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Abstract

Large classes of Lie solutions of the MHD equations describing the flows of a viscous ho-
mogeneous incompressible fluid of finite electrical conductivity are constructed. These
classes contain a number of arbitrary functions of time and the general solutions of
the heat equation.

The MHD equations describing flows of a viscous homogeneous incompressible fluid of
finite electrical conductivity (the MHDESs) have the following form:

@y + (@- V)i — N+ Vp+ =H x rot H =0,

H; —rot(@ x H) — vy AH =0, divad =0, div H = 0.
In (1) and below @ = {u“(t, Z)} denotes the velocity field of a fluid, p = p(¢, Z) denotes the
pressure, H = {H%(t,Z)} denotes the magnetic intensity, vy, is the coefficient of magnetic
viscosity, & = {xq}, O = 0/0t, Oy = 0/0xq, V = {0,}, A = V - V is the Laplacian. The
kinematic coefficient of viscosity and fluid density are set equal to one.

The maximal Lie invariance algebra of the MHDEs (1) is an infinite-dimensional al-

gebra A(MHD) with the basis elements (see [1])

875, D = 2t0; + 2,0, — u*Oye — H*Opga — 2p3p,

Jap = a0 — Tp0q + u*Opyp — ubaua + Hyp — H"@Ha, a <b, (2)

R(m) = R(m(t)) = m*0q + m{Oua — miyxaOp, Z(n) = Z(n(t)) =10y,
where m® = m®(t) and n = n(t) are arbitrary smooth functions of ¢ (for example, from
C*((to,t1),R) ). Hereafter repeated indices denote summation; we consider the indices

a, b to take on values in {1,2,3} and the indices 7, j to take on values in {1, 2}.
Following [2, 3], in this paper we reduce the MHDESs by means of the algebra

< R(mY(t)), R(m%(t)) >, where m), -m?—m! -m% =0 (3)

(1)

(that is, m} - m? —m! - m? = C = const and we may assume that C' € {0;1}) and

AC;eR : Cymt = 0. An ansatz corresponding to this algebra can be obtained only for
such ¢ that rank(m!(¢),m%(t)) = 2, and has the form
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i=w4+ \(A - Dmi - ANk - Dk,  H = (4m)Y2€,

p=s— 5\ (g DA T) — A2 (mpy - k)7 T)(k - D),

(4)

where @ = (w!, w?, w?), € = (€1,€2,€3); w = wa(21,22), §* =¢%(21,22), and q =q(=z1 )
are new unknown functions; z;1 = t, 20 = k- E =m! x m?, At = m? x k:, =k x
and A= A(t)=k-k#0.

Substituting ansatz (4) into the MHDES, we obtain the system of differential equations
for the functions w?, £%, and ¢:

W+ (k- 0) (W — A k) + AL - @) md — Aiag + sok+

12:’-3:0, k& =0, (7)

where z; =t and €= é(t) = IN"2Ck; x k + /\*2(2/;:} Ky — Ky - E)E

Equations (7) are integrated with respect to 22 to the following expressions: ki = P(t)
and k - £ = X(t). Here ¢p = 1)(t) is an arbitrary smooth function of z; = ¢, which can be
transformed to zero by means of the transformation generated by the operator R(f), where
the vector-function [ is a solution of the system

Iy -t —Loml, =0, k- (I, = AN @ - Dmi + X" (k- Dky) + ¢ = 0.

Therefore, without loss of generality we may assume that k- = 0. The scalar product
of equation (6) by k gives x; = 0, that is, xy = const.
Let fi = fi(21,22) := m' -0, g' = g*(21,22) := A"'7i’ - €&, Then

@=L &= gl AT,

and equation (5) multiplied by the scalar by k is integrated with respect to zo to the
following expression for the function s:

s = 2N"2(i - Fy) [ fidzg — L(E- )+ IN"2(ky - & — 2y - )22

Let us multiply the scalar equation (5) by 7’ and equation (6) by 7i’. As a result, we
obtain the linear system of PDEs with variable coefficients in the functions f* and ¢*:

Ji = My + AL - @) f1 = (i -it) f2) = X (' - i ) g
20072 ((k: X kt) mi)zg = 0, (8)
9i = VmAghy — XA (T - V) f3 + 2XAT (T - k) = 0
Let us consider particular cases.
1. x=0,C =0. Then f! = fZC’ gl = Vmgzc. Hereafter 7 = [ A(t)dt, ( = 20 = k%

A2. X = 0, C = 1. Then ¢¢ = VmgéC and fi = 09 () f(r,¢) 4+ 0°(t)¢, where fi = féo
(6'(t),6%(t)) are linearly independent solutions of the system

0 + X7t m?)et — ATt - m)e? =0,
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and (0'9(),6%°(t)) is a particular solution of the inhomogeneous system
i+ ALt w20t — AT 02 = 2372 ((k x k) - m).
3. x #0,C =0. Let v, = 1 and ! - m? = 0 additionally. Then we can assume that

|m!| =1 and m' - m? = 0. As a result, we construct the following class of solutions of the
MHDESs with v, = 1:

@ = (p"(t,C1) — @it C))t — ((k - D)K),,
€= (pY(t,¢4) + 9¥(t, o) + 2x [ (7} - k)dt)ym! + xE,
p =20 - k) ([ o (L, ¢ )dCs — [P (t,Co)dC-) — (€ &)+

YR - & — 2Ry - )G = Sty - D) (- @) — Sty - D) (o - 2)(F - ),

where i = mi(t) : |mf| = 1, m! - m2 = 0, and m} - m2 = 0; x = const, k = m* x M2,
C=k-T, ¢ =CHxt, - =C—xt, 9" =9 ¢, and 7' = o' . .
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