
Nonlinear Mathematical Physics 1997, V.4, N 1–2, 141–145.

The Algebra AP̃ (1, 3) Invariants and Their

Application to the Theory of Born-Infeld Field

Iryna A. MISHCHENKO

The Technical University, Pershotravnevyj prospect, 24, Poltava, Ukräına

Abstract
The algebra AP̃ (1, 3) invariants were found. These invariants allowed to reduce the
Born-Infeld equation. After the reduction some solutions of the equation were found.

Let us consider the Born-Infeld equation

(1− uνu
ν) 2u + uµuνuµν = 0; (1)

where u = u(x); x = (x0, x1, x2); uµ = ∂u
∂xµ

; uµν = ∂2u
∂xµ∂xν

; uµ = gµνuν ; g00 = −g11 =

−g22 = 1, gµν = 0 for µ 6= ν, µ, ν = 0, 2. We suppose a summation over repeated indices
in formula (1) and further.

The extended Poincaré algebra AP̃ (1, 3) is a maximal invariance Lie algebra for equa-
tion (1) [1]. The basis operators of the algebra are following:

∂A =
∂

∂xA
, JAB = xA∂B − xB∂A, D = xA∂A, (2)

where xA = gABxB; A,B = 0, 3; x3 ≡ u; gAB is the metrical tensor of space R1+3 with
the signature (+,−,−,−).

The symmetry of one- and many-dimensional equation (1) was researched in the ar-
ticles [1–4]. The symmetry properties of the current equation were particularly used for
determination for its precise solution.

Here the full set of algebra (2) invariants in two-dimensional case is used for reduction
of equation (1) to a partial differential equation with two variables and is given further as
Table. We used the following notation in Table:

ax = aAxA = gABaAxB = a0x0 − a1x1 − a2x2 − a3x3;

x2 = xAxA = gABxAxB = x2
0 − x2

1 − x2
2 − x2

3;

a2 = −b2 = −c2 = −d2 = 1, α = a− d, β = a + d;

ab = ac = ad = bc = bd = cd = 0; k, l,m, n are constants; A,B = 0, 3.

The algebra representation (2) gives us that the invariant solutions of equation (1)
should have the following form

z = ϕ(ω, w), (3)

where ω = ω(x0, x1, x2, u), w = w(x0, x1, x2, u), z = z(x0, x1, x2, u) are current algebra
invariants, ϕ is some new unknown function.
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Table. The Algebra AP̃ (1, 3) Invariants
N ω w z

1 m(bx)− k(ax) m(cx)− l(ax) m(dx)− n(ax)

2 βx m(bx) + (βx)(cx)
1
2
(bx)2 − (ax)(βx)

3 m(cx) + k(bx) (αx)(βx)
m

2
ln

αx

βx
+ bx

4 k(ax)−m(bx) (cx)2 + (dx)2 m arctan
cx

dx
− ax

5 k(cx)−m(βx) (βx)2 + 2k(bx)
(βx)3

3 + k(bx)×
×(βx) + k2(ax)

6
bx

cx

(αx)(βx)
(cx)2

(αx)1−κ(βx)1+κ

7
cx

βx

2(ax)
βx

− (bx)2

(βx)2
1
κ

ln (βx) +
bx

βx

8
bx

ax

x2

(ax)2
arctan

cx

dx
+

1
κ

ln (ax)

9
cx

bx

αx

(bx)2
βx−m ln (bx)

10
bx

ax

cx

ax

bx

ax

11 (αx)e−βx
[
(bx)2 + (cx)2

]
e−βx m arctan

bx

cx
− βx

12 (αx)1−κ(βx)1+κ x2

(αx)(βx)
arctan

cx

bx
+

1
2

ln
αx

βx

If we substitute the formula (3) in equation (1), we get the new equation:[
(MAωA)2 −MAMAωBωB

]
ϕωω + 2

[
MAωAMBwB −MAMAωBwB

]
ϕωw+[

(MAwA)2 −MAMAwBwB
]
ϕww +

[
MAMBωAB −MAMA2ω

]
ϕω+[

MAMBwAB −MAMA2w
]
ϕw + MAMA2z −MAMBzAB = 0;

(4)

where MA = ωAϕω + wAϕw − zA; ωA =
∂ω

∂xA
; wA =

∂w

∂xA
; zA =

∂z

∂xA
; ωAB =

∂2ω

∂xA∂xB
;

wAB =
∂2w

∂xA∂xB
; zAB =

∂2z

∂xA∂xB
; 2ω = gABωAB; 2w = gABwAB; 2z = gABzAB;

A,B = 0, 3.
If ω, w, and z have values from Table then the function ϕ is a solution of the partial

differential equation in one of the following cases:

1)
[
c1ϕ

2
w − 2c4ϕw + c2

]
ϕωω + 2 [−c1ϕωϕw + c4ϕω + c5ϕw + c6]ϕωw+[

c1ϕ
2
ω − 2c5ϕω + c3

]
ϕww = 0;

where c1 = k2 + l2 −m2, c2 = k2 + n2 −m2, c3 = n2 + l2 −m2, c4 = nl, c5 = nk, c6 = kl.

2) ω2ϕωω + 2ω
[
w − (m2 + ω2)ϕw

]
ϕωw +

[
w2 + (m2 + ω2)

(
ω2 + 2(ωϕω − ϕ)

)]
ϕww+

(2m2 + ω2)ϕ2
w − 4ωϕω − 4wϕw − ω2 + 4ϕ = 0;
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3)

[
4w(m2 + k2)ϕ2

w −
m2

w
(m2 + k2)−m2

]
ϕωω + 8w

[
k − (m2 + k2)ϕω

]
ϕwϕωw+[

4w(m2 + k2)ϕ2
ω − 8kwϕω + 4(w + m2)

]
ϕww+[

4(m2 + k2)ϕ2
ω − 8kϕω −

2m2

w
+ 4

]
ϕw = 0;

4)

[
4w(k2 −m2)ϕ2

w+(k2 −m2)

(
m2

w
+ 1

)
+k2

]
ϕωω+8w

[
(m2 − k2)ϕω − k

]
ϕwϕωw+[

4w(k2 −m2)ϕ2
ω + 8wkϕω − 4(m2 + w)

]
ϕww+

4(k2 −m2)ϕ2
ωϕw − 8wϕ3

w + 8kϕωϕw −
(

6m2

w
+ 4

)
ϕw = 0;

5)
[
m2 + w − 4ϕ2

w

]
ϕωω + 8ϕw(ϕω −m)ϕωw + +4

[
w + 2mϕω − ϕ2

ω

]
ϕww + 6ϕw = 0;

6)

[
w(ω2 − w + 1)ϕ2

w − 2ϕ(1 + ω2)ϕw + (1− κ2)(1 + ω2)
ϕ2

w

]
ϕωω+

2
[
w(w − ω2 − 1)ϕωϕw + ϕ(1 + ω2)ϕω − 2ϕωwϕw +

1
2
ωϕ2(1− κ2)

]
ϕωw+[

w(ω2 − w + 1)ϕ2
ω + 4ϕωwϕω + 4ϕ2

(
w(1− κ2) + κ2

)]
ϕww+

(ω2 +
5
2
ω + 1)ϕ2

ωϕw + 2ωwϕωϕ2
w − 4w(1 + 5w)ϕ3

w + (κ2 − 1)(1 + ω2)
ϕ

w
ϕ2

ω+

4ωϕ(κ2 − 1)ϕωϕw + 2ϕ(2wκ2 + 8w − 2κ2 + 3)ϕ2
w+

2(1− κ2)
ϕ2ω

w
ϕω + 2(1− κ2)(1− 3wϕ)

ϕ

w
ϕw + 2(1− κ2)

ϕ3

w3
= 0;

7)
[
(ω2 − w + 1)ϕ2

w −
1
κ

ϕw −
1
4

]
ϕωω +

[
2(w − ω2 − 1)ϕωϕw +

1
κ

ϕω −
ω

κ
ϕw

]
ϕωw+[

(ω2 − w + 1)ϕ2
ω +

2ω

κ
ϕω +

1
κ2

+ 1− w

]
ϕww +

1
2
ϕ2

ωϕw + ωϕωϕ2
w+

2(w − 1)ϕ3
w +

1
κ

ϕ2
w − 2ϕw = 0;

8)

[
4w(ω2 + w − 1)ϕ2

w +
4
κ

(ω2 + w − 1)ϕw +
1
κ2

+
1− ω2

ω2 + w − 1

]
ϕωω+

4
[
2w(1− ω2 − w)ϕωϕw +

1
κ

(1− ω2 − w)ϕω − ω

(
1
κ2

+
w

ω2 + w − 1

)]
ϕωw+

4
[
w(ω2 + w − 1)ϕ2

ω + (1− w)
(

1
κ2

+
w

ω2 + w − 1

)]
ϕww + 2(1− ω2)ϕ2

ωϕw−

8ωwϕωϕ2
w + 8(1− w)(1− 2w)ϕ3

w −
1 + 2ω2

κ
ϕ2

ω +
4ω

κ
(1− 2w)ϕωϕw+

12
κ

(1− w)ϕ2
w −

2ω

ω2 + w − 1
ϕω −

(
6
κ2

+
1 + w

ω2 + w − 1

)
ϕw −

1
κ(ω2 + w − 1)

= 0;
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9)

[
−w2ϕ2

w + (mw − ω2 − 1)ϕw −
m2

4

]
ϕωω +

[
2w2ϕωϕw + (ω2 + 1−mw)ϕω−

2ωw]ϕωw +
[
−w2ϕ2

ω + 2ωwϕω + 1− 2mw
]
ϕww+

w

2
ϕ2

ωϕw −
m

4
ϕ2

ω − 2wϕ2
w −mϕw = 0;

10)
[
(ω2+w2 − 1)ϕ2

w − 2wϕϕw+ω2+ϕ2−1
]
ϕωω+2

[
(1− ω2 − w2)ϕωϕw + wϕϕω+

ωϕϕw + ωw]ϕωw +
[
(ω2 + w2 − 1)ϕ2

ω − 2ωϕϕω + w2 + ϕ2 − 1
]
ϕww = 0;

11)

[
4ωwϕ2

w +
ωm2

w
− 1

]
ϕωω + 4w(1− 2ωϕω)ϕwϕωw +

[
4ωwϕ2

ω − 4wϕω + m2
]
ϕww+

3ωϕ3
ω + ωϕ2

ωϕw + 2wϕ3
w − 3ϕ2

ω − 4ϕωϕw +
m2

w
ϕω +

m(m + 2)
2w

ϕw = 0;

12)

[
2ω2(w − 1)(κ2w − 1)ϕ2

w + 2κω2(w − 1)ϕw +
ω2(w + κ2 − 2)

2(w − 1)

]
ϕωω+

2
[
2ω2(1− w)(κ2w − 1)ϕωϕw+κω2(1− w)ϕω+κωw(1− w)ϕw+

2− w

8(w − 1)

]
ϕωw+[

2ω2(w − 1)(κ2ω − 1)ϕ2
ω + 2κωw(w − 1)ϕω +

w

2
(w − 2)

]
ϕww + (κ2 − 1)ω3ϕ3

ω+

ω2(wκ2 + 3w + κ2 − 5)ϕ2
ωϕw + ω(w − 1)(2κ2 − 3w + 1)ϕωϕ2

w+

w(w − 1)(w − 2)ϕ2
w + κω2ϕ2

ω − κω(3w − 1)ϕωϕw+

ω(2κ2 + 3w − 5)
4(w − 1)

ϕω −
w

4(w − 1)
ϕw = 0.

Let us determine some solution of the new reduced partial differential equations.
The equation (2) has a following solution

ϕ =
w2 −m2ω2

2m2
, (5)

where m is constant. We will find a solution of equation (5) in the following form

ϕ = B(w)ω + C(w) (6)

If we substitute (6) in to equation (5), we get a system of equations.

8BḂ2 − 8mḂ2 + B̈(−4B2 + 8mB + 4w) + 6Ḃ = 0, (7)

8BĊḂ − 8mĊḂ + C̈(−4B2 + 8mB + 4w) + 6C = 0. (8)

It is obviously that any constant function is a solution of equation (7), i.e., B = C1. So
we have got from (8) a following equation for determining the function C(w):

C̈(w + C1) + C = 0,

then

C(w) = C2exp
(∫

f(w)dw

)
,
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where function f(w) is a solution of the equation f ′ + f2 +
1

w + C1
= 0; C2 is an arbitrary

constant. In this way the solution of equation (5) is the following function:

ϕ = C1ω + C2exp
(∫

f(w)dw

)
. (9)

The equation (9) has the following solution

ϕ = 2C1ω − C2
1w + C2, (10)

where C1, C2 are constants.
At last we are able to determine the solution of equation (1) by using the algebra

invariants and the solutions of equations (5), (9) and (10):

1. (βx)(cx)2 + 2m(bx)(cx) + 2m2(bx)−m2(βx) = 0;

2.
(βx)3

3
+ k(bx)(βx) + k2(ax)− C1 (k(cx)−m(βx))− C2exp

(∫
f(w)dw

)
= 0;

where f is a solution of the equation f ′ + f2 + 1
w+C1

= 0;

3. m(bx)2 ln(bx)− (βx)(bx)2 + C2(bx)2 + 2C1(cx)(bx)− C2
1 (αx) = 0.

Let us remind that the desired function u = u(x0, x1, x2) is implicit as the last coordinate
of the vector x, x ∈ R1+3.
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