—8"l12=cn i=1 [¢—9"(l2=cn

Since A,c, % — 0, for every € > 0 there exists a ne € N such that 4,c,> < €/2. An application of Lemma 9
leads to inf|‘¢_¢o|‘2>cn((ncﬁ)*l%(r)((p; ¢°)) > 3&/2, with probability 1, and Lemma is proved. 0

By similar calculus as in Lemma 10 of Bai,® we have following result for the estimator (3) of ¢.
Lemma 11. For (A,), (c,) as in the Lemma 10, under assumptions (Al)-(A3), for all ny,n, € N such that
ny = n*, with3/4 <u <1, np <n',v<1/4, let us consider the model
Yt:X€¢(1)+817 izla"')”l
=X 4+e, i=ntl, it

with the assumption ¢ # ¢9. Consider A§,1+n2(¢) Y M((P;(P?) +Z7;:l"j1 GST’M((P;(PQ) and aifjr)lz =
(t.A)
argming A (9).

ny+nz
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. ’\(T,}L) v+3
(D) [ Bt — @0l <y n g <plwv-9)2,

. n s (Tl)
(”) Zi;l G(T ) <¢n1+n2;¢l> = OP(l)
Proof. of Lemma 11
. A ~T,A ni+n n n
(Z)A£T+;22(¢n.+n2) <Z,1:1J2AG (¢1’¢2) lljglilG (¢17¢2)+”2[PA(’¢1|)—P)L(|¢(2)|)]1p:OP(1)+
O(ny). By Lemma 10, for Gl( ), i=ny1+1,---,np, we arrive to a contradiction.

m)Letz,%)zz:’;lGE“<¢;¢?>,r£”<¢> YI (oo (e —XU(@— 99)) — pele —Xi(90 — 99))]. 147 (9) =
i57(9) +na[p;(10]) — P (193111, Z7 () = 2.7 (9) + i [p1.(10]) — P2 (193])]1,. Then

ny+ny

AT (0) =ZM @)+ (9) +malpr (109) — 0 (109D]L, + Y. [pe(ei — XL(90 — 99)) — po(&)]-

i=n;+1

A) 2 (TA) ) () ~(7,4) - .
We have |t,§’ (¢n]+n2)| < \t,, (@, 0,) |+ 12l ([0, 0, ]) —p; (|09 and similarly that for the relation (22),

~(1,4) ..
< CZ?;K}FI |Xi’1H¢n1+n2 — 1H2 +n2[[pa (10,10, ]) —pl(|¢?|)|]1. The rest of proof is similar to that of the

Lemma 3(ii) of Ciuperca,’ taking into account the assumption (A3). O

We have the equivalent of Lemma 4 of the same paper>.

7.2. For LASSO-type estimator

Lemma 12. Under the assumptions (Al), (A3), we have, for o. > 1/2, that
J2 L 0
sup  |inf Z 11,-;(,1,,-2)(4’745 ) ZOP(max(na7 sup H)’ (J1,J2) ” ))-
0<ji<jp<n i=j1+1 0<ji<jp<n

Proof. of Lemma 12
By the Lemma 3 of Bai,® Lemma holds for GEI/ ) instead of nk - For nk, we have |nif(j].j2)(¢;¢0) —

GEI/Z)(¢;¢O)| = (j1 — jl)*l/zll;;(jhjz)(|¢\ —[9°])|. Then, by triangular inequality together the Lemma 7 and
the compactness of the set I', we obtain

J2
sup |inf Z nif(jl,jz)(¢§¢0)| sup  |inf Z Gl/z (9; ¢ )|+C  sup ||'1 Gl

0<j1<jo<n i=j1+1 0<j1<j2<n i=j1+1 0<j1<j2<n
=O0p(n*)+0p(A,). ad
Lemma 13. Under the assumptions (Al), (A2), if n~ 1/2|Mn”2 —> Ao, with Ay > 0, then
n
Proof. of Lemma 13
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Using (A2), by the Lemma 6 of Ciuperca,’ we have for Gl(.l/ 2), with the probability 1

1 3¢
liminf(  inf 2 'Y GV (9:9%) > = (25)
n—oo (H¢_¢0H2>n71/2 1:21 l (¢ ¢ )) 2
We also have the inequality
int o (9:0°) >  inf G (9:0°  —  sup  AL(@I-10°). (26)
1—9° >0~ '/ZZ H0n) 1990 l>>n" ‘/ZZ 10—00zn 12

Since ||A,||2 = Op(n~'/?) and ¢ belongs to a compact set, then the last term of the right-hand-side of (26) is
op(n~'). Hence

_ S
sup  (n' A, (11— 19°)) < 5, n>ne. 27)
[6—9°|l,>n"1/2
The conclusion follows, combining the relations (25), (26) and (27). O

Lemma 14. For all ny,n; € N such that ny > n*, with 3/4 <u < 1, np <n', v < 1/4, let us consider the model

Yt:Xf‘p(l)—i_el? izla"')”l
Yi:X§¢g+8i, i=n+1,--- ,n+n

with the assumption ¢(1) =+ ¢3. Under the assumptions (Al)-(A3) and (A,) as in the Lemma 13, let us consider

~L .
Aﬁlm(‘l’) =Y Tléom (¢:00)+ % flz’l}r] 77 () (¢;¢8) and @, ,,, = argming AL ., (9). Then
; —1/2_ " -
(i) |8y — 902 <y Py < w912,

R ~L
(ii) Z,’Ll Tl,'L;(()’nl)(‘pnlJrnza ¢(1)) = OlP(l)~
Proof. of Lemma 14
We denote $n1+n2 =argming Y7 | Gfl/z) (¢,99)+Yyrtm GSI/Z) (¢,99). Using the assumptions (A1) and (A3),

i=n;+1
by Lemma 10 of (Ref. 8) we have that (i) and (ii) are true for ¢ and G(l/ 2)

ni+ny

(i) We suppose the contrary H¢n1 iy — Y2 > ny. On the other hand, we have by definition:

N minn man 1/2 ' 0
An1+n2(¢n1+n2 = Z nl (n1,n14n2) ¢17¢2 Z G ¢2)+A' (’¢1’ - ‘¢ D (28)
i=n+1 i=n;+1
By Lemma 10(ii) of Bai,® we have: Z:”:l”il G; (1/2) (¢Y,99) = op(1), then taking into account the relation (28),
we obtain .
AL (B 1y) S 0p(1) +0p(n'/?). (29)

On the other hand, using the Lemma 13, we deduce

ny ~L
i=1

There is a contradiction between the relations (29) and (30).
(i) Introduce V(g 4,)(Xi) = Xi(@, — ¢,). For T = 1/2, let us recall the notations given in Lemma 11:
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ZVP () =11, G (9,00). 117 (9) = XTI [l — Vg g0) (X0)| — |& — V(g0 0 (X)[]. By the Lemma 7
of Ciuperca,” we have that: z,ﬁl/z)(ﬁlw,:po) = Op(1). Introduce now t:(¢9) = z,§1/2)(¢) + A’t(n17n1+n2)[‘¢’ -
10911, ZL(9) = 227 () + Alg ) [10] — 197, ﬂm&%ﬁmw>=ZW”@»+MWMm+4wH+#”%m+

Lt i [l&— Vg0 g9) (Xi) | - |€z|]+ltnl,nl+n2 (101920 = Z (@) + 15 (8) + Ay 1y [l¢?l—\¢3\]— 712"11“8:'—
Viep.o9) (X0 Jeil Then @, ., =argming AL ., (9) = argming[ZE(9) +12(9)]. But i@, )| <[> (B, )|+

M't(nl,nﬁnz [|¢n1+n2] |6°|]] and using the elementary inequality ||a| — |b|| < |a — b|, we have ]t,f(¢il+nz)] <
:”Z"_ZH H¢n1+nz o0l - IXEl + \)\.tnl 1) H¢nl+n2] 16°]]] < op(1), we have used (i) and the assumptions

2
(A3) and ||A'(n1,"|+n2)H2 - OP(nZ/ )

: ~L ~L
We have also ZE (%) = (£(99). Thus 0 > inf(Z5(8) +15(8)) = Z-(By, 1) +1-Bryin) = Z- By i) —
lop(1)] > infy Z5(@) — |op(1)|. Butinfy Z,(¢) = Op(1). The rest of proof is similar to that of the Lemma 3(ii)
of Ciuperca!?. O

Acknowledgments

The author thanks the Editor and the two Referees for their very helpful comments and suggestions.

1. R. Tibshirani, ”Regression shrinkage and selection via the LASSO,” Journal of the Royal Statistical Society, Ser. B, 58,
267-288 (1996).
Y. Wu and Y. Liu, ”Variable selection in quantile regression,” Statistica Sinica, 19, 801-817 (2009).
J. Xu and Z. Ying, ”Simultaneous estimation and variable selection in median regression using Lasso-type penalty,’
Annals of the Institute of Statistical Mathematics, 62, 487-514 (2010).
4. L. Wang, ’L; penalized LAD estimator for high dimensional linear regression,” Journal of Multivariate Analysis, DOI
10.1016/j.jmva.2013.04.001 (2013).
5. G. Ciuperca, "Model selection by LASSO methods in a change-point model,” Statistical Papers, DOI 10.1007/s00362-
012-0482-x, (2013).
6. R. Koenker, Quantile Regression, Cambridge University Press (2005).
7. G.J. Babu, "Strong representations for LAD estimators in linear models,” Probability Theory and Related Fields, 83,
547-558 (1989).
8. J. Bai, "Estimation of multiple-regime regressions with least absolute deviation,” Journal of Statistical Planning Infer-
ence, 74, 103-134 (1998).
9. G. Ciuperca, “Estimating nonlinear regression with and without change-points by the LAD-method,” Annals of the
Institute of Statistical Mathematics, 63(4), 717-743 (2011).
10. J. Fan and R. Li, "Variable selection via nonconcave penalized likelihood and its oracle properties,” Journal of the
American Statistical Association, 96(456), 1348-1360 (2001).
11. H. Zou, The adaptive Lasso and its oracle properties,” Journal of the American Statistical Association, 101(476),
1418-1428 (2006).
12. G. Ciuperca, “Penalized least absolute deviations estimation for nonlinear model with change-points,” Statistical Papers,
52(2), 371-390 (2011).

W

Published by Atlantis Press
Copyright: the authors
305





