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Abstract

By starting from known graded Lie algebras, including Virasoro algebras, new kinds
of time-dependent evolution equations are found possessing graded symmetry alge-
bras. The modified KP equations are taken as an illustrative example: new modified
KP equations with m arbitrary time-dependent coefficients are obtained possessing
symmetries involving m arbitrary functions of time. A particular graded symmetry
algebra for the modified KP equations is derived in this connection homomorphic to
the Virasoro algebras.

1 Introduction

Symmetries are one of the important and currently active areas in soliton theory. They
are closely connected with the integrability of corresponding nonlinear equations. For a
given evolution equation

up = K(t,z,u) (u:u(t,x),utz ?;:) , (1.1)

a vector field o (¢, x, u) is called its symmetry (or generalized symmetry) if o (¢, z, u) satisfies
its linearized equation

do(t,z,u) , o (t,x,u)
X o] o PRI k) (12)
where the prime means the Gateaux derivative:
0
K'lo]= =—| K(u+eo) (1.3)
O e=0
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and the Lie product [-, -] is defined by

[K,o] = K'[0] — d'[K] = 9 K(u+eo) — 9 o(u+eK). (1.4)
O e=0 O e=0
Actually, the symmetries defined above are infinitesimal generators of one-parameter
groups of invariant transformations of w; = K(t,x,u). If a vector field o does not de-
pend on the time variable ¢, the condition of ¢ being a symmetry of (1.1) becomes a
very simple equality, namely [K, o] = 0, which means that a symmetry o only needs to
commute with the vector field K generating the considered equation. However if the o
depends on ¢, then the problem is not so simple. Some specific methods for dealing with
this case were introduced, for example, in [1] — [4].
Note that the above definition of symmetry may also be viewed as

[ur — K(t,z,u),o(t,z,u)] =0, (1.5)

where the Lie product should be understood as the one in the extended vector field Lie
algebra including the time variable ¢, not just including the space variable z, as in [5]. A
Lie homomorphism exp(ady) of the vector field Lie algebra with a suitable vector field
T = T(t,x,u) may be applied to the discussion of the integrability of time-dependent
evolution equations. Here adr denotes the adjoint map of the vector field 7" and thus we
have

(adp)S = [T, S| for any vector field S = S(¢,z,u).

Fuchssteiner observed [6] that if the Lie homomorphism exp(adr) acts on (1.5), a new and
significant result may be reached which states that a new evolution equation

adT )
+1)!

has a symmetry exp(adr)o(t, z,u), when o(t,z,u) is a symmetry of u; = K(t,z,u). This
is because we have

ug = exp(ady)K + Z 0T (1.6)

exp(ady)[us — K(t,z,u),o(t, z,u)] = [exp(ady)(us — K(t,x,u)),exp(ady)o(t, z,u)]
and
s (adT)i

exp(adr)(ue) = ue — ; GG+ 1"

Here we require, of course, that the relevant series converge.

The present paper aims at the construction of time-dependent evolution equations
which possess graded symmetry algebras and most particularly centerless Virasoro alge-
bras. The basic tools we will adopt in this paper are the above observation by Fuchssteiner
[6] and the Lax operator algebra method in [7]. The result of the analysis gives rise to var-
ious concrete realizations of graded Lie algebras. As an illustrative example, two graded
Lie algebras are presented for the modified KP equations. Moreover, an application of our
result for constructing evolution equations with arbitrary time varying coefficients and a
graded symmetry algebra involving these arbitrary coefficients is given for the modified
KP equations. Some concluding remarks are given in the last section.
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2 Variable-coefficient equations from Virasoro algebras

We take the centerless Virasoro algebra:
[Kl17Klz] = 07
Ky, ] = (I + ) Ky, (2.1)

[pluplQ] = (ll - 12)p11+127

in which the vector fields Kj, p; do not depend explicitly on the time variable ¢t and the
v is a fixed constant. Note that here the space variable x may belong to RP or ZP and
u(x,t) may belong to R? generally. If we define an operator ® as

q)Kl = Kl+1, q)O'l = 0|41, (22)

in which o; is a symmetry of u; = K, then this operator ® is hereditary over the above
Virasoro algebra, i.e., it is to satisfy the equality

DK, S|+ [PK, S| — ®{[PK,S] + [K,®S]} =0 (2.3)

for any vector fields K, S belonging to that Virasoro algebra (see [8] for example).
We first consider equation

up = o (t)K; (2.4)
with a(t) an arbitrary function of time. Choose a key vector field as
0
T1 = ﬁl(t)Kila where &ﬁl(t) = Oq(t). (25)

Then we have
exp(adr, ) (u) = ug + [Th, ue] = ug — o () K;

so that an application of exp(adr,) to the zero equation u; = 0 yields equation (2.4)
considered. Since any vector field which does not depend explicitly on ¢ is a symmetry of
ug = 0, we have, in particular, the symmetries K;, p;. Further by applying exp(adr,) to
these symmetries, we obtain two hierarchies of symmetries of (2.4)

exp(adp, ) K = K, (2.6)

Oli; — exp(adTl )Pl =p+ [Tlv pl] = ﬂl (t) [Ki17pl] + o= /ﬁl(t)(il + V)Kiﬁ-l + pl7(2'7)

which also constitute the same Virasoro algebra as (2.1). Of course, we might gener-

ate other symmetries of (2.4) from any vector field p = p(z,u) which causes the series

exp(adq )p to converge. Here we give only two sorts of such symmetries, because any

other symmetries, just based on Virasoro algebras, are not at all clear as symmetries.
We next consider the more general equation

Uy = Oél(t)Kil + Oég(t)Kiz (2.8)

with two arbitrary functions of time o (t), aa(t). We choose a key vector field

T2 = ﬂg(t)KiQ, where gtﬂg(t) = O[Q(t). (29)



296 W. MA, R. BULLOUGH, P. CAUDREY

Now we find that an application of exp(adr,) to the evolution equation (2.4) and its
symmetries K, 07, yields the considered equation (2.8), together with its following sym-
metries:

exp(adr, ) K; = K, (2.10)
OLiyiy = exp(adry)or;, = exp(ady,)[B2(t) (i2 + 7) Kiy1a] + B2(t) (i2 + 7) Kiy1101 2.11)
= B1(t) (i1 + ) Kiy 1 + Bo(t) (i2 + ) Kiy 11 + p1,
which still constitute the same Virasoro algebra as (2.1).
In general, we can obtain the variable-coefficient evolution equation
Up = Oél(t)Kil + Olz(t)KiQ + 4 am(t)Kim (212)

with m given arbitrary time-dependent functions «;(t), 1 < j < m, and its two hierarchies
of symmetries

exp(adr,,) - - - exp(adp ) K; = K], (2.13)

Oliy iy = €xp(adr,, )01y, = -+ = exp(adr,,) - - exp(adr ) o

(2.14)
_Z/Bj Z]""Y Z]+l+pla

0
where T = 3;(t)K;,, Eﬁj(t) = a;(t), 1 < j < m. The symmetries so obtained constitute
a Virasoro algebra with the same commutation relations as (2.1):
[Kll)Klg] - 07
(K15 iy vin] = (4 ) Ky 1y, (2.15)
[0 i1+ 0-127i1"'im] = (h — l2)o'l1+l2,i1“~im'

This may also be directly checked. For example, we can calculate that

[0117i1~--im7 0l2,i1“-lm [Z BJ ZJ + 7 7/J+l1 + Py Z BJ ZJ + V)Kij-&-lz + Py
7=0

pl17Zﬁ] Z] +’7 15+l + [pllaplg]

= [Z/Bj Zj +7 ’L]+l17pl2
m

= (lh — ) Z )5+ NEKiji41 + (= 12)py+i, = (= 12)00 415y i -

Note that the symmetries K; are generally time-independent, while at the same time, the
symmetries 0y, ...;,, include m given arbitrary functions of time and so are time-dependent
in the same way as our considered equation (2.12). The symmetries 0y, ...;,, contain the
generators of Galilean invariance and invariance under scale transformations [9], [10]. On
the other hand, the symmetry algebra (2.15) provides a new explicit realization of the
original Virasoro algebra (2.1). We can still take the Virasoro algebra (2.15) to be a
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starting algebra. However, any new result is really no more than that we have already
reached.

If we choose «;(t),1 < i < m, to be polynomials in time, then the evolution equation
(2.12) and its symmetries (2.14) are of the polynomial-in-time type (see [11]). Therefore,
we may see that there exist higher-degree polynomial-in-time dependent symmetries for
many evolution equations in 1 + 1 dimensions. This is itself an interesting result in the
symmetry theory of evolution equations, because a soliton equation in 1 + 1 dimensions
usually has only master symmetries of the first order (the reader is referred to [2] for
a definition of master symmetry). Furthermore, our derivation does not refer to any
particular choices of dimensions and space variables. Hence, the evolution equation (2.12)
may be not only both continuous (r € RP) and discrete (x € ZP), but also both 1 + 1
(p = 1) and higher dimensional (p > 1).

It is well known that there are many integrable equations which possess a centerless
Virasoro algebra (2.1) (see [12] — [17] for example). Among the most famous examples are
the KdV hierarchy in the continuous case and the Toda lattice hierarchy in the discrete
case. According to the result above, we can say that a KdV-type equation

up =t" Ko+ t" K1 = t"uy + " (uggy + 6uuy) (n1,ne € Z/{—1}) (2.16)
possesses a hierarchy of time-dependent symmetries
tnﬁ—l Stn2+1
01,01 = K+ K1+ (2.17)

2(ny +1) 2(ng + 1)
Here, the vector fields Kj, oy, are defined by

K, = @lux, o= P! (u + ;xum> , [ >0,

in which the ® is a well-known hereditary operator
® = 02 + du + 2u,0, .

They constitute a centerless Virasoro algebra (2.1) with v = 1 [15], [18] and thus so do
the symmetries Kj, 0;01. The symmetries 0791 are of the polynomial-in-time type when
n1 > 0 and ny > 0, and they are of the Laurent polynomial-in-time type when ny < —2
or ng < —2. The latter is worthy of notice, since a time-independent evolution equation
does not have such symmetries [4].

We can also conclude that a Toda-type lattice equation

(u(n)), = ( p(n) ) =Ko+ t"K) +t"Ky (n1,ne € Z/{—1})

(n)
iz v(n—1)
(14t ( o)) — plr — 1) ) (2.18)

t”1< p(n) (v )—v n—l))+’v( )p(n+1) —p(n—1)) )
v(n)(v(n —1) —v(n+ 1)) + v(n)(p(n)? — p(n — 1)*)

possesses a hierarchy of time-dependent symmetries

tn1+1 tn2+1

K1+

=tK,
01,010 1+ Y g+ 1

K+ p. (2.19)
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Here, the vector fields Kj, p; are defined by

_ )
K =0'Ky, p=lpo, Ko=[ ' " o= 1), 1o,
v(p — p=) v

in which the hereditary operator ® is given by

®— P (WWE? —0)(E—-1)"1v!
a ( o(E71+1) v(pE —ptV)(E —1)" v ! ) '

Here, we have used a normal shift operator E: (Eu)(n) = u(n+1) and u(™ = E™u,m € Z.
These discrete vector fields K; together with the discrete vector fields p; constitute a
centerless Virasoro algebra (2.1) with v = 1 [13] and, thus, the symmetry Lie algebra
consisting of K; and 07010 has the same commutation relations as that Virasoro algebra.

3 Variable-coefficient equations from general graded alge-
bras

In this section, we consider more general algebraic structures by starting from a general
graded Lie algebra. In keeping with the notation in [7], let us write a graded Lie algebra
consisting of vector fields not depending explicitly on the time variable t as follows:

R =Y B(R).  (B(R).E(R)] E B(Ripy). i >0, 1)

where F(R_1) = 0 and the Lie product [-, -] is defined by (1.4). Note that such a graded
Lie algebra is called a master Lie algebra in [7] since it is actually similar to a semi-graded
Lie algebra under the group < Z,* > with ¢ % j =i+ 7 — 1, but not a graded Lie algebra
as defined in [19]. It itself looks like a W1+oo algebra and includes a Virasoro algebra

E(Ry)+ E(R;) and a W, type algebra Z E(R;) as subalgebras. The Wy, and Wi type

algebras broadly appear in conformal ﬁeld theory and in 2-dimensional quantum gravity
[20], [21]. However, here we focus on applications to symmetries of variable-coefficient
evolution equations.

Consider a variable-coefficient evolution equation

U = Oq(t)Kl + OéQ(t)KQ —+ -+ Oém(t)Km, (3.2)

with m given arbitrary time-dependent functions «;(t), 1 < j < m. As in Section 2, we
can first choose a key vector field to be

T = B0k, where O3i(1) = (). (3.3)

We then observe that the application of exp(adr,) to the zero equation u; = 0 and its
symmetries p;, p; € E(R;) yields the evolution equation u; = a1 (t)K;, and its symmetries

l J

o1(p) = exp(adp )p Z 1 aLdK1 . (3.4)
j:O
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Note that the series exp(adr, )p; is truncated at the [ + 1-th term. These symmetries also
constitute the same graded Lie algebra as (3.1). We next choose a vector field

Ty = Ba2(t)Ka,  where %52(75) = as(t). (3.5)

and make an application of exp(adr,) to us = ;1 (t)K; and its symmetries o;(p;). In this
way, we obtain the following evolution equation

Uy = al(t)Kl + OéQ(t)KQ

and its symmetries

j . .
oalp) = epladn)or () = Y P )7 (adie) (3.6)
0<j1+j2<l g ‘72

Note that here we interchanged the position of (adg,)’! and (ad,)’?, because we have

(K1, [Ka, pi]] = [K2, [K1, pi]]-

In general, we can obtain the variable-coefficient evolution equation (3.2) and its following
symmetries

o1..m(p1) = exp(adr,, )o1..m—1(p;) = -+ - = exp(adr,,) - - - exp(adq ) py
_ Z 511 gjm . (3.7)

Ch g ) g, 7,
0< s+ +jm<l

0
where N Bj(t) = aj(t), 1 < j < m. These symmetries still constitute a graded Lie algebra
as at (3.1), that is, we have

[Ul"'m(ph)?01"'m(p12)] - 01"'m<[p117p12])7 P € E(Rh)ﬂ P, € E(RIQ)' (3'8)
Therefore, the map
01 P B(R) = 01.m(E(R)), p1— o1.m(p1), pr € E(Ry), (3.9)

is a Lie homomorphism between the graded Lie algebra (3.1) and the graded symmetry
algebra

o1 (E(R)) = i o1-m(E(R})). (3.10)
j=0

Of course, we may also directly prove the Lie homomorphism property (3.8). We use
mathematical induction to prove the required result. The proof is the following:

rrmooimo = | Y PP (i, Y

|
0ttty J1 7 Ik

-]1 ]m .
Z IB IB (adKl) : (ade)JmplZ

1
0< |+t <l e dm
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ll Im l2 I m
= [Z M (adge, ) orem-1 (o), Y S (adk, ) o1, 1(012)}
Gm=0 7 G I

70] =0 ]m
lle*l 537” G ,
= > I > J 7,7;/ ,[( dx,,)’ 01--.m—1(011),(ade)JmUL..m—l(Pzg)}
Jh=0 m+im =i 7"
lit+la—1 pjm,

= Z ]//‘(ade)Jm {01 m—1(P1y )5 T1m— 1([%)}

jt=0 Jm

I1+1a—1
m
= > ,,,<ade>ﬂmm 1[0y P1))
jt=o Jm’

= o1..m([p1y, P1o))-

Here, in the last but one step, we have used the induction assumption. Generally, the
symmetries o7...,(p;) are time-independent when [ = 0 and time-dependent when [ > 1.

A graded Lie algebra has been exhibited for the time-independent KP hierarchy [1]
in [2], [7], which includes a centerless Virasoro algebra [14], [22]. Therefore, we may
also generate the corresponding graded Lie algebra of time-dependent symmetries for a
resulting new set of variable-coefficient KP equations, and this is done in our paper [11]. In
the next section, we shall go on to construct another graded Lie algebra, which is related
to the modified KP hierarchy.

4 Application to modified KP equations

We first obtain a graded symmetry Lie algebra for modified KP equations and then give
an application of the theory presented in the last section to the symmetries of modified
KP equations. Let us consider the 2 + 1 dimensional spectral operator L corresponding
to the modified KP hierarchy:

Lzﬁg—i—u(%—i—&y, u=u(t,z,y), tzx,yekR. (4.1)

Evidently, its Gateaux derivative operator reads as L'[X] = XJ,, and, thus, is injective,
ie., if L/[Xl] = L/[XQ], then X7 = Xo.
Choose the following polynomial differential operators in 0,

m
A= Z aror, ar = ag(z,y,u), m>1 (4.2)
as candidates for Lax operators [7]. Then we may make the following calculation

AL = apOF (0% + ud, + 8,)

i Ms \gE

aRdt? 4 Z an Z ( ) (OF )0t + > axdfo,

k=1
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m k m
= Z a2 4 Z ap(0%u)d, + Z ay Z (f) (OFtu)oitt + Z aroro,
k=1 i=1 k=1
_ Zaka§+2+zak(au&r+zz< ) ak ) az+1+zakak
k=1 i=1 k=1 k=1
= > adft? 4 Zakau ZZ() (0 *u ak+1+zaka 0y,
= k=1 k=11i=k k=1

m

LA = (02+ude+0y)Y ardf = (el + 201,05 + a0 )

+ ) (uaky 05 + uardi ™)+ (ary 0k + apdioy).
k=1 k=1

k k!
Here the coefficient (l:) denotes the standard binomial coefficient, i.e., <Z> = m
Further we have
[A,L] = AL-LA
= > ap(Ou)o, + > Z (;) a; (05 Fu)ortt
l~c:lm k=11i=k m
Z(akzxx + Uk + aky)a - Z(Qaka: + Uak:)alxﬁ_l 4
k=1 . k=1 (4.3)
= Y @i+ Y Y (k> ai (0} u) ot
k=1 k=1 i=k+1
Z(akmc + uag, + a/ky a - Z 2ak1‘ak+1
k=1 k=1

Now we can see that the differential operator A of form (4.2) is a Lax operator, i.e., there
exists a vector field X such that [A, L] = L'[X] = X9, if and only if the ai, 1 < k < m,
satisfy the following equations

Ame = 07

- i ik, -

Z k1 a; (0L u) — (Akgy + Uagy + Gy + 2051 ,) = 0, (4.4)
i=k

k=m,m-—1,---,2;

and the vector field X must be the following,
m
X = Z ar(O5u) — (a1gz + uaig + a1y). (4.5)

This vector field is called an eigenvector field corresponding to the Lax operator A of (4.2).
We denote by W the following space:

W = {f +g|f= Z cijz'y’, ¢ € O, g = Z cijkl:ciyjﬁfaéu, Cijkl € C} ,(4.6)

1,520 ,J,120,keZ
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in which 0,1 = ([*. — [°)dz’, and we introduce the inverse operator ;! of 9, over
the space W as follows, namely

3;1h:8;1(f+g)=/oxfdx'+;(/xoo/:o)gdx’, h=f+geW. (4.7)

Furthermore suppose that C[y] denotes all polynomials in y, and Cy,[y] (n > 0), all poly-
nomials in y with degrees no greater than n. Define a group of coefficients as follows

ap = a1 + a2, a1 = ak|u=o0, Qg2 = Qg — Qk1, 1<k <m, (4.8)

where the ag; are given recursively (from m to 1) by

aml = Cm, ama = 0;
akp—1,1 = _%(ax + (9;162,,)%1 + Ck—1,
1 _ 1__ 1. & 7 o (4.9)
ag—-12 = —5(8@« + 0, 16y)ak2 — iax 1(uakm) + 5830 1 Z (k - 1) %(8; k+1u),
i=k
kj:m’m—17...2’

where ¢ € Cly], 1 < k < m. Obviously we see that ay = ag; +axe € W, 1 < k < m.

For every set of ¢, € C[y], 1 < k < m, we can uniquely determine a Lax operator
m

A=Y a0 = 3 (aps + axz)0F through (4.9), which operator is also written as A =
k=1

P(cy, -+, em) in order to show the set of c. We denote by R and R; the following spaces
of Lax operators

R={A=P(c1, - ,em)m>1, ¢t € Cly], 1 <k <m}, (4.10)

Ri={A=P(cr, - ,em)lm>1, ¢t € Cily], 1 <k <m},i>0. (4.11)

In what follows, we want to prove that R = § R; is a graded Lie algebra, namely to
prove under the operation =

[A,B] = A'[Y] — B'[X] + [A, B], (4.12)
where [A, L] = L'[X], [B, L] = L'[Y], that we have

[Ri,R;]C Riyj—1,R-1=0, 1,5 >0. (4.13)

We recall that we already have a product property [7]
[[4, B], L] = L'[[X, Y]], (4.14)

which will be used to derive a graded symmetry algebra later on. First by (4.9), we
immediately obtain the following two basic results.

m
Lemma 1 Let A= P(ci, - ,cm) = 3. apdF € R, and set
k=1
ak3 = Qg1 — Ck = Akly=0 — ck, 1 <k <m. (4.15)

Then we have (1) A is multilinear with respect to c1,- -, cm; (2) Alu=o = 3. (cx + ax3)0F;
(3) if Alu—o = 0, then A = 0. -
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Lemma 2 Let A= P(cy, -+, ¢m) = Z a0k € R; and the ags be defined by (4.15). Then

k=
when it =0, a3 = 0,1 < k < m; andwhenz>1 am3 =0 and agz, 1 <k <m-—1, are

polynomials in x,y with degrees less than i with respect to y.

o0
In order to verify that R = > R; is a graded Lie algebra under operation (4.12), we
i=0
go on to derive two other results.

Lemma 3 If A € Ry, then [A, L]l|ly=0 = X|u=00: = 0; and if A € R; (i > 1), then the
coefficient of the differential operator [A, L]|u—o is a polynomial in x,y with degrees less
than © with respect to y.

Proof: Assume that
A=P(c1, - 0m) = Z apok.

By noting (4.5), we discover that

[A7 L”uzO = X‘uzoaax = _(alzz + uaiz + aly)’uioaz
—(a112z + ally)aa: = —[a1322 + (a13 + Cl)y]asm

where a3 is defined by (4.15). Therefore, the required result follows from Lemma 2, which
completes the proof. I

Lemma 4 If A, B € Ry, then [A, B]|y=0 =0; and if A€ R;, B€ R; (i,j >0, i+j>1),
then the coefficients of the differential operator [A, B]lu=o are polynomials in x,y with
degrees less than i + j with respect to y.

Proof: Suppose that
A=Per, - em) =Y adl, B=P(dy, -, dp) =Y bo..

Then we have

m m—1

A|u:0 = Z(akg + Ck 8 = Z akga + Z Ck (4.16)
k=1 k=1 k=1
n n—1 n
Blu=o =Y (bis + dp)d, = Y bizd, + > did, (4.17)
=1 =1 =1

where ags = agly=0 — ¢k, 1 <k <m, bz = blu=0 — d;, 1 <1 <n. Then we can calculate
that

n—1 n
[A, Bllu=0 = [Alu=0, Blu=0] [Z ay30h + ch RN bigdl, + Zdlail
=1 =1
m—1 n—1 m n—1
> awsdf, > 51334 + [Z ak33§72dzf9ﬁ; + 1) @i > blsalx] -
k=1 =1 k=1 =1 k=1 =1

Based upon this equality, we obtain by Lemma 2 the required result. I

(4.18)
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Theorem 1 Let R, R;, i > 0, be determined by (4.10),(4.11), respectively. Then the Lax

operator algebra R = " R; forms a graded Lie algebra under the operation [-,-] defined
i=0

by (4.12) and thus the eigenvector field algebra E(R) = Z E(R;) forms the same graded
Lie algebra under the operation [-,-| defined by (1.4), where

B(R) = {X|L'[X] = [A, L], A€ R},

BE(R) ={X|U[X]=[A,L], Ac R}, i>0. (4.19)

Proof: We first prove equality (4.13), that is,

[Ri, Rj] C Riyj—1, R_1 =0, 1,5 >0,

which shows that R = E R; is a graded Lie algebra. Let A € R;, B € R; (i,j > 0) and

X € E(R;), Y € E(R; ) be the eigenvector fields of A, B, respectively, namely [A, L] =
L'|X]=X0,, [B,L] = L'[Y] =Yd,. Obviously we have

[A,B] = A'[Y] — B'[X] + [A, B] € R,

i.e., [A, B] possesses form (4.2), and thus we may assume that

[A, B] = Zera = P(f1,--, fs).

r=1

We observe that
[A, B]lu=o = (A'[Y] = B'[X] + [A, B])|u=0

(4.20)
= A'[Y|u=0]lu=0 — B'[X|u=0]lu=0 + [4, Bllu=0-

When i+ 5 =0, i.e., i = j = 0, it follows from the above equality, Lemma 3 and Lemma 4
that [A, B]|u=0 = 0. Thus by Lemma 1, we obtain [A, B] =0, i.e. [A, B] € R_;. Now we
assume that i + j > 1. Note that A'[Y|y,—0]u=0 and B’[X|y,—0]|u=0 are linear with Y|,—q
and X |,=o, respectively. It follows similarly from (4.20), Lemma 3 and Lemma 4 that the
coefficients of the differential operator [A, B]|,—o are polynomials in x,y with degrees less
than i + j with respect to y. It means by Lemma 1 that e,|y,—0 = €3+ fr, 1 < r < s,
are polynomials in x,y with degrees less than i + j with respect to y. On the other hand,
by Lemma 2, the degree of e,3 = e,|y—0 — fr with respect to y is less than the maximum
degree of the f;, 1 <1 < s, with respect to y. Therefore, f,. € Ciyj—1[y], 1 <7 <'s, which
means that [A, B] € R;1j—1. In conclusion, we see that relation (4.13) holds.

The second result of the theorem is obvious, since we have (4.14), i.e., [[4, B],L] =
[X,Y]0, when [A, L] = X, and [B, L] = Y0,. Therefore, the proof is complete. I

By noting (4.16), (4.17) and (4.18), we may obtain from (4.20) that

n m
[P(ct,-,em) P(dy, - en)] = P (fl, - Ftns eyt~ QCmdm,) S @)
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m m
where P(c1, -, cm) = 3. a0k = 3 (apy + ag2)0F, the ay; and the ago being defined by
k=1

(4.9). However, it is very complicated to obtain the explicit expressions for polynomials
fi. It follows from (4.21) that

[ (£), 01 (g)] = otmtn=2) (nyg - T;Lfgy> . omn>1,

where O’{O}( f) =0, is a Lie product. The special case of m = n = 2 leads to an interesting
Virasoro-type Lie algebra

[ (£),0g)] = e (fy9 - fgy).
Now let us choose the specific Lax operators. If we choose these as

m—+1

Am=P0,---,0,1)= S al™ak  m>o, 4.22
m = P( ) Z_: L Oy > (4.22)
m
) n+l
Bin = P(0,---,0,5") = S_ 6™, i>1, n>0, (4.23)
——

M =1

then the corresponding eigenvector fields read as

X = [Am, L]0, ! Z a{m} o) (aiﬁc} + ua{m} ?yn}) , m>0, (4.24)

lzx

Yin = [Bin, L]0 Z bi™ (0L u) ( it L plind 4 b{m}> . i>1, n>0. (4.25)

By Lemma 1, we see that
Ry = Span{A,,| m > 0}, R; = Span{Bj,|n >0, 0<j<i}, i>1; (4.26)
E(Ry) = Span{X,,|m > 0}, E(R;) = Span{Yj,|n >0, 0 <j <i}, i>1.(4.27)

The equations u; = X,,,, m > 0, constitute the integrable modified KP hierarchy. By
Theorem 1, this modified KP hierarchy has two Virasoro algebras

< Ro+ Ry,[,] > and < E(Ry)+ E(Ry),][,"] > (4.28)

and two graded Lie algebras
<R=> Ri[.,]> and <E(R)=> E(R),[,]>. (4.29)

In particular, the equation u; = Xs is exactly the normal modified KP equation introduced
in [23] (see (4.35) below) and the space E(R;) includes all the master symmetries presented
in [24].
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Through Theorem 1, we find at once that every modified KP equation u; = X; (i >
0), X; given by (4.24), possesses a hierarchy of common time-independent symmetries
{Xm}2_, and infinitely many hierarchies of polynomial-in-time dependent symmetries

koj o
tJ

n=0

Further by applying the theory presented in the last section , we obtain the following
consequence. A modified KP equation with m given arbitrary functions «;(t), 1 <i <m,

Uy = Ckl(t)Xil + OéQ(t)Xi2 + -+ Oém(t)XZ’m (4.31)
has a graded symmetry algebra
< Oirigeing (E(R)) =Y Oiigevis (B(R:)), [ 7] > . (4.32)
The map 0;,iy...i,, is defined by
Tivigin (Pi) = exp(ady,, ) - - exp(adx,,  )pi
(4.33)

5{1 % co Bm . 4
= Z m(ad )]l(adXiQ )2 (adx, )™pi,  pi € BE(Ry),
0<jr+ja+Hjm<i 7V m

where %ﬂj(t) = a;(t), 1 < j < m. Moreover, this map is a Lie algebra homomorphism
between the graded vector field algebra defined in (4.29) and the graded symmetry algebra
defined by (4.32). In other words, we have

[Ui1i2---im (Xm1)a Oiyig-im (Xm2)] =0,
[Uiliz'"im (Xm1)7 Oiyig-im ()/jlnl )] = Oiyig--im ([Xml ) Y}l”l])? (4'34)
[Uiliz'--im (lenl)7 Oiyig--im (szm)] = Ui1i2-"im([}/}1n17}/}2n2])'
The symmetries ;,4,...i,, (Yin) contain m given arbitrary functions of time and thus the
polynomial-in-time symmetries (4.30) generated by the master symmetries Yy, are no
more than special cases amongst these.
Some concrete examples of the Lax operators A, B and the corresponding eigenvector

fields X, Y are listed in the following:-
(i) The Lax operators and vector fields of the modified KP equations:

Ay = P(1) =0, Xo=uy;

A = P(O,l):8%+u8x, X1 = —uy;
3 3 3
Ay = P(0,0,1) E:{Q}’f 3 2<2x_—1>$
9 (0,0, 2 0y =0, + u@ U +4u 489& Uy | O, (4.35)

Xy = Z a{Q} (OFu) aﬁi + ua‘{z} + a{Q})

1 3 3 _
= zumx - §u2ux — Zuwﬁx luy + Z(‘)x 1uyy.
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(ii) The Lax operators and i-th master symmetries of the modified KP equations:

B = P(y) =48, =y' Ay, Yio = y'u, — iy’ ' =y’ Xo — iy’
2
' ; 1 A : . 1 ,
Bi = Zbl{ﬂ}a:lc =90 + (_Qixyz_l + yzu> Op =y A1 — §ixy’_1Aoa

=1
lzx

Ya = SooP@ku) — ol 4wl 4 plit
=1

1 1. .., 1

= —ylu, — §ixyi71ux - §zy u+ 52(2 — 1)y
i L. i1 L. i1 L. i—2
= Xy - Sty Xo — S U + 52(2 — Dzy'™~.

From these, we see that u; = X5 is, indeed, the normal modified KP equation introduced
in [23]. It is also a two-dimensional generalization of the modified KAV equation and may
be connected with the KP equation by a Miura transformation [23].

5 Concluding remarks

A main result is the construction of graded symmetry algebras for a broad class of variable-
coefficient evolution equations with given arbitrary time-dependent functions as coeffi-
cients, starting from known graded Lie algebras, in particular, centerless Virasoro alge-
bras. A Lie homomorphism exp(adr) of the vector field Lie algebra plays a central role in
the construction of time-dependent symmetries of these equations. On the other hand, a
graded Lax operator algebra and a graded symmetry algebra are presented for the modified
KP hierarchy, in the style of the Lax operator method of [7]. This gives a concrete exam-
ple of graded Lie algebras. Furthermore, the time-dependent symmetries are obtained for
variable-coefficient modified KP equations as an application of our main result.

We point out that coupled systems of soliton equations may be constructed by pertur-
bation [25], [26] and, thus, various new realizations of graded symmetry algebras may be
presented for integrable coupled systems, based upon the theory presented in this paper.
Moreover by applying the perturbation iteratively, we may obtain infinitely many new
realizations of graded Lie algebras, by starting from a known one.

There are also some other symmetries which may be constructed. From the scale
transformations, for example, we may take T; = x;u,,, © = (x;), as a key vector field. The
application of exp(adr;) to the known particular equations may lead to some important
equations with specific space-dependent coefficients. An interesting remaining problem is
whether or not we can construct integrable evolution equations with given arbitrary space-
dependent functions as coefficients and in what fashion we can construct their symmetries
with space-dependent functions as coefficients if they exist. Of course, we may also ask
whether or not there is any important application of these various equations with variable-
coefficients to physical problems - such as, for example, to applicable conformal field theory.
All of these ideas need further investigation.
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