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Abstract

We study symmetry properties of the Schrédinger equation with the potential as a
new dependent variable, i.e., the transformations which do not change the form of
the class of equations. We also consider systems of the Schrodinger equations with
certain conditions on the potential. In addition we investigate symmetry properties of
the equation with convection term. The contact transformations of the Schrédinger
equation with potential are obtained.

1. Introduction

Let us consider the following generalization of the Schrodinger equation

Oy oY
- tA v alt, T =0, 1
T8 AW )+ ValtT) g = 0 1)
0? .
where A = e &= 1,n, ¥ = ¢(¢t,#) is an unknown complex function, W =

W (t,Z,|v|) and V, = V,(t,Z) are potentials of interaction.

When V,, = 0 in (1), the standard Schrédinger equation is obtained. Symmetry proper-
ties of this equation were thoroughly investigated (see, e.g., [1]-[4]). For arbitrary W (¢, Z),
equation (1) admits only the trivial group of identical transformations ¥ — &’ = &,
t—t=t,v—y¢ =91, 3.

In [5]-[7], a method for extending the symmetry group of equation (1) was suggested.
The idea lies in the fact that, in equation (1), we assume that W (t,Z, |¢)|) is a new
dependent variable on equal conditions with . This means that equation (1) is regarded
as a nonlinear equation even in the case where the potential W does not depend on 2.
Indeed, equation (1) is a set of equations when V is a certain set of arbitrary smooth
functions.
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2. Symmetry of the Schrodinger Equation with Potential

Using this idea, we obtain the invariance algebra of the Schrodinger equation with poten-
tial, i.e.,

N (AT &)

Theorem 1. Equation (2) is invariant under the infinite-dimensional Lie algebra with
infinitesimal operators of the form

Jab = TaOx, — 240z,

Qa = UaOy, + %Ua$a (V0y — ¢ Oy-) + %Uaxa8W7

Qa =240, + Avedy, + § Arere (90— v70y) Q)
—%éWQAWN%Q+<iA%%—QWA)WA
Qp =iB (Y0y — Y 0y+) + BOw, Z1 =10y, Zy= "0y,

where Uy(t), A(t), B(t) are arbitrary smooth functions of t, over the indexr ¢ we mean

summation from 1 ton, a,b = 1,n, and over the repeated index a there is no summation.
The upper dot stands for the derivative with respect to time.

Note that the invariance algebra (3) includes the operators of space (U, = 1) and time
(A = 1/2) translations, the Galilei operator (U, = t), the dilation (A = ¢) and projective
(A = t?/2) operators.

Proof of Theorem 1. We seek the symmetry operators of equation (2) in the class of
first-order differential operators of the form:

X =&, &0, 0") 0, +0(t, T, 0,07)0p + 07 (8, T, 0, 97) Oy + p(t, Z, 0, ", W) 0w .(4)
Using the invariance condition [1, 8, 9] of equation (2) under operator (4) and the fact that

oW oW
W= W), e, v =75

¢ =¢,.=0 £=0&=¢ &+&=0 & =27
Mg =0, Myyp =0,  nya = (1/2)&5,
M =0, Mheye =0, iy = —(i/2)85, (5)
0 + Nee — MpWtp +2WELD + Wi + pih = 0,
—ing + M — M WO 4+ 2WEW* + Wi + ppp* =0,
py = py+ =0,
where an index j varies from 0 to n, a,b = 1,n, over the repeated index ¢ we mean the

summation from 1 to n, and over the indices a, b there is no summation.
We solve system (5) and obtain the following result:

=24, ¢ =Ax,+C%+U,, a=1,n,

we obtain the system of determining equations:

1. . /1. .
(§Axcxc + Uz + B> v, nt= _t <§Axca:c + Ugze + E> ",

n= 9

N — DN .

p= (5 Axexe +Usxe + B) — gz’A —2WA,
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where A, U,, B are arbitrary functions of t, £ = B — 2inA + Cy, C® = —C% and ¢} are
arbitrary constants. The theorem is proved.

The operators Qg generate the finite transformations:

=t I =2z,

V' = pexp(iB(t)a),
Y = ¢*exp(—iB(t)a),
W' =W + B(t)a,

where « is a group parameter, B(t) is an arbitrary smooth function.
Using the Lie equations, we obtain that the following transformations correspond to
the operators Q:

t = t, -’Bg = Ua(t)ﬁa + Zq, .I';) =Ty (b ?é (l),
Y =exp GUGUaﬁi + %Uaxaﬁa> ,
¢*/ = 7/]* exp <_2U'aUaﬁ2 - %Ua$aﬁa) )

1. 1 ..
W' =W + - UaaBa + JUsUa 2

where 3,(a = 1,n) are group parameters, U, = U,(t) are arbitrary smooth functions,
there is no summation over the index a. In particular, if U,(t) = ¢, then the operators @,
are the standard Galilei operators

Go = 18y, + %x (V0y — 1" D) - (8)

For the operators ) 4, it is difficult to write out the finite transformations in the general
form. We consider several particular cases:
(a) A(t) =t. Then

n
Qa =20 + l‘caxc — §(¢8¢ + ¢*8¢*) — 2W ow
is a dilation operator generating the transformations

t' =texp(2)), . =z.exp()N),

W =exp (—5A) o, o =exp (—5A) v (©)
W' =W exp(—2A),

where A is a group parameter.

(b) A(t) = t?/2. Then

Qu = 120, + ta,dy, + %H ($Dy — "Dy ) — gt (WDy + "Dy ) — 2W Oy
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is the operator of projective transformations:

t/ — L x/ — L
1—pt’ "¢ 1—pt’
1T X el
PR
(1= pt) A(1— pt) (10)

W k1 4\n/2 —1LcTefl
R P )
W' =W(1 — ut)?,

1 is an arbitrary parameter.
Consider the example. Let

_1l_ (11)

We describe how new potentials are generated from potential (11) under transformations
(6), (7), (9), (10).
(i) @p:

1 1 1

+ B(t)a - W"=—+ Bt)(a+d)— -,
xcl'c xcxc ‘TCxC

where B(t) is an arbitrary smooth function, o and o’ are arbitrary real parameters.

(i) Qq:
1

W = — W,
Tee
W' = ! +10Uﬁ2+l0ﬁ( — Uafa)
_(xa—Ua(t)ﬁa)z—Fxbl'b 4 aYalq 9 aPa\Ta aMa),
W/ N W//
W — ! 20,0482 + 82)
(xa - Ua(t)(ﬂa + ﬂé))2 + TpTyp 4 ¢ ¢

b 5 UalBa+ B o — Uala+ B)) + UalafBul —

where U, are arbitrary smooth functions, 3, and [/ are real parameters, there is no
summation over a but there is summation over b (b # a). In particular, if U,(t) = t, then
we have the standard Galilei operator (8) and

L e 1 L 1

W =
Tele (xq — tBa)? + zpxyp (xq — t(Ba + 0L))? + xpp -

(iii) Q4 for A(t) =t or A(t) = t2/2 do not change the potential, i.e.,

1 1 1
W = — W' = — = —
Tcle Tcle Tcle
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3. The Schrodinger Equation and Conditions for the Potential

Consider several examples of the systems in which one of the equations is equation (2)
with potential W = W (t,7), and the second equations is a certain condition for the
potential W. We find the invariance algebras of these systems in the class of operators

X = gﬂ(t’ fa ¢, ¢*> W)ar,L + 77(757 557 wv ¢*a W)azb
+ 77*(757 fa wv 1/}*, W)ad)* + p(tv fa 1/)7 w*7 W>8W

(i) Consider equation (2) with the additional condition for the potential, namely the
Laplace equation.

O o
za—l—Aw—FW(t,x)w—O, (12)
AW = 0.

System (12) admits the infinite-dimensional Lie algebra with the infinitesimal operators

PO - 8757 Pa = Uzqys Jab = xaazb - xba$a7

Qo = U0, + %Uaxa (68 — VD) + %Uaxaaw, a=T1,n,
D = 2y, + 260, — 5 (V0 + 1" 0ye) — 2W oy, (13)

A =120, + tw,Oy, + ixac (B — "Dy ) — gt (B + 1" 0y ) — 2W Dy,

QB = ZB(lbaw — w*aw*) + Baw, 1 = waw, Loy = w*aw*,

where Uy (t) (a = 1,n) and B(t) are arbitrary smooth functions. In particular, algebra (13)
includes the Galilei operator (8).
(ii) The condition for the potential is the heat equation.

i%—f+A¢+W(t,f)w:0, 14
Wo + AAW = 0.
The maximal invariance algebra of system (14) is

Py=01, FPo=0y,, Jab=TaO0y, — Tp0s,,

D = 240, + weds, — 5 (V0 + 1" 0ye) = 2W oy,

Zy =0y, Zy =1 0y, Z3 =it (10y — Y 0y+) + Ow.

(iii) The condition for the potential is the wave equation.

i%—f%—Aw—i—W(t,QE)w:O, (15)
ow = 0.

The maximal invariance algebra of system (15) is
Py=0y, Py=0:,, Jap=2a0s, — 60s,, Z1 =100y, Zo=1) "0y,
Zy =it (YO — Y Op) + Ow, Zy = it* (Dy — h* Dy ) + 2O
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(iv) The condition for the potential is the Hamilton-Jacobi equation.

o

iS4 AW (L) =0,
(16)
ow AE?W ow 0
ot Ory Org

The maximal invariance algebra is
Py :8757 Pazaxa, Jab:xaazb _xba:caa
Zl = ¢8¢, ZQ = w*aw*, Z3 = it(1/)8¢ — ¢*8¢*) + 8W

(v) Consider very important and interesting case in (1 + 1)-dimensional space-time where
the condition for the potential is the KdV equation.
oy 0%
20 LY Wt ) =0,
“ot + 0x? + Wt 2)y
ow ow PW
— 4+ AW — 4+ do——
ot T r T
For an arbitrary F(|y]), system (17) is invariant under the Galilei operator and the
maximal invariance algebra is the following:

(17)
=F([¢]), M #0.

P():at, Plzﬁx, Z:Z(wa¢—¢*aw*)7
(18)

] 2 1
G =10, + 1 (x + —t) (Y0y — P Oy ) + —Ow.
2 )\1 )\1

For F = C = const, system (17) admits the extension, namely, it is invariant under the
algebra (P, P, G, Z1, Z2), where Py, Py, G have the form (18) and Z1 = 90y, Za = ¢*Oy».
The Galilei operator G generates the following transformations:

1
=t 2 =ax+6t W’:W+)\—9,
1

@9
9t—|—49t>,

1

- 4
Y = exp <20x—|— N

® % _z _L _£2
P o= exp( 2995 )\let 40 t>,

where 0 is a group parameter. Here, it is important that A\; # 0, since otherwise, system
(17) does not admit the Galilei operator.
4. Finite-dimensional Subalgebras

Algebra (3) is infinite-dimensional. We select certain finite-dimensional subalgebras from
it. In particular, we give the examples of functions U, (t) and B(t), for which the subalgebra
generated by the operators

P07 Pav Jab7 Q(M QB; Zla Z2 (19)

is finite-dimensional.
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(a) Uy(t) = exp(~t). In this case, subalgebra (19) has the form
Py, Pa, Jab;, 21, 22,
) 1
Qa = e’Yt <axa + %’yx(l (Waw - w*aw*) =+ 5’72xa6W> ’ a = 17 n,
Qp = & (ipdy — i D= +vOw) .
(b) U,(t) = Cy cos(vt) + Casin(vt). Then subalgebra (19) has the form:
Po, Fo, Jab, 21, Z2,
) 1
QW = cos(vt)d,, — %1/ sin(vt)xq (Y0y — P Op+) — 51/2 cos(vt)xqOw,
) 1
Q) = sin(vt)d,, + %1/ cos(vt)xq (Y0y — Y Op=) — 51/2 sin(vt)z,0w,
X1 =isin(vt) (Y0y — "0y~ ) + v cos(vt)Ow,
Xy =icos(vt) (Y0y — Y™ 0y) — vsin(vt)Ow
(c) Ua(t) = Cyt* + Cot*=1 + .-+ + Cyt + Chy1. Then subalgebra (19) has the form:
PO) Paa Jab7 Zl, Z27
] 1
QW =tkg, + %ktk_lxa (6 =" Dye) + 5h(k = D zad,
) 1
QP =110, + %(k = D20 (Y0 = $70ye) + 5 (k = 1)(k = 2t a0,
i .
Q) = t0n, + 50 (VOy — ¥ 0y-)
Q) = it (19 — "0, + O,
QEY = it 2 Yy — v Iy ) + (2k — 21 Py,
5. The Schrodinger Equation with Convection Term
Consider equation (1) for W = 0, i.e., the Schrédinger equation with convection term
oV 8¢
A Vo 20
igr AV = Vg (20)

where 1 and V,, (a = 1,n) are complex functions of ¢t and #. For extension of symmetry,
we again regard the functions V, as dependent variables. Note that the requirement that

the functions V,, are complex is essential for symmetry of (20).

Let us investigate symmetry properties of (20) in the class of first-order differential

operators
X =0y, + 00y + 1 0y + p*Ov, + p™Ovy,

where £, n,n*, p®, p*® are functions of ¢, Z, ¢, v*, V,, V.
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Theorem 2. Equation (20) is invariant under the infinite-dimensional Lie algebra with
the infinitesimal operators

Qa = 2A0, + Az.0,, — iAx. (0v, — dv+) — A (V.Ov, + Vi0Ov+),
Qab = Eap (xaaxb — xp0z, + VaOy, — VyOy, + V, 0y — ‘Gfav;)
— By (:raﬁvb — a0y, — xaavb* + :):bava*) , (21)
Qa = UaOs, — iU, (Ov, — Ovz)
Zy =0y, Za =10y, Z3=20yp, Zy= Oy,

where A, Euy,, U, are arbitrary smooth functions of t. We mean summation over the index
c and no summation over indices a and b.

This theorem is proved by analogy with the previous one.
Note that algebra (21) includes, as a particular case, the Galilei operator of the form:

G, = t@xa - iava + Z'ava*. (22)
This operator generates the following finite transformations:

t'=t, x,=xq+ Out, x, =z (b#a),
P =1p, Y =
V! =Vy—iBa, V¥ =VF4iB,,

where 3, is an arbitrary real parameter. Operator (22) is essentially different from the
standard Galilei operator (8) of the Schrodinger equation, and we cannot derive opera-
tor (8) from algebra (21).

Consider now the system of equation (20) with the additional condition for the poten-
tials V4, namely, the complex Euler equation:

i L ap =1, 2

ot 0z, (23)
oV, oV, 8
e~ Vg, = F¥DZ

Here, v and V, are complex dependent variables of t and Z, F' is an arbitrary function of
|1|. The coefficients of the second equation of the system provide the broad symmetry of
this system.

Let us investigate the symmetry classification of system (23). Consider the following
five cases.
1. F is an arbitrary smooth function. The maximal invariance algebra is (Py, P,, Jup, Ga),
where

PO — ata Pa — Uz,
Jab = fz:aamb - xbax,l + Vaavb - VLOVQ + V;(?Vb* - ‘/b*aVa*a
Go = t0y, — 10y, + Z'ava*.
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2. ' = Cp|*, where C is an arbitrary complex constant, C' # 0, k is an arbitrary real
number, k # 0 and k # —1. The maximal invariance algebra is (Py, Py, Juy, Gq, DU,
where

2
DY = 2t0, + 20y, — Vey, — Vidys — T (W0 + 97 0ye).

C
3. I = ?, where C' is an arbitrary complex constant, C' # 0. The maximal invariance
algebra is (Py, Py, Jap, G, Z = Z1 + Z3), where
Z = Ipaw + i/J*aw*, Z1 = w%, Zy = ¢*a¢*.

4. F = C # 0, where C is an arbitrary complex constant. The maximal invariance algebra
is <P07 Pa, Jabv Gav D(1)7 Z3, Z4>, where

Z3 = Oy, Zs = Oyx.

5. F' = 0. The maximal invariance algebra is (Py, Py, Jap, Ga, D, A, Z1, Z2, Z3, Z4), where
D = 2t0; + x.0,. — V.0v, — V. Oy,
A =120, + tx:0,y, — (ixe + tV.) 0y, + (ize — tV)y.

6. Contact Transformations
Consider the two-dimensional Schrodinger equation

idjt +@Z}xx = V(t7$,¢,¢x,¢t)~ (24)

We seek the infinitesimal operators of contact transformations in the class of the first-
order differential operators of the form [1, 9]

X = €V(t7 $7¢77/1t7¢a:)aa:,, + n(taxa wawhwaf)a’t/)

25
+Cu(t,x7¢a¢t7¢x)awu +H(t7$7¢7¢t7¢w7v)a‘/a ( )
where
v _3W o ow , oW 8_W
g - 8’(/]V’ 77_W ¢V8¢V7 C _8xy+wVa/l/] (26)

for a function W = W (t, x, v, 1., 1¥¢). The condition of invariance of equation (24) under
operators (25), (26) implies that the unknown function W has the form

W = FYt) + F2(t, 0, ¢y),

where F'' and F? are arbitrary functions of their arguments.
Then

& =-Flt), & =-F} (t,,9,%),
n=F*—,F3  (O=Flp+ F+ . F3, ¢t = F2 4, F},
po=i(Wy + W) + Wap + 2Woythy

= (i = V) (Way, + Wy + W, ) + ($2)* Wy

— (it = V) Way, + YWy, — (i = V)W) -
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Thus, equation (24) is invariant under the infinite-dimensional group of contact transfor-
mations with the infinitesimal operators:

Q1 = —F'0 + Flndy, +iFndy,
Qpz = —F} 0y + (F? — ¢, F )0y + (F + 41 F})0y,
o+ (F2 4, F2)0y, + {iFE + i F + FZ, + 22,0,
+ () Fiy — (i = V)2F 7y, + 20aFiy, + FJ) + (it = V)*Fy, }8V,

where F! = F1(t) and F? = F?(t,x,v,1,) are arbitrary functions.
Consider the special case. Let Fl(t) = 1, F2(t,z,%,v;) = —(z)%. Then W = v, —
(12)%. The operators of the contact transformations have the form

Qp1 = 0,
Qr2 = 20000 + (¥2)0y — 2(ith = V) 0. (27)
The operator (27) generate the finite transformations:
¥ =200+, t =t
U= )20+, Yy =, W=

v 200(V — i)y +V
200V —ithy) +1
Transformations (28) can be used for generating exact solutions of equation (24) from the

known solution and for constructing nonlocal ansatzes reducing the given equation to the
system of ordinary differential equations.

(28)
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