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Abstract—By means of strongly semi-open L-sets and
their inequality, a new form of SS-closedness is introduced
in L- topological spaces, where L is a complete De Morgan
algebra. This new form does not depend on the structure of
basis lattice L and L does not require any distributivity.
When L is a completely distributive De Morgan algebra, its
many characterizations are presented.
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I. INTRODUCTION

As we know, compactness and its stronger and weaker
forms play very important roles in general topology. In [1],
we introduced the concepts of strongly semi-open sets and
strongly semi-continuous mappings in [0,1]-topological
spaces. Based on this, in [2], we introduced the concept of
SR-compactness in L-topological spaces long Wang's [11]
and Zhao's [13] compactness. In [3], we introduced the
concept of SS-closedness in L-topological spaces along
Kudri's compactness in [7].

However, Wang's compactness and Kudri's compactness,
as well as the SR-compactness and the SS-closedness rely
on the structure of L and $L$ is required to be completely
distributive. In [10], by means of open L-sets and their
inequality, Shi introduced a new definition of fuzzy
compactness in L-topological spaces, where L is a complete
de Morgan algebra. This new definition doesn't depend on
the structure of L. In [4], we introduced the concept of SR-
compactness in L -topological spaces along Shi's
compactness in [10].

In this paper, following the lines of [10], we'll introduce a
new form of SS-closedness in L -topological spaces by
means of strongly semi-open L -sets and their inequality. It
is weaker form of SR-compactness. It can also be
characterized by strongly semi-closed L -sets and their
inequality. This new form of SS-closedness has many
characterizations if L is completely distributive De Morgan
algebra.

Il. PRELIMINARIES

Throughout this paper, (L, v, A, ") is a complete De

Morgan algebra, X a nonempty set. L* is the set of all L-
fuzzy sets (or L-sets for short) on X. The smallest element
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and the largest element in L* are denoted by 0 and 1. An
element a in L is called prime element if bac<a
impliesb<a or c<a.a inL is called a co-prime element
if a' is a prime element [6]. The set of nonunit prime
elements in L is denoted by P(L). The set of nonzero co-
prime elements in L is denoted by M(L).

The binary relation < in L is defined as follows: or
a,bel , a<b iff for every subset Dc L , the relation

b <supD always implies the existence of deD with

a<d [5]. Inacompletely distributive De Morgan algebra L,
each element bis a sup of {faelL|a<b}.{faclL|a<b}is

called the greatest minimal family of b in the sense of
[8,12], in symbol g(b) . Moreover for beL , define
B (b)=pb)NM(L) , ab)={aclL|a' <b}
and . a*(b)=a(b)AP(L) . For acL and Ael*, we
denote

A® =f{xe X|A(X) £a} , Ay ={xeX|aeBAN)} ,
Al —{x e X |ag a(AX)} and Ay ={xe X | A(X)>a}.
For a subfamily w = L* , 2¢) denotes the set of all finite
subfamilies of y , and 2! denotes the set of all countable
subfamilies of w . An L-topological space denotes L -ts for
short. Let (X,z) be a weakly induce L -ts,
ael,Aez.Then A, is an open set in [r], where [7] is
the topology formed by all crisp sets in 7 [8].

Let (X,5) bean L-tsand AeL*.Then A is called
a strongly semi-open set iff there is a Beo such that
B<A<B™,and A is called a strongly semi-closed set iff
there isa B e 6’ such that B~ < A<B[1,2], where B° and
B~ are the interior and closure of B, respectively. The sets
A*=\{B:B is strongly semi-open, B<A} and
A™ =A{B:B is strongly semi-closed, B > A}are called the

strong semi-interior and the strong semi-closure of A [1,2],
respectively.



Definition 2.1([4]) Let (X,5) be an L-ts. AeL* is called
SR-compact if for every family u of strongly semi-open
L -sets, it follows that

. [A’(x)va(x)Jﬁvev A (K00 B0

xeX Beu 2(#) xeX Bev

Definition 2.2([9,10]) Let (X,5) be an L -ts, ae L\{1}
and Ael*.Afamily < L* iscalled

(1) an a-shading of A ifforany xe X,
(A(x)vvge,B(x)za.
(2) astrong a-shading (briefly S-a-shading) of A if
Avex (A (X)v VBeu B(x))<a.

(3) an a-R-neighborhood family (briefly a-R-NF) of A if
forany x e X,(A(X)Ang.,B(x)2a.

(4)a strong a-R-neighborhood family (briefly S-a-R-NF)
of A if Vycx (A(X)/\ ABeu B(X))}éa,

Definition 2.3([9]) Let (X,5) be an L -ts, ae L\{0} and
AeLl* . Afamily xc L* iscalled

(1) a p,-coverof A ifforany xe X, it follows that

ae B(A(X)vve.,B(x)).

(2) astrong B, -cover (briefly S- 3, -cover) of A if

ae ﬂ(AXEX (A'(X)V VBeu B(X)»

(3)a Q,-coverof A ifforany xe X , it follows that
A(x)vvg.,B(x)=a.

It is obvious that an S- a -shading of A is an a-shading
of A, thatanS-a-R-NF of A isan a-R-NF of A, that u

is an S-a-R-NF of A iff ' isan S-a-shading of A, that
an S- B, -cover of A must be a g, -cover of A, and that a
S, -coverof A mustbea Q,-coverof A.

Lemma 24 ([9]) Let L be a complete Heyting
algebra, f:X —Y be a map and f”:L* - L is the

extension of f , then for any family v < L
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xeX Bey

Definition 2.5([2]) Let (X,5) and (Y,7) be two L -ts's. A
map f:(X,8)—(Y,z) is called S-irresolute if f(B) is
strongly semi-open in (X,6) for every strongly semi-open
L set B in (Y,7).

Theorem 2.6 ([2]) Amap f :(X,5)—(Y,7) is S-irresolute
iff fL‘—(BA)s(fL"(B))A foreach Bel'.

I11. DEFINITION AND CHARACTERIZATIONS OF SS-
CLOSEDNESS

Definition 3.1 Let (X,5) be an L-ts. Ael* is called
SS-closed if for every family u of strongly semi-open L -
sets, it follows that

A (A’(x)v v B(x)js

xeX Beu

v A (A'(x)v v B~(x)j.

VEZ(/J) xeX Beu
Obviously we have the following result.
SR-compactness = SS-closedness.

That the converse of above need not be true is shown by
the Example 3.2.

Example 3.2 Let X be an infinite set(or X be a singleton);
A and C be two [0, 1]-sets on X defined as A(x) = 0.6,

for all xeX ; Cx)=0.8 , for all xeX Take
o={0,A X}, then & is a topology on X . We easily
obtain that C is SS-closed. But C is not SR-compact.

From the Definition 3.1, we can obtain the following
theorem by using quasi-complement.

Theorem 3.3 Let (X,5) be an L-ts. AeL* is SS-closed
iff for every family u of strongly semi-closed L-sets, it
follows that

xe(A(X)A 2, B(x)j > )

From the Definition 3.1 and the Theorem 3.4, we
immediately obtain the following the result.

v (A(X)/\ A BA(X)).

xeX Bev

Theorem 3.4 Let (X,5) bean L-tsand AeLl*. Then
the following conditions are equivalent.



(1) A is SS-closed.

(2) For any aelL\{1}, each strongly semi-open S- a -
shading ¢ of A has a finite subfamily v such that

{B™ |Bev} isan S-a-shading of A.

(3)For any a e L\{0}, each strongly semi-closed S-a-R-
NF w of A has a finite subfamily ¢ such that

{B*|Beg} is anS-a-R-NF of A.

Theorem 3.5 If C is SS-closed and D is strongly semi-
closed, then C AD is SS-closed.

Proof. For any family x of strongly semi-closed L -sets,
by the Theorem 3.4 we have that

XGX((C ADJX)n n Blx )] - Xevx(c(x)A A D}B(X)j
vealiADY) XZX(C(X)A &, BA(X))
) {VEZ ) oS BA(X)]}

{Veﬁu) (S0 D6)A BA(X))}
((C/\D)(X)/\ A BA(x )j}

>

{VGZ H) XeX
This shows that C A D is SS-closed.
Theorem 3.6 Let L be a complete Heyting algebra. If

both C and D are SS-closed, then Cv D is SS-closed.

Proof. For any family x of strongly semi-closed L -sets,

by the Theorem 3.4 we have that
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(v oX0A 1 B
{XZX(C(X)ABgﬂs(xg}v{xevx(o(mBQ#B@)}
{ st ABQVB“X)}
{VEWX(D“B@VB }

((CVD)(X)/\ A B (Xj

XG

y xeX

ve2

This shows that C v D is SS-closed.

Theorem 3.7 Let L be a complete Heyting algebra and
f:(X,5)—(Y,7) be an S-irresolute map. If A is an SS-
closed L -setin (X,5),thensois f>(A) in (Y,7).

Proof. Suppose that « is a family of strongly semi-closed

L -sets in (Y,z), by the Lemma 2.4, the Theorem 2.6 and
SS-closed of A, we have that

w1 B0))
v (A(X)/\B/e\# ffB(x)j

xeX

v (A(X)/\ A f© ( AXX))

Bev

A v [(10()A 1 B )]

Therefore f”(A) is SS-closed.

IV. FURTHER PROPERTIES OF SS-CLOSEDNESS

In this section, we assume that L is a completely
distributive de Morgan algebra.

Theorem 4.1 Let (X,5) bean L-tsand AelL*.
Then the following conditions are equivalent.
(1) A is SS-closed.

(2) For any a e L\{0}, each strongly semi-closed S-a -
R-NF v of A has a finite subfamily ¢ such that

[B% |Bepfisan a-R-NF (S-a-R-NF) of A.



(3) For any aeL\{0} and any strongly semi-closed S-
a-R-NF w of $AS$, there is a finite subfamily ¢ of v and
be fa) such that {B|B e g is a b-R-NF (an S-b R-
NF) of A.

(4) For any ae L\{l}, each strongly semi-open S-a -
shading ¢ of A has a finite subfamily v such that

{B~ |Be v} is an (a-shading) S-a -shading of A.

(5) For any ae L\{I} and any strongly semi-open S-a -
shading « of A, there is a finite subfamily v of x and
bea(a) such that {B* | Bev} is a b -shading (an S-b -
shading) of A.

(6) For any ae L\ {0}, each strongly semi-open S- 3, -
cover u of A has a finite subfamily v such that

{B~ |Be v} isa p,-cover (an S- B, -cover) of A.

(7) For any acL\{0} and any strongly semi-open S-
Ba-cover pof A, there is a finite subfamily v of x and
beLwith aeg(b) such that {B~ |B ev} is a f3, -cover
(an S- g, -cover) of A.

(8)For any aeL\{0} and any bep(a)\{0} , each
strongly semi-open Q, -cover 4 of A has a finite

subfamily v of u such that {B" | Bev} is a Q, -cover
of A .

(9) For any aeL\{0} and any bepg(a)\{0} , each
strongly semi-open Q. -cover u of A has a finite
subfamily v of g such that {B* | Bev} isa f, -cover (an
S- B, -cover) of A.

Proof. This is immediate from the Definition 3.1 and the
Theorem 3.5.

Lemma 4.2([4]). Let (X, (z)) be generated topologically
by (X,z) . If A isa strongly semi-open L -setin (X,z),
then z,is a strongly semi-open set in (X, (z)). If B is
a strongly semi-open L -set in (X,o (7)), then B, is a
strongly semi-open setin (X,z) forevery aelL.

Since B™ is the smallest strongly semi-closed L -set
which contains B and B“ is the greatest strongly semi-
open L -set which is contained in B, we can obtain the
following lemma.
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Lemma 4.3. Let (X, (z)) be generated topologically by
(X,z) . Then (B[b])~g(B~)[b] for any bel for any
Bel”, where (B[b])~ and B™ denote the strongly semi-
closures of By and B in (X,7) and  (X,@ (7))
respectively.

Theorem 4.4. Let (X,7) be a topological space and

(X, (z)) be generated topologically by (X,z). Then

(X, (7)) is SS-closed iff (X,z) is SS-closed.
Proof. Necessity. Let x4 be a strongly semi-open cover of

(X,z). Then {y| Ae u} isafamily of strongly

semi-open L -sets in (X0 (z))  with

AxeX (VAey ZA(X)): L

From SS-closedness of (X, (z)), we have that

\Y/ N \%
VEZ(‘”) xeX (Aev ZA~

)z v oAy ®)-1

VAN

ve2(/u) XEX(AEV

This implies that there exists v e 24 such that
AxeX kVAGV lA~ (X)):l

Hence, {A" |Aev} is a cover of (X,z). Therefore (X,7)
is SS-closed.

Sufficiency. Let u be a family of strongly semi-open L -
sets in (X, (7)) and A,cx (Vee, B(x))=a.

If a=0, obviously we have that
A ( v B(X))< v v B~(X)).
xeX\ Beu

hS AN

vez(ﬂ) XEX(BEV

Now we suppose that a=0 . In this case, for any
b e A(a)\ {0}, we have that

o< o0,

From the Lemma 4.2, this implies that {B(b) | Bey} is a

=N U B(B(x))

xeX Beu

gﬂﬂ(

xeX

v B(x))

Beu

strongly semi-open cover of (X,r). From SS-closedness



of (X,z), we know that there exists ve2 such that

(X.7)

of

{(B(b))~|Bev} is a cover of Obviously
B )yiBev s a (X,7)

(B < (B < (B*)[b]. Hence b < A, x (vge, B™(X))

cover since

Further, we have that

xeX

< v Y% B~(X)).

b= A (B\E/VB~(X)) vealn) XQX(BEV

This implies that

=a=vip|be fla)i<

ve

Yo, B )

Al BW)

Therefore, (X, (7)) is SS-closed.
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