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Reduction and Some Exact Solutions
of the Multidimensional Liouville Equation
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Abstract

Exact solutions of the multidimensional Liouville equation are constructed.

Let us consider the multidimensional Liouville equation

Ou+ Aexpu =0, (1)

where u = u(z) is a scalar function of the variable x = (1, x2, ..., Zn42), Ou = uy1 +uge —
2

U3z — +* — Upy2nt2, Ugh = 3%; a,b=1,2,...,n+ 2. The equation(1l) is invariant

under the extended Poincaré algebra AP(Q, n), which is generated by the following vector
fields

Py =04, Ju= gacxcab - gbcwcam D= —z0, + 20y,

where 0, = 8@%, Oy = %, g11 = g22 = —g33 = "+ = —gni2n+2 = 1, gap = 0 when a # b;
a,b=1,2,...,n+2. Using subalgebras of the rank 3 of the algebra AP(2, 2) in the paper
[1] the symmetry ansatzes reducing the equation (1) to ordinary differential equations are
built. With the help of the reducing equations some classes of exact solutions of equation
(1) are constructed.

In the present paper classes of exact solutions of equation (1) are constructed for
arbitrary n.

Let us consider the symmetry ansatz u = u(wi,ws,ws), where wqy = 1 — x4, wy =
pi+a23—23— - —22.,, w3 = (¥1 —x4) (w2 — x3)"". The ansatz reduces the equation (1)
to the equation

dwiugg + dwaugs + 2(n + 2)ug + Aexpu = 0. (2)
Let us investigate symmetry of the equation (2).

Theorem 1 The mazimal invariance algebra of the equation (2) in Lie sense is infinitely-
dimensional Lie algebra Ao (3), which is generated by such operators aq X1+ asXo+ a3 X3,
where
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0 0 0 0 1o} 0
X1 —Wlaiwl +w237w2 o Xo —Wzaiwg o X3 _w1@7

a1, o, ag are arbitrary smooth functions of the variable ws.

Let us consider the 3-dimensional subalgebra A(3) =< X, X2, X3 > of the algebra
A (3) and carry out reduction of the equation (1) by 1-dimensional subalgebras of the
algebra A(3). Let L be an one-dimensional subalgebra of the algebra A(3). Then L is
conjugated to one of the following algebras: L1 =< Xj + aXs > (a € R), Ly =< Xg >,
Ls=<X1+eX3> (8 = :|:1)7 Ly=< X3 >.

1) Subalgebra L1 =< X;4+aXs > (a € R). The ansatz u = p(w) —Inwi™, w = wow ™!

reduces equation (2) to

doawd +2(n+2)p + Aexpep = 0.

2) Subalgebra L3 =< X;+4+eX3 > (¢ = £1). The ansatz u = p(w)—Inwy, w = %—dnwl

reduces equation (2) to
—4ep +2np + Aexpp = 0.

Now let us consider a symmetry ansatz u = u(xy — Tpy2,T2,...,2nt1). The ansatz
reduces the equation (1) to the equation

0r3 0% ox? 4

+ Aexpu = 0. (3)

Theorem 2 Algebra of invariance of the equation (3) in Lie sense is infinitely-dimensio-
nal Lie algebra AP (1,n — 1) which is generated by such operators

agPo+ -+ O4n—i—1F)n—&—1 + Zﬂa,bJa,b + 7D7

a,b
where
Po= gl Jaa= gl +ragl,
Jab:xbaga—ﬁaaimb, D:—azgaim—---—xn+1a%m+2a@u,
a,b = 3,....,n+1; oa,...,0n41,B4p,7 are arbitrary smooth functions of the variable
T1 — Tpio

Let us carry out reduction of the equation (3) on subalgebras of the rank n — 1 of the
algebra AP(1,n — 1) =< P»,..., Pyy1,J23,..., Jont1, D >. We write out the ansatzes
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corresponding to such subalgebras.

T .
Tn+1’

1) u=pw)—2n(r +zp41), w=

2) u=¢pw)+ 1% In(z1 4+ pi1),
w=(1+a)n(x; +zp41)+ (1 — ) In(z1 — 2pt1);
3) u=pw)—In(x; —zp41), w=2x1+Tpt1+ In(x1 — 2pt1);

_ x4+,

4) u=¢Ww) -2z, w gz m=3,...,n+1;
2
(@2 — o — a2 — a2, )/
5) u=p(w) —2In(r1 - Tnt1), w= "2 :L‘z—nﬂ;nﬂ L m =3,
- _ 2 L1 — Tntl 2 T1 — Tp4l 2 2
6 u= ln{ x1+501—$n+1+)\3$3+w1—$n+1+>\txt+$”+1}JH’D(W)’

where t <n,A3,.... \t € R.
Using solutions of reduced equations we find exact solutions of the Liouville equation.
Let us adduce some of them

1 2 2 2

u = —ln{—w{@ — Tpp1 — O(ag — - —ay, _xn—&-l)} 5

where 6 is an arbitrary twice differentiable function of the variable x1 —z,40; m =3,...,n;
14+ Y _ .4 W
u=1n 2 ww+;\3 ww+)\t2 2 ’
)\[_:E2+w+)\3 LR WL +m”+1}

where w = 9 — Tp41, A3, ..., A are arbitrary functions of the variable 1 — x42; t < n.
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